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Preface 


The domain of Algebraic Geometry is a fascinating branch of Mathematics that 
combines methods from Algebra and Geometry. In fact, it transcends the limited 
scope of pure Algebra, in particular Commutative Algebra, by means of geo- 
metrical construction principles. Looking at its history, the theory has behaved 
more like an evolving process than a completed workpiece, as quite often the 
challenge of new problems has caused extensions and revisions. For example, the 
concept of schemes invented by Grothendieck in the late 1950s made it possible 
to introduce geometric methods even into fields that formerly seemed to be far 
from Geometry, like algebraic Number Theory. This paved the way to spectac- 
ular new achievements, such as the proof by Wiles and Taylor of Fermat’s Last 
Theorem, a famous problem that was open for more than 350 years. 

The purpose of the present book is to explain the basics of modern Alge- 
braic Geometry to non-experts, thereby creating a platform from which one can 
take off towards more advanced regions. Several times I have given courses and 
seminars on the subject, requiring just a minimal amount of Linear Algebra for 
beginners as a prerequisite. Usually I did one semester of Commutative Algebra 
and then continued with two semesters of Algebraic Geometry. Each semester 
consisted of a combination of traditional lectures together with an attached 
seminar, where the students presented additional material by themselves, ex- 
tending the theory, supplying proofs that were skipped in the lectures, or solving 
exercise problems. The material covered in this way corresponds roughly to the 
contents of the present book. Just as for my students, the necessary prerequi- 
sites are limited to basic knowledge in Linear Algebra, supplemented by a few 
facts from classical Galois theory of fields. 

Explaining Algebraic Geometry from scratch is not an easy task. Of course, 
there are the celebrated Eléments de Géométrie Algébrique by Grothendieck and 
Dieudonné, four volumes of increasing size that were later continued by seven 
volumes of Séminaire de Géométrie Algébrique. The series is like an extensive 
encyclopedia where the basic facts are dealt with in striving generality, but 
which is hard work for someone who has not yet acquired a certain amount of 
expertise in the field. To approach Algebraic Geometry from a more economic 
point of view, I think it is necessary to learn about its basic principles. If these 
are well understood, many results become easier to digest, including proofs, 
and getting lost in a multitude of details can be avoided. Therefore it is not my 
intention to cover as many topics as possible in my book. Instead I have chosen 
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to concentrate on a certain selection of main themes that are explained with all 
their underlying structures and without making use of any artificial shortcuts. 
In spite of the necessary thematic restrictions, I am aiming at a self-contained 
exposition up to a level where more specialized literature comes into reach. 

Anyone willing to enter Algebraic Geometry should begin with certain basic 
facts in Commutative Algebra. So the first part of the book is concerned with 
this subject. It begins with a general chapter on rings and modules, where 
among other things I explain the fundamental process of localization, as well 
as certain finiteness conditions for modules, like being Noetherian or coherent. 
Then follows a classical chapter on Noetherian (and Artinian) rings, including 
the discussion of primary decompositions and of Krull dimensions, as well as a 
classical chapter on integral ring extensions. In another chapter I explain the 
process of coefficient extension for modules by means of tensor products, as 
well as its reverse, descent. In particular, a complete proof of Grothendieck’s 
fundamental theorem on faithfully flat descent for modules is given. Moreover, 
as it is quite useful at this place, I cast a cautious glimpse on categories and their 
functors, including functorial morphisms. The first part of the book ends by a 
chapter on Ext and Tor modules, where the general machinery of homological 
methods is explained. 


The second part deals with Algebraic Geometry in the stricter sense of the 
word. Here I have limited myself to four general themes, each of them dealt with 
in a chapter by itself, namely the construction of affine schemes, techniques 
of global schemes, étale and smooth morphisms, and projective and proper 
schemes, including the correspondence between ample and very ample invert- 
ible sheaves and its application to abelian varieties. There is nothing really new 
in these chapters, although the style in which I present the material is different 
from other treatments. In particular, this concerns the handling of smooth mor- 
phisms via the Jacobian Condition, as well as the definition of ample invertible 
sheaves via the use of quasi-affine schemes. This is the way in which M. Raynaud 
liked to see these things and I am largely indebted to him for these ideas. 

Each chapter is preceded by an introductory section on Background and 
Overview, where I motivate its contents and discuss some of its highlights. As I 
cannot deliver a comprehensive account already at this point, I try to spotlight 
the main aspects, usually illustrating these by a typical example. It is recom- 
mended to resort to the introductory sections at various times during the study 
of the corresponding chapters, in order to gradually increase the level of under- 
standing for the strategy and point of view employed at different stages. The 
latter is an important part of the learning process, since Mathematics, like Al- 
gebraic Geometry, consists of a well-balanced combination of philosophy on the 
one hand and detailed argumentation or even hard computation on the other. 
It is necessary to develop a reliable feeling for both of these components. The 
selection of exercise problems at the end of each section is meant to provide 
additional assistance for this. 

Preliminary versions of my manuscripts on Commutative Algebra and Al- 
gebraic Geometry were made available to several generations of students. It was 
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a great pleasure for me to see them getting excited about the subject, and I am 
very grateful for all their comments and other sort of feedback, including lists 
of typos, such as the ones by William Giuliano, Nathan Gray, David Krumm, 
Claudius Zibrowius, as well as by the group of Marc Technau. Special thanks 
go to Christian Kappen, who worked carefully on earlier versions of the text, as 
well as to Martin Brandenburg, who was of invaluable help during the final pro- 
cess. Not only did he study the whole manuscript meticulously, presenting an 
abundance of suggestions for improvements, he also contributed to the exercises 
and acted as a professional coach for the students attending my seminars on the 
subject. It is unfortunate that the scope of the book did not permit me to put 
all his ingenious ideas into effect. Last, but not least, let me thank my young 
colleagues Matthias Strauch and Clara Loh, who run seminars on the material 
of the book together with me and who helped me setting up appropriate themes 
or the students. In addition, Clara Loh suggested numerous improvements for 
the manuscript, including matters of typesetting and language. Also the figure 
or gluing schemes in the beginning of Section 7.1 is due to her. 

The present second edition is a critical revision of the original manuscript, 
taking into account several suggestions and comments that had been piling up 
rom the mathematical community. Additional modifications have been made 
throughout the text for further clarification and improvement. I would like to 
thank Springer London and its editorial team for the smooth editing and pub- 
lishing process and certainly for the opportunity to bring out an upgraded 
version of my earlier book. 


Miinster, December 2021 Siegfried Bosch 
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Part A 


Commutative Algebra 


Introduction 


The main subject in Linear Algebra is the study of vector spaces over fields. 
However, quite often it is convenient to replace the base field of a vector space 
by a ring of more general type and to consider vector spaces, or better, modules 
over such a ring. Several methods and basic constructions from Linear Algebra 
extend to the theory of modules. On the other hand, it is easy to observe that 
the theory of modules is influenced by a number of new phenomena, which 
basically are due to the fact that modules do not admit bases, at least in the 
general case. 


The theory of modules over a given ring R depends fundamentally on the 
structure of this ring. Roughly speaking, the multitude of module phenomena 
increases with the level of generality of the ring R. If R is a field, we end up 
with the well-known theory of vector spaces. If R is merely a principal ideal 
domain, then the Theorem of Elementary Divisors and the Main Theorem on 
finitely generated modules over principal ideal domains are two central results 
from the theory of modules over such rings. Another important case is the one 
of modules over Noetherian rings. In the following we want to look at fairly 
general situations: the main objective of Commutative Algebra is the study of 
rings and modules in this case. 


The motivation of Commutative Algebra stems from two basic classes of 
rings. The first covers rings that are of interest from the viewpoint of Num- 
ber Theory, so-called rings of integral algebraic numbers. Typical members of 
this class are the ring of integers Z, the ring Z[i] = Z+iZ C C of integral 
Gauf numbers, as well as various other rings of integral algebraic numbers like 
Z[V2] =Z+V2Zc Q(V2) C R. The second class of rings we are thinking 
of involves rings that are of interest from the viewpoint of Algebraic Geometry. 
The main example is the polynomial ring k[t),..., tm] in m variables t1,..., tm 
over a field ‘. However, it is natural to pass to rings of more general type, so- 
called k-algebras of finite type, or k-algebras of finite presentation, where k is 
an arbitrary ring (commutative and with unit element 1). 
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Let us discuss some examples demonstrating how rings of the just mentioned 
types occur in a natural way. We start with a problem from Number Theory. 


Proposition. For a prime number p > 2 the following conditions are equiva- 
lent: 

(i) There exist integers a,b € Z satisfying p =a? + 0’. 

(ii) p=1 mod 4, 


In order to explain the proof, assume first that (i) is given and consider an 
integer a € Z. Then, mod 4, the square a” is congruent to 0 (if a is even) or to 
1 (if a is odd). Therefore an odd number of type a? + b* with integers a,b € Z 
is always congruent to 1 mod 4 so that (ii) follows. 

To derive (i) from condition (ii), we use a trick. Namely, we enlarge the ring 
of integers Z by passing to the ring of integral Gau8 numbers Z[i]. Thus, for 
a prime number p > 2 satisfying p = 1 mod 4, we have to solve the equation 
p= x+y? in Z or, using the factorization x? + y* = (x + iy)(x — iy), the 
equation 

p= (x + ty)(x — ty) 


in Z[i]. To do so, we use the following auxiliary results: 


Proposition (Gauf). Z[7] is an Euclidean ring with respect to the degree func- 
tion 


6: Z[i] — {0} —+N, zr— 6(z) := |2z?|. 


In particular, Z[i] is factorial. 
Proposition (Wilson). Every prime number p satisfies (p — 1)! = —1 mod p. 


The result of Gau8 can easily be checked by relying on the fact that every 
complex number c € C can be approximated by a complex number z € Z[#] 
satisfying |c— z| < $2; see [3], Section 2.4, for a more detailed argumentation. 
To derive the result of Wilson, look at the finite field F,, = Z/pZ, whose elements 
are denoted by 0,1,..., — 1 for simplicity. Every element a € F,, satisfies 
a? = a, as can easily be verified by induction using the simplified binomial 
formula (a + 1)? = a? + 1? = a? +1. Therefore the elements of F, are precisely 
the zeros of the polynomial X? — X € F,,[X], and all these zeros are simple. In 
particular, we have 


X?* 1 =(X —1)(X — 2)... (X — (p—1)) 
in F,,[.X]. Comparing coefficients, this yields 


1-2+...>(p—1) = (—1)? - (-1): (-2)-...- (-@-1)) 
= (-1)?*-(-1) =-1, 


at least for p odd, but clearly also for p = 2 since then —1 = 1. This establishes 
the result of Wilson. 


Introduction 3 


Now we come back to the problem of decomposing a prime number p > 2 
satisfying p = 1 mod 4 into a sum of squares of two integers. We claim that 
such a prime p cannot be a prime element in the ring Z[i]. Indeed, let p = 4n+1 
for some n € N. Then the Proposition of Wilson yields 


-1=(p—1)!=(1-2-.-.+(2n))- (p—1)- (p—2)-...-(@—2n)) 
= (2n)!-(—1)”"- (2n)! mod p. 


In particular, writing x := (2n)!, we see that p will divide x? +1 = (x+i)(x—1) 
in Z[i]. However, since $+ : does not belong to Z[7], we see that p will divide 
neither x +% nor « — 7%. Hence, p cannot be a prime element in Z/?]. 

We want to conclude from this that there are integers a,b € Z satisfying 


p=a? +b? = (at ib)(a— ib). 


To do this we use the fact that Z[7], being Euclidean, is a principal ideal domain 
and, hence, factorial. Since any irreducible element in a principal ideal domain 
or, more generally, in a factorial ring is prime, we see that p, being non-prime, 
cannot be irreducible in Z[i]. Therefore we can find a decomposition p = a8 
with non-units a, 3 € Z[t]. Then we get p* = |a|?|3|? in Z, where necessarily 
|a|?_ A 1. Indeed, otherwise a would be a unit in Z[i], due to the equation 
aa@ = |a|? = 1. By the same reasoning we get ||? 4 1 and, thus, 


p=lol" =|), 


taking into account the factorization p? = |a|?|6|? in Z. Then, if @ = a+ ib for 
a,b € Z, we get p= a? + b, as desired. 


In particular, the example shows that the study of rings of integral algebraic 
numbers can be useful for proving number theoretical results in Z. As a key 
ingredient we have used the fact that the ring of integral Gau8’ numbers Z[i] is 
Euclidean and, thus, a principal ideal domain, resp. a factorial ring. Let us add 
that not all rings of integral algebraic numbers are factorial and therefore will 
be neither principal ideal domains nor Euclidean rings in general. 

Next let us briefly address the role of rings within the context of Algebraic 
Geometry; for a more thorough discussion of this subject see the introduction 
to Part B. Algebraic Geometry is a theory where geometric phenomena are 
described via polynomial or rational functions. To give an example, fix a field 
or, more generally, a ring k and consider polynomials 


fires fe € k[t] = Kt, -.- tm] 


in some variables t = (t1,...,¢m) with coefficients in k. A typical problem which 
is of interest, is to study the nature of the set of solutions V of the system of 
equations 
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which is called a system of algebraic equations. In the simplest case we could 
think of a system of linear equations, say where 


Fltieax voi) Opti ane Gale F Om OSs Rey, 


for some constants a,;,b) € k. Then, if & is a field, the set of solutions is an 
affine subspace of the affine m-space k"”. 
Given a system of algebraic equations, we will write in more specific terms 


Vik) ={aek"s f(z) =0, pa hea} 


for the set of k-valued solutions. More generally, for every k-algebra k’, i.e. for 
every ring homomorphism y: k ——+ k’, one can consider the set of k’-valued 
solutions 


V(k) = {x (k’)”; f?(x) = 0, pease ts 


where f? € k'[t,,...,tm] is the image of f, with respect to the natural map 


k[{] — k[], Slat? ~ So vat’. 


In a certain sense, the family V of all sets V(k’), where k’ varies over all 
k-algebras, represents the collection of all solutions of the system of equations 
f,(t) = 0. Observing that V depends only on the ideal a = (fi,..., f-) gener- 
ated by the polynomials fi,..., f, in k[t1,...,¢m], we want to explain how to 
interpret the elements of the residue k-algebra 


I(V) :=k[ti,...,tm]/(h,..-, fr) 


in a natural way as “functions” on V. To do this, consider a k-algebra k’ and a 
k'-valued solution « € V(k’), as well as the substitution homomorphism 


Ox: k[ti,.--,tm] ——> F, So at” — Yaa. 


Since (fi,...,f;) C kero,, the Fundamental Theorem on Homomorphisms 
yields a unique factorization as follows: 


Pues | — = — 


A 


Then we can define the value of some element g € I’'(V) at a point x € V(k’) 
by g(x) :=0,(h), where h is any a-preimage of g. 

There is a distinguished point in V that is of particular interest, namely 
the so-called universal point. This is the point (t1,...,tm) € V(k’) Cc (K’)”, 
where k’ = I(V) and where ¢; is the residue class of t; in ['(V). Because 
o,: [(V) —+ k' =I°(V) is the identical map in this case, we see immediately: 
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Remark. The following conditions on an element g € I'(V) are equivalent: 
Wig 0: 
(ii) g vanishes at the universal point of V. 
(iii) g vanishes at all points of V. 


Also we see that the solutions of two systems of equations 
Fait 0, pe ea and fe =, oS dees 


with polynomials f,, ff, € k[ti,-.-,tm] coincide precisely if and only if the 
attached ideals (fi,..., f-) and (f{,..., f/,) coincide in k[ty,...,tm]. 

The situation becomes substantially more complicated if we restrict our- 
selves to k-valued solutions. To give some idea of what happens in this case, we 
mention Hilbert’s famous Nullstellensatz (see 3.2/6): 


Theorem. Let k be an algebraically closed field. Then the following conditions 
are equivalent for any element g € I'(V): 

(i) g is nilpotent, i.e. there exists n € N such that g” = 0. 

(ii) g vanishes on all of V(k). 


The considerations above may suggest that the family of solutions V is 
closely related to the corresponding algebra ['(V). More thorough investiga- 
tions, as we will present them in Part B on Algebraic Geometry, will show that, 
indeed, all geometric properties of V are encoded in the k-algebra I'(V). 


® 
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1. Rings and Modules 


Background and Overview 


The present chapter is devoted to discussing some basic notions and results 
on rings and their modules. Except for a few preliminary considerations, all 
rings will be meant to be commutative and to admit a unit element 1. Like 
a field, a ring comes equipped with two laws of composition, namely addition 
“+” and multiplication “.”, which behave in the same way as is known from 
the case of fields. The only difference is that non-zero elements of a ring R do 
not need to admit multiplicative inverses in R, a default that has far-reaching 
consequences. A prominent example of such a ring is Z, the ring of integers. But 
we can easily construct more intricate types of rings. Let k be a field and write 
R for the cartesian product of k with itself, ie. R = k x k. Defining addition 
and multiplication on R componentwise by 


(a1, 2) + (81, B2) = (a1 + 1, 2 + Ba), 
(a1, a2) : (G1, B2) = (ay » By, a2 Be), 


we see that R becomes a ring. The equation (1,0) - (0,1) = (0,0) implies that R 
contains non-trivial zero divisors, whereas (1,0)" = (1,0) for n > 0 shows that 
R contains idempotent elements that are different from the unit element (1, 1). 
However, in this case there are no non-trivial nilpotent elements, i.e. elements 
(a1, Q 9) different from (0,0) such that (a1, a2)" = (0,0) for some exponent n. 
On the other hand, non-trivial nilpotent elements will occur if we take 


(1,2) - (B1, 82) = (a1 + By, a4 - Bz + 02° By) 


as multiplication on R. 

For rings R of general type the notion of ideals is fundamental. An ideal 
in R is just an additive subgroup a C R that is stable under multiplication by 
elements of R. Historically ideals were motivated by the aim to extend unique 
factorization results from the ring of integers Z to more general rings of algebraic 
numbers. However, as this did not work out well in the conventional setting, 
Kummer invented his concept of “ideal numbers”, which was then generalized 
by Dedekind, who introduced the notion of ideals as known today. A further 
natural step is to pass from ideals to modules over rings, thereby arriving at a 
simultaneous generalization of ideals in rings and of vector spaces over fields. 
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A very useful notion is the one of so-called polynomial rings. Let Ro be 
a ring, viewed as a coefficient ring, and (X;)ier a family of symbols viewed 
as variables. Then the polynomial ring Ro[(X;)icr] consists of all finite formal 
sums of formal products of type 


ny Ny 
ON sian a€é Ro, ny,...,n, EN, 


where the indices 71,...,7, € J are pairwise distinct and where addition and 
multiplication on this ring are defined in the conventional way. In particular, 
given any polynomial f € Ro[(X;)icz], the latter involves only finitely many of 
the variables X;, i.e. there are indices 71,...,7; € J and a finite subset N Cc N* 
such that 
PS. SE Ga tine sy 
(n1,...,2s)EN 


General rings are not so far away from polynomial rings over the coefficient 
ring Ro = Z, since any ring R can be viewed as a quotient of a polynomial 
ring of type Z[(X;)ier]. To explain this fact we need to consider ring homo- 
morphisms, i.e. maps between rings that respect addition and multiplication 
on the source and the target, and preserve unit elements. Starting out from a 
ring homomorphism y: Ra ——> R, one can extend it to a ring homomorphism 
®: Ro[(X;)ier] ——~ R simply by prescribing the images of the variables X;. 
Indeed, given a family (2;);er of elements in R, the map 


eee a 
ca br 


aX;?...X;" -— pla) 


substituting x; for the variable X; is defined on a certain part of Ro[(Xi):er] and 
can be extended additively to yield a well-defined map ®: Ro[(X;i)ier] —— R; 
the latter is a ring homomorphism, due to the commutativity of the multiplica- 
tion in R. It is easily seen that any ring homomorphism ®: Ro[(X;);er] —> R 
is uniquely characterized by its restriction y = ®|p, to the coefficient ring Ro 
and the values x7; = &(X;) of the variables X;, a fact that is sometimes referred 
to as the universal property of polynomial rings. 

Now observe that there is a unique ring homomorphism y: Z ——+ R. The 
latter can be enlarged to a surjective ring homomorphism @: Z[(X;)ier] —+ R 
if we take J large enough. For example, let J = R and consider the family of 
variables (X;);er. Then the substitution X; +— 7 yields a ring homomorphism 


: Z[(Xi)ier] —— R, Xi, 1, 


that is surjective. Its kernel is an ideal in Z[(X;);er] by 1.1/4 so that induces 
an isomorphism Z[(X;)icr]/ker@ —~+ R by the Fundamental Theorem on 
Homomorphisms 1.1/5. 

For a given ring R, its so-called prime spectrum Spec R, i.e. the set of prime 
ideals in R, will be of particular interest. One likes to view Spec R as a point 
set on which the elements of R live as “functions”. Indeed, for f € R and 
x € Spec R let f(x) be the residue class of f in R/p,, where p, is a second 
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(more ideal-friendly) notation used instead of x. For example, the set of all 
“functions” f € R vanishing identically on Spec R equals the intersection of all 
prime ideals in R, and this turns out to be the nilradical rad(R), namely the ideal 
consisting of all nilpotent elements in R; cf. 1.3/4. In a similar way, we can look 
at the maximal spectrum Spm R consisting of all maximal ideals in R. Since any 
maximal ideal is prime, this is a subset of Spec R, non-empty if R 4 0. The set of 
functions f € R vanishing identically on Spm R is, by definition, the Jacobson 
radical j(R), where of course rad(R) C j(R). In classical algebraic geometry 
one considers rings where both radicals coincide; see 3.2/5. Independently of 
this, the Jacobson radical j(R) is meaningful within the context of Nakayama’s 
Lemma 1.4/10 or 1.4/11, addressing generators of modules over R. 

Just as we can pass from the ring of integers Z to its field of fractions Q, we 
can fix a multiplicatively closed subset S in a ring R and pass to the associated 
ring of fractions Rg, where we allow denominators being taken only from S; see 
Section 1.2. The process is referred to as localization by S. For example, if p 
is a prime ideal in R, its complement S = R—p is a multiplicatively closed 
subset in R and the localization Rg is a local ring, meaning that Rg contains 
a unique maximal ideal, which in this case is generated by the image of p in 
Rg; see 1.2/7. By construction the elements of Rs can be understood as “local 
functions” on Spec R living on certain “neighborhoods” of the point « € Spec R 
that is represented by the prime ideal p. This interpretation will become more 
familiar in Chapter 5.4, where we start discussing basic concepts of Algebraic 
Geometry. Also it explains why the process of passing to rings of fractions 
is referred to as localization. As we will see already during the discussion of 
radicals in Section 1.3, localization is a very useful tool in the theory of rings 
and modules as well. 

The chapter ends with a thorough study of finiteness conditions for mod- 
ules, like being of finite type, of finite presentation, as well as being Noetherian, 
or coherent. For this the Snake Lemma 1.5/1 serves as a convenient technical 
tool. In the world of vector spaces, all these conditions specify finite dimension 
or, in other words, the existence of finite generating systems. However, for more 
general modules, finer distinctions are necessary. To be on the safe side for poly- 
nomial rings in finitely many variables over fields, we prove that such rings are 
Noetherian in the sense that all their ideals are finitely generated; see Hilbert’s 
Basis Theorem 1.5/14. Modules over Noetherian rings enjoy the nice property 
that all the above finiteness conditions are equivalent; see 1.5/12 and 1.5/13. 


1.1 Rings and Ideals 


Let us recall the definition of a ring. 


Definition 1. A set R together with two laws of composition “ +” (addition) 
and “-” (multiplication) is called a ring (with unity) if the following conditions 
are satisfied: 
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(i) R is an abelian group with respect to addition; the corresponding zero 
element is denoted by 0 € R. 
(ii) The multiplication is associative, i.e. 


(a-b)-c=a-(b-c) for a,b,cE R. 


(iii) There exists a unit element in R, which means an element 1 € R such 
that 1-a=a=a-1 forallae R. 
(iv) The multiplication is distributive over the addition, t.e. for a,b,c € R 
we have 
a-(b+c)=a-b+a-e, (a+:b)-e=a~e+b~c. 


The ring R is called commutative if the multiplication is commutative. 


We list some important examples of rings: 


(1) fields, 

(2) Z, the ring of integers, 

(3) R[X ], the polynomial ring in a variable X over a commutative ring R, 
(4) 0, the zero ring, which consists of just one element 1 = 0; it is the only 
ring with the latter property. 


An element a of a ring R is called invertible or a unit if there exists some 
element b € R such that ab = 1 = ba. It follows that the set 


R* ={ae€ R; ais a unit in R} 


is a group with respect to the multiplication given on R. 

An element a of a ring R is called a zero divisor if there exists an element 
b € R—{0} such that ab = 0 or ba = 0. Furthermore, a commutative ring R 4 0 
is called an integral domain if it does not contain (non-trivial) zero divisors, i.e. 
if ab = 0 with a,b € R implies a = 0 or b = O. For example, any field is an 
integral domain, as well as any subring of a field, such as the ring of integers 
Z CQ. Also one knows that the polynomial ring R[X] over an integral domain 
RF is an integral domain again. However, by definition, the zero ring 0 is not an 
integral domain. 

For a field K, its group of units is K* = K — {0}. Furthermore, we have 
Z* = {1,—-1} and (RLX])* = R* for an integral domain R. 


Definition 2. A map y: R ——~ R' between rings is called a ring homomor- 
phism or a morphism of rings if for all a,b € R the following conditions are 
satisfied: 


Furthermore, mono-, epi-, iso-, endo-, and automorphisms of rings are de- 
fined in the usual way. Namely, a monomorphism is meant as an injective and 
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an epimorphism as a surjective homomorphism.! A subset R’ of a ring R is 
called a subring of Rif 1 © R’ and if a,b € R’ implies a — b,a-b € R’. Then R’ 
is a ring itself under the addition and multiplication inherited from R. 

In the following, we will exclusively consider commutative rings with 1. By 
abuse of language, such rings will be referred to as rings again: 


Convention. From now on, a ring is meant as a commutative ring with 1. 


Definition 3. Let R be a ring. A subset a C R is called an ideal in R if: 

(i) a is an additive subgroup of R, i.e. a is non-empty and a—b € a for all 
a,b€ a. 

(ii) ra Ea for allre€ Randaéa. 


Any ring R contains the so-called trivial ideals, namely the zero ideal 0 
consisting only of the zero element 0, and the unit ideal, which is given by 
R itself. For a family (a;)ier of elements in R, we can look at the associated 
generated ideal, namely 


a= 5° Ra 
i€l 
= 1. rai; 7; © R, r; = 0 for almost? all i € rh. 


ier 


This is the smallest ideal in R that contains all elements a;, 7 € I. If the index 
set I is finite, say I = {1,...,n}, we write 


n 


a= > Raj = (a1,...,an). 


i=1 


Furthermore, an ideal a C R is called finitely generated if, as before, it admits 
a finite generating system. An ideal a C R is called principal if it is generated 
by a single element: thus, if there is some element a € a such that a = (a). For 
example, the trivial ideals a = 0 and a = R are principal; they are generated by 
0 and 1, respectively. Furthermore, an integral domain R is called a principal 
ideal domain if every ideal of R is principal. In particular, Z and the polynomial 
ring K[X] over a field K are principal ideal domains, just as are the rings of 
algebraic integers Z[/2] and Z[#], since all these rings are Euclidean domains; 
see [3], Section 2.4. 

There are several ways to build new ideals from known ones. Let (a;)jc; be 
a family of ideals of a ring R. Then 


! The notion of an epimorphism between rings is ambiguous, as it is also used in the sense 
of a so-called categorical epimorphism; see Section 8.1. Such epimorphisms are not necessarily 
surjective and we therefore tend to avoid the term epimorphism when dealing with surjective 
ring homomorphisms. 

2 In this setting, for almost all means for all up to finitely many exceptions. 
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Soa; = {Srai; a; € a;, a; = O for almost all i 1} 


iel ier 


is again an ideal in R; it is called the sum of the ideals a;. Furthermore, the 
intersection 
[\a. 


iel 


of all ideals a; is an ideal in R. For finitely many ideals a,,...,a, C R we can 
also construct their product 

n 

II Qj, 

i=l 


which is defined as the ideal generated by all products a,-...+@, where a; € a; 


fori =1,...,n. Clearly, 
II a; Cc () a;. 
i=1 i=1 
Finally, for ideals a,6 C R their ideal quotient is the ideal given by 
(a:b) ={reR;r-bcal}. 


For the special case where a = 0 we write Ann(b) = (0 : 6) and call this the 
annihilator of 6. If 6 is a principal ideal, say 6 = (b), we use the notations (a : b) 
in place of (a: (b)) and Ann(d) in place of Ann((d)). 


Proposition 4. Let y: R —+ R’ be a morphism of rings. Then 
ker yp = {r € R; y(r) =0} 
is an ideal in R and imy = —(R) is a subring of R’. 


Within this context, let us briefly recall the definition of residue class rings, 
sometimes also referred to as quotient rings. Given an ideal a in a ring R, we 
would like to construct a surjective ring homomorphism 7: R —— R’ such that 
ker 7 = a. To do this, consider the set 


R/a={r+a;re R}, where r+a={r+a;a€ah, 
of all (additive) cosets of a in R and define two laws of composition on it by 


(r+a)+(r’ +a) :=(r+r') +4, 
(rta)-(r +a) :=(r-r’) +a. 


Of course, it has to be checked that these laws are well defined. This being done, 
the defining properties of a ring follow for R/a from those of R and we see that 


a: R —+ R/a, ri—>rt+a, 
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is a surjective ring homomorphism satisfying kera = a, as desired. The ring 
R/a is uniquely characterized up to canonical isomorphism by the following 
so-called universal property: 


Proposition 5 (Fundamental Theorem on Homomorphisms). Let yp: R —~ R’ 
be a morphism of rings anda Cc R an ideal satisfying a C ker py. Then there is 
a unique ring homomorphism G: R/a — + R' such that the diagram 


Poa 


v 
7 


R/a 
is commutative. Furthermore: 
@ injective — > a= kery 
@ surjective <> ¢~ surjective 
For a proof, see for example [3], 2.3/4. Let us note as a consequence: 


Corollary 6. Let yp: R —— R’ be a surjection between rings. Then p induces 
a unique isomorphism @: R/kerp —~+ R’ such that the diagram 


R/ ker y 
1s commutative. 
Next we want to discuss prime ideals and maximal ideals. 


Definition 7. Let R be a ring. 

(i) An ideal p € R is called prime if ab € p implies a € p or b € p, for any 
elements a,b € R. 

(ii) An ideal m © R is called maximal if m C a implies m = a, for any 


proper ideal a © R. 


For example, the zero ideal 0 C R of some ring R is prime if and only if R 
is an integral domain. For a field kK, the zero ideal 0 C K is prime and maximal 
at the same time. 
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Proposition 8. Let R be a ring and a C R an ideal. Then: 
(i) a is prime if and only if R/a is an integral domain. 
(ii) a is maximal if and only if R/a is a field. 
In particular, any maximal ideal in R is prime as well. 


Proof. First, observe that p is a proper ideal in R if and only if the residue ring 
R/p is non-zero, likewise for m. Then assertion (i) is easy to verify. If we write 
a,b € R/p for the residue classes of elements a,b € R, then 


a-bep = aeceporbep 


is equivalent to 


a-b=0 a@=O0orb=0. 


Further, assertion (ii) is a consequence of the following lemmata: 


Lemma 9. An ideal m C R is maximal if and only if the zero ideal 0 C R/m 
is maximal. 


Lemma 10. The zero ideal 0 C R of a ring R is maximal if and only if R is 
a field. 


Proof of Lemma 9. Let 7: R —+ R/m be the canonical homomorphism. Then 
it is easily checked that the maps 


RD a +> a(a)c R/m, 
R2d7 (6) + b CR/m 


define mutually inverse bijections between the set of all ideals a C R such that 
m cac R, and the set of all ideals b C R/m. Since these maps respect 
inclusions, the desired equivalence is clear. 

Alternatively, the claim can be justified by explicit computation. To do 
this, recall that m is a proper ideal in R if and only if the residue ring R/m 
is non-zero. Now, if m is a proper ideal in R, then m is maximal if and only if 
a € R—m implies Ra + m = R, in other words, if and only if for any such a 
there are elements r € R and m € m such that ra+m = 1. Using the projection 
a: R ——+ R/m, we see that the latter condition is satisfied if and only if for 
any a@ € R/m—{0} we can find an element 7 € R/m such that 7-a@ = 1, thus, if 
and only if the zero ideal in R/m is maximal. 


Proof of Lemma 10. Assume that the zero ideal 0 C R is maximal and consider 
an element a € R that is non-zero. Then we have aR = R and there is some 
b € Rsuch that ab = 1. Thus, we get R* = R—{0} and R is a field. Conversely, 
it is clear that the zero ideal of a field is maximal. 


In order to illustrate the assertion of Proposition 8, consider a prime p € Z, 
in the sense that p is irreducible in Z. Then the ideal (p) C Z generated by p 
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is maximal and, hence, also prime. Indeed, if a C Z, say a = (a), is some ideal 
satisfying (p) C a € Z, we get a|p. Since a € Z, we see that a cannot be a unit 
in Z. But then, as p is irreducible, a must be associated to p and we get (p) =a. 
Thus, (p) C Z is maximal. Furthermore, Proposition 8 says that (p) is prime as 
well, and we see that F, := Z/(p) is a field, in fact, a field with p elements. 

To give another application of Proposition 8, let us consider the polynomial 
ring AK [X 1, X2] over a field K and show that the ideal generated by X2 is prime, 
but not maximal. To justify this, look at the surjection 


y: K[X1,X2] —- K[X&i], So ay XX} — Yo aX}, 


i,jEN ieN 


which substitutes X,,0 for the variables X,, X2. Since K[X,] is an integral 
domain, but not a field, we see from Proposition 8 that the ideal generated 
by X2 in K[X, X2], which coincides with the kernel of y, is prime but not 
maximal. 

Next we want to show: 


Proposition 11. Any ring R £0 contains a maximal ideal. 


Proof. We will apply Zorn’s Lemma, which says that a non-empty partially 
ordered set 4’ admits a maximal element, provided every totally ordered subset 
of SX’ admits an upper bound in ». 

In our case, we define »’ as the set of all proper ideals a € R, using the set 
inclusion as order relation. Then, R being non-zero, it contains the zero ideal as 
a proper ideal and, hence, 1’ 4 0. Now let ©” C &' be a totally ordered subset, 
in the sense that for a,a’ € &” we have a C a’ or a’ C a. In order to construct 
an upper bound of X” in 2’, we may assume X” non-empty. Then we claim that 


pa se 


acd’ 


is a proper ideal in R. In order to justify this, observe that 6 contains at least 
one ideal of R and, therefore, is non-empty as ” was assumed to be non-empty. 
Now consider elements a,a’ € 6, say a € a and a’ € a’ where a,a’ € &”. Since 
+” is totally ordered, we may assume a C a’. Then a— a’ € a’ C 6 and also 
ra€acC 6 for allr € R. Hence, 6 is an ideal in R. Of course, 6 cannot coincide 
with R since otherwise we would have 1 € 6 and, thus, 1 € a for some a € B, 
which, however, is excluded. As a consequence, we have b € % and, by its 
construction, 6 is an upper bound of %”. Thus, all conditions of Zorn’s Lemma 
are satisfied and 3’ contains a maximal element. In other words, R contains a 
maximal ideal. 


Corollary 12. Let R be a ring and a € R a proper ideal in R. Then there 


se 


exists a maximal ideal m C R such that aC m. 
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Proof. Apply Proposition 11 to the ring R/a, which is non-zero due to a € R. 
Then the preimage of any maximal ideal n C R/a with respect to the projection 
R —~ R/a is a maximal ideal in R containing a. 


Corollary 13. Let R be a ring and a € R a non-unit. Then there exists a 
maximal ideal m C R such that a € m. 


Proof. Apply Corollary 12 to the principal ideal a = (a). 


For a ring R the set 
Spec R = {p C R; p prime ideal in R} 


is called the spectrum or, in more precise terms, the prime spectrum of R. 
Likewise, the subset 


Spm R= {m Cc R; m maximal ideal in R} 


is called the mazimal spectrum of R. It is via such spectra that geometrical 
methods become applicable to ring theory. This is the main theme in Algebraic 
Geometry, as we will see from Section 6.1 on. In this setting, Spec R and Spm R 
are interpreted as sets of points on which the elements of R can be evaluated 
in the sense of functions. 

We want to sketch the basics of this approach in brief terms. For f € R and 
x € Spec R define f(x) as the residue class of f in R/p,. Here p, is a second 
notation instead of x, just to remember that the point x is, in reality, a prime 
ideal in R. This way, elements f € R can be interpreted as functions 


f: SpecR—+ |] R/p. 


xeSpec R 


with values in the disjoint union of all residue rings R/p, for x € Spec R. Making 
no difference between zero elements in the rings R/p,, assertions like f(x) = 0 
or f(a) # 0 make sense and just mean f € p, or f ¢ p,. For any ideala Cc R 
we can look at the set 


V(a) = {x € SpecR; f(x) =0 for all f € a} 
of all common zeros of elements of a. 


Proposition 14. For any ring R, there exists a unique topology on Spec R, the 
so-called Zariski topology, such that the sets of type V(a) for ideals a C R are 
precisely the closed subsets of Spec R. 


As a consequence, we can see that the sets of type D(f) = Spec R— V(f), 
for elements f € R, form a basis of the Zariski open subsets of Spec R. For 
proofs of these facts and further details we refer to Section 6.1. Let us add: 


1.1 Rings and Ideals 17 


Remark 15. Let y: R'’ —~ R be a morphism of rings. Then p induces a map 
“9: SpecR —» SpecR’, — pt— o1(p), 


which is continuous with respect to Zariski topologies on Spec R and Spec R’. 


For the proof see 6.2/5. At this place, let us just point out that the map “yp 
is well-defined. Indeed, for any ideal p C R there is a commutative diagram 


R' = R 
| | 
R'/p""(p) —— Rip . 


Now if p is prime, we see from Proposition 8 that R/p and, hence, R’/y~'(p) are 
integral domains. But then y~'(p) must be prime, again by Proposition 8. 


Exercises 
1. Let y: R —~ R’ be aring homomorphism and m € Spm(R’). Can we conclude 
yg *(m) € Spm(R)? 
2. Prove that an integral domain is a field as soon as it contains only finitely many 


elements. Deduce that in a finite ring every prime ideal is maximal. 


3. Prove the Chinese Remainder Theorem: Let R be a ring with ideals aj,...,an 
satisfying a; +a; = R for i 4 j. Then there is a canonical isomorphism 


R/ a aj TL A/«. 
i=l i=1 


where the cartesian product of the rings R/a; is viewed as a ring under compo- 
nentwise addition and multiplication. 


4. Consider a ring R and ideals aj,...,a, C R satisfying a;+a; = R fori # j. Show 
that, in this case, the inclusion []}"_, a; C ()j_, a is an equality. 

5. Let R be a principal ideal domain. 
(a) Give a characterization of Spec R and of Spm R. 
(b) Give a characterization of the ideals in R/(a) for any element a € R. 

6. Let Ri,..., Rn be rings and consider the cartesian product R, x... x Ry asa 
ring under componentwise addition and multiplication. Show: 
(a) Given ideals a; C R; fori =1,...,n, the cartesian product a, x... dp is an 
ideal in Ry x... x Ry. 
(b) Each ideal in Ry x... x Rp is as specified in (a). 


(c) There is a canonical bijection 


Spec(Ry x... x R,) + [ [Spee R; 
i= 


and a similar one for spectra of maximal ideals. 
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1.2 Local Rings and Localization of Rings 


Definition 1. A ring R is called local if it contains precisely one maximal ideal 
m. The field R/m is called the residue field of the local ring R. 


Proposition 2. Let R be a ring and m © R a proper ideal. The following 
conditions on m are equivalent: 
(i) R is a local ring with maximal ideal m. 
(ii) Every element of R—m is a unit in R. 
(iii) m is a maximal ideal and every element of type 1+m with m € m is a 
unit in R. 


Proof. We start by showing that conditions (i) and (ii) are equivalent. If (i) 
holds and a € R is not a unit, we can use 1.1/13 to conclude that there is a 
maximal ideal n C R with a € n. Necessarily, n must coincide with m. Therefore 
the complement R—m consists of units and we get (ii). Conversely, if (ii) holds, 
every proper ideal a € R will be contained in m, since proper ideals cannot 
contain units. In particular, m is a unique maximal ideal in R and we get (i). 

Next assume (ii) again. Then m is a maximal ideal by (i), and we see for 
every m € m that 1+ m cannot be contained in m since 1 ¢ m. Thus, by our 
assumption, 1 + m is a unit and we have (iii). Conversely, assume (iii) and let 
x € R—m. Since m is a maximal ideal, x and m will generate the unit ideal in 
R. Hence, there exists an equation 


l=ar-—m 


with elements a € R and m € m. Then ax = 1+ m is a unit by (iii) and the 
same is true for x so that (ii) holds. 


Every field K is a local ring with maximal ideal 0 C K. Further examples 
of local rings are provided by discrete valuation rings, which can be viewed 
as principal ideal domains R containing just one prime element p € R (up to 
multiplication by units). In such a ring, (p) C R is the only maximal ideal. 

To give an explicit example of a discrete valuation ring R, fix a prime p € N 
and consider 


Z(p) ={= EQ; m,n €Z with ptr} CQ 


as a subring of Q. Then Z,,) is an integral domain, and we claim that Z,,) is, in 
fact, a principal ideal domain. To show that any ideal a C Zip) is principal, look 
at its restriction a’ = aN Z, which is an ideal in Z. As Z is principal, there is an 
element a € Z with a’ = aZ, and we get a = aZj) because we may interpret a’ 
as the set of numerators of fractions ™ € a where p{n. Next we want to show 
that Z(,) contains precisely one maximal ideal and that the latter is generated 
by p. To justify this, observe that 4 does not belong to Zip) and, hence, that p 
is not invertible in Zi). Therefore pZ(,) is a proper ideal in Zi), and we claim 
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that its complement Zip) — pZip) consists of units in Zp). Any element in Zip) 
can be written as a fraction “ with p{n, and such a fraction satisfies p{m if it 
does not belong to pZp). But then (™)~' = % € Zi) and ™ is a unit. Therefore 
all elements of Z(,) — pZip) are invertible, and it follows from Proposition 2 (ii) 
that Zp) is a local ring with maximal ideal pZ(,). In particular, p is a prime 
element in Zip), in fact, up to multiplication by a unit the only prime element 
existing in Zip). Indeed, a prime element of Zi») cannot be invertible and, hence, 
must belong to pZ), which means that it is divisible by p. Looking at prime 
decompositions of elements in Zp»), we see that the ideals in Zp) are precisely 
the ones occurring in the chain 


7 r Qr 
4(p) > P 4(p)  P A(p) D-+- > 0. 


In general, local rings can be constructed by a localization process, a method 
we want to explain now. Also note that Zi) as constructed above can be inter- 
preted as a localization of Z. 

Let R be a ring and S C R a multiplicative system, i.e. a subset in R 
satisfying 1 € S and s,s’ € S => ss’ € S. Then, roughly speaking, we want to 
consider the “ring” of all fractions where r € R and s € S. The latter is called 
the localization of R by S. To make sense of such fractions as elements of a ring, 
a bit of care is necessary. Guided by the idea that two fractions ¢ and “ with 
a,a’ € Rand s,s’ € S should specify the same element in such a localization 

a 


as soon as as’ = a's and that, in particular, any two fractions of type ¢ and a 
for t € S should coincide, we define a relation “~~” on R x S by 


(a,s) ~ (a’,s') <=> _ there is some t € S such that (as’ — a’s)t = 0, 


claiming that this is an equivalence relation. Evidently, the relation is reflexive 
(just choose t = 1) and symmetric. To justify transitivity, assume 


(a,s) ~ (a’, 8’), (a’, s') ~ (a", 8") 
for pairs (a, s), (a’, s’), (a”, 8”) € Rx S. Then there are t,t’ € S such that 
(as’ —a's)t =0, (a's” —a"s')t' =0, 
and it follows that 
(as" — a"'s)s's"tt' = (as' — a's)s'*tt’ + (a's" — a"s'\ss"tt’ = 0. 


Hence, (a, s) ~ (a, s”), as required. 

Now consider the set (R x S)/~ of all equivalence classes in R x S under 
the relation “ ~ ” and write £ for the class of an element (a,s) € R x S. We 
claim that (R x S)/~ is a ring, using the standard addition and multiplication 


of fractional arithmetic 


ab at+bs a bab 


st st? s t st 
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To justify this claim, we start by showing that these laws are well-defined. Thus, 
consider two elements 


= = == €(Rx S)/~ 


with different representatives (a, s), (a’, s’) and (b,t), (0, t’) in Rx S. Then there 
are elements u,v € S' such that 


(as’ —a’s)u =0, (bt' — b't)u =0, 


and it follows 


[(at + bs)s’t! — (a’t’ + 0's’) st] wv 
= (as' —a's)u- vit’ + (bt' — b’t)v- uss’ = 0, 
as well as 
abst’ — a'b'st)uv = (as' — a's)u- bt'u + (bt! — U't)v-a'su = 0. 
bs't' — a'b'st ‘— a's)u- bt'v + (bt! — U't)u- a 0 
This means 
at+bs at’ +0's' ab ab! 
st ay 7 ee 
and we see that addition and multiplication on (R x S)/~ are well-defined. 
Furthermore, it is easily checked that (R x S)/~ is a ring, with ° serving as the 


zero element and + as the unit element. Using a more handy notation, we will 
write Rg (or sometimes also S~!R) instead of (R x S)/~. 


Definition 3. Let R be a ring and SC R a multiplicative system. Then Rg is 
called the localization of R by S. 


In the situation of the definition, the canonical map 


T: R—~+ Rs, al—> =, 
1 
is a homomorphism of rings and we will often write a instead of T(a) = ¢. In 
using this notation a bit of care is required because 7 will not be injective in 
general, so that we may not be able to interpret R as a subring of Rg. However, 
common factors from S in numerators and denominators of fractions can be 
canceled as usual; for a € R and s,t € S we have 

a at 
s st 
because ast — ats = 0. 
Remark 4. Let R be a ring with a multiplicative system S C R and let 


T: R —+ Rg be the canonical map. Then: 
(i) kerr = {a € R; as = 0 for some s € S}. 
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(ii) T(s) = 7 ts a unit in Rg for all s € S. 


(iii) Rs AOS 0¢8. 


(iv) 7 is bijective if S consists of units in R. 


Proof. (i) According to the definition of Rs, we have 4 


1=0= pene eens 
only if there is some s € S' satisfying as = (a-1—0- ie = 

oe 

1 


(ii) Fors 5 wercan witte Te5 —1; hence, ( 

(iii) Rg is the zero ring if and only if ¢ = 2, 
some s € S such that s = (1-1—0-1)s=0. 

(iv) If S contains only units of R, we see ker7 = 0 by (i). Furthermore 


at 
s* 


i.e. if and only if there exists 


-1 


shows that 7 is surjective then. 


We want to look at some examples. 


(1) For an integral domain R set S := R— {0}. Then the canonical map 
R ——~ Reg is injective and we may view R as a subring of Rg. Since all non- 
zero elements of Rg are invertible, Q(R) := Rg is a field, the so-called field of 
fractions of R. For example, we have Q(Z) = Q. For the polynomial ring K [X] 
in one variable X over a field K, we obtain as its field of fractions the so-called 
rational function field in the variable X over K, which is denoted by K(X). 

(2) Consider a ring R £ 0 and let S = R— Z, where Z is the set of all zero 
divisors in R. Then Rg is called the total quotient ring of R. It is not necessarily 
a field, but contains R as a subring. 

(3) Consider a ring R and a prime ideal p C R. Then S = R-pisa 
multiplicative system in R, due to the prime ideal property of p, and we call 
Rr_y the localization of R at p. By abuse of language, one mostly writes Ry 
instead of using the more clumsy notation Rr-y. 

(4) For an element f of a ring R, the set S = {1, f, f?, f?,...} defines a 
multiplicative system in R. The localization Rg is denoted by Ry or R[f~']. 


In the following, let Rs be the localization of a ring R by a multiplicative 
system S C R, and let 7: R ——+ Rg be the canonical map. For any ideal 
a Cc R, we can consider its extension to Rg, which is denoted by aRgs. Thereby 
we mean the ideal generated by r(a) in Rs. A simple verification shows 


as ={";a€a,s€5}. 


On the other hand, we may consider the restriction of any ideal 6 C Rg to R, 
which is given by 6M R= 77~1(6). 


Proposition 5. Let Rg be the localization of a ring R by a multiplicative system 
SCR. Then: 
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(i) An ideal a C R extends to a proper ideal aRs © Rg if and only if 
Sna=6O. 
(ii) For any ideal 6 C Rg, its restriction a = 6 R satisfies aRs = b. 
(iii) If p C R is a prime ideal such that pn S = 0, then the extended ideal 
pRs is prime in Rg and satisfies pRg NR =p. 
(iv) For any prime ideal q C Rs, its restriction p= q R is a prime ideal 
in R satisfying pRs = q. In particular, pA S = 0 by (i). 


Proof. Starting with assertion (i), let a C R be an ideal containing some s € S. 


Then ag contains {, which is a unit, and we have aRs = Rg. Conversely, 
assume aRs = Rs. Then there are elements a € a and s € S such that ¢ = ; 


in Rg. Hence, we can find t € S such that (a — s)t = 0. But then st = at € a, 
and ans #49. 
To show akg = 6 in the situation of (ii), consider an element ¢ € 6b. Then 


‘= 71° ¢ implies a € a = 6/1 FR and, hence, ¢ € aRg so that b C aRs. The 
opposite inclusion is trivial. 
Next consider a prime ideal p C R such that pN S = 0. Then pRg is a 


proper ideal in Rg by (i). To show that it is prime, consider elements £, “ ERs 


Z t t f 
such that £5 = “> € pRg, say “> = % for some a” € p and s” € S. Then there 
is an equation 

(aa's" — a" ss')t = 0 


for some t € S' and we get aa’s”t = a"ss't € p. Since s’t ¢ p, we have aa’ € p 


! 


and, thus, a € p or a’ € p. Therefore © € pRs or G € pRg and we see that 
pRz is prime in Rg. Clearly p C pRg M R. To verify the opposite inclusion, let 
b € pRgM R. Then there is an equation 6 = in Rg, for some a € p, s € S. 


Hence, there is t € S such that (bs — a)t = 0. Thus, bst = at € p and, since 
st € p, we get DE p. 

Finally, let q be a prime ideal in Rg. It follows from 1.1/15 that p=qnR 
is prime in R. To show pRg = q use the argument given in (ii). 


One may ask if assertion (iii) of Proposition 5 still holds for more general 
ideals than prime ideals. The answer is yes for so-called primary ideals by 2.1/13, 
but no in general, as can be seen using 2.1/14 or Exercise 4 below. 


Corollary 6. The canonical homomorphism R—-+ Rg from a ring R to its 
localization by a multiplicative system S C R induces a bijection 

SpecRs —~+ {p € SpecR; pn S = GO}, qt qnR, 
that, together with its inverse, respects inclusions between prime ideals in R and 


Re 


Corollary 7. For any prime ideal p of a ring R, the localization Ry 1s a local 
ring with maximal ideal pRy. 


Proof. We just have to observe that R, — pf, consists of units in Ry. 
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It remains to discuss the so-called universal property of localizations, which 
characterizes localizations up to canonical isomorphism. 


Proposition 8. The canonical homomorphism 7: R — + Rg from a ring R to 
its localization by a multiplicative system S C R satisfies T(S') C (Rs)* and is 
universal in the following sense: Given any ring homomorphism yp: R ——> R' 
such that y(S) C (R’)*, there is a unique ring homomorphism y': Rg ——+ R' 
such that the diagram 


R 


1s commutative. 
Furthermore, if yp: R ——+ R’ satisfies the same universal property as T 
does, then yp’: Rg ——+ R' is an isomorphism. 


Proof. We start by the uniqueness assertion. For a € R and s € S, we have 
-#(f) #9)“ 
(a) ae ez) =e hg) el) 


2 (£) = eels)", 


which implies that the map vy’ is uniquely determined by y. 
To show the existence of a homomorphism y’: Rg ——+ R’ as required, set 


2 (E) = vlay(s)7 


Ss 


and, hence, 


fora € Rand s € S. We claim that y’(4) is well-defined. Indeed, for £¢ = 2, 
say where (as’ — a’s)t = 0 for some t € S, we get 


(v(a)y(s’) - 9(a’)p(s)) - et) = 0 
and, since y(t) is a unit in R’, also 
y(a)p(s') — ya’) p(s) = 0. 


The latter is equivalent to 


Hence, y’: Rs ——+ R’ is well-defined, and it is easily checked that y’ is a 
homomorphism satisfying yp = y’ oT. 

Now assume that both 7 and y are universal in the sense of the assertion. 
Then besides vy’: Rg ——~ R’ satisfying y = y’ oT there is a homomorphism 
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7’: R! —— Rg such that r = 7’ 0 yw. Applying the uniqueness part of the 
universal property to the equations 


idp op =y' oT =(y'oT')oy, idg,oT =7 op=@' o¢g').o7 


we conclude y’or' = idg as well as roy’ = idg,. Consequently, y’: Rg —+ R’ 
is an isomorphism. 


As an example of how to work with the above universal property, let us give 
an alternative description of localizations. 


Lemma 9. Let R be a ring, F = (fi)icr a family of elements in R, and SCR 
the multiplicative subset generated by F, i.e. S consists of all (finite) products 
of members in F. Then, fixing a system of variables T = (t;)icr, there is a 
canonical isomorphism 


Re RT fae oD 


In particular, for a single element f € R, there is a canonical isomorphism 


Reo | fl fey: 


Proof. The canonical ring homomorphism y: R ——+ R[T]/(1— fiti;i € I) 
sends all elements of S to units. Thus, it factorizes over a well-defined ring 
homomorphism y’: Rg ——+ R[T]/(1 — fiti;i € 1). On the other hand, it is 
easily checked that y satisfies the universal property of a localization of R by 
S. Therefore y’ must be an isomorphism. 


We want to discuss some simple compatibility properties for localizations. 


Proposition 10. Consider elements f,g € R of some ring R and integers 
d,e € N where d> 1. Then there is a canonical commutative diagram 


R Ry 


| | 


Rfg = (Ry) pega y 


where the lower horizontal map is an isomorphism. 


Proof. The canonical map R —+ Ry —~ (Rg) f-ega sends f, g and, thus, also fg 
to units in (Ry) s-ega and therefore factors through a well-defined homomorphism 
Ryg —> (Ry) p-egt, which is the lower horizontal map of the diagram. To obtain 
an inverse of the latter, observe that R ——- Ry, maps f to a unit and, hence, 
factors through a map Rr —— Ry,. Since this map sends f-¢g? to a unit in 
Ryg, it factors through a map (Ry) s-ega ——+ Ryg. The latter is easily seen to 
be an inverse of the lower one in the diagram, either by relying on the universal 
property of localizations, or by using fractional arithmetic. 
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Proposition 11. Consider a prime ideal p C R of some ring and an element 
f €¢ R—-p. Then pRy ts a prime ideal in Ry, and there ts a canonical commutative 
diagram 

R Ry 


| | 


Ry = (Rp)pr, ’ 


where the lower horizontal map is an isomorphism. 


Proof. It follows from Proposition 5 that pRy is a prime ideal in Ry. Furthermore, 
the same result says that the canonical homomorphism R ——+ Ry maps R—p 
into Ry—pRy. In particular, the composition R —+ Rr —~+ (Ry)pr, maps R—p 
into the multiplicative group of units in (Ry)pr, and therefore factors through 
a well-defined homomorphism Ry ——> (R»)pr;, which is the one considered in 
the diagram. To obtain an inverse of the latter, observe that R ——- R, factors 
through Ry since the image of f is a unit in Ry. Furthermore, the induced map 
Ry —~ R, sends all elements of Ry — py to units in Ry and therefore induces 
a well-defined homomorphism (Ry)pr, ——> Ry. The latter is easily seen to be 
an inverse of the lower one in the diagram. Similarly, as in the proof above, we 
may rely on the universal property of localizations, or simply apply fractional 
arithmetic. 


Note that the same argument of proof works for any localization Rg in place 
of Ry if the condition f € R—p of Proposition 11 is replaced by pn S = 0. 


Exercises 


1. Let R be a non-zero ring. Show that R is local if and only if 1 +a is a unit 
for every non-unit a € R. In the latter case the maximal ideal of R is given by 
R— R*. 

2. For a ring R and a maximal ideal m C R show that R/m” is a local ring for any 
exponent n > 1. 


3. Show that every subring of Q is a localization of Z. 

4. Consider the polynomial ring A [X,Y] in two variables over a field K and its 
ideal a = (X?, XY), as well as its multiplicative subset S = K[X,Y] — (X). 
Show that the ideal ak LX,Y]gN K[X,Y] strictly contains a, in contrast to the 
assertion of Proposition 5 (iii) for prime ideals. 

5. For a ring R and a prime ideal p C R show that there is a canonical isomorphism 


Q(R/p) <> R,/pR,, where Q(R/p) is the field of fractions of R/p. 


6. Show that any localization of a factorial ring is factorial again; factorial means 
that the ring satisfies the theorem of unique prime factor decomposition. 


7. Show for any ring R and a variable X that the localization (R[X])s of the 
polynomial ring R[X] by the multiplicative system S = {1, X, X?,...} is the 
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so-called ring of Laurent polynomials over R; the latter consists of all formal 
expressions of type Niez a,X' where a; € R and a; = 0 for almost all 7 € J, 
endowed with conventional addition and multiplication. 


8. Consider the polynomial ring R[X] in a family of variables X over a ring R. 
Show for a multiplicative subset S C R that there is a canonical isomorphism 
(R[X])s + Rs[X]. 

9. Call a ring homomorphism y: R —~ R’ a localization morphism if there exists 
a multiplicative subset S C R with y(.S) C R™ such that ¢ satisfies the universal 
property of a localization of R by S. Show that the composition of two localization 
morphisms is a localization morphism again. 


1.3 Radicals 


Definition 1. Let R be a ring. The intersection 


(R= f) m 


mespm R 


of all maximal ideals in R is called the Jacobson radical of R. 


As an intersection of ideals, the Jacobson radical j(R) is an ideal in R 
again. If R is the zero ring, it makes sense to put 7(R) = R, since an empty 
intersection of ideals in a ring R equals R by convention. Let us consider some 
further examples. Clearly, a ring R is local if and only if its Jacobson radical 
j(R) is a maximal ideal. Furthermore, we claim that the Jacobson radical of a 
polynomial ring in finitely many variables X1,...,X, over a field K is trivial, 


yi 0:4 Bot rer me. nlp aan 


This is a special case of Hilbert’s Nullstellensatz; see 3.2/5 or 3.2/6. To give a 
simple argument for this at the present stage, let K be an algebraic closure of 
kK. Then, for a point x = (21,...,2,) € K”, we may consider the ideal 


me = {f © K[X,.-:; Xn); Fe) =}, 
which is the kernel of the substitution homomorphism 
POG Sut Kea gt g(a). 


As the latter is surjective onto the field K(21,...,%,) generated over KX by the 
components of x, we see that K[Xj,...,X,]/m, is a field. Therefore it follows 
from 1.1/8 (ii) that m, is a maximal ideal in K[LX),...,X;]. 

Now let f € j(K[X1,...,Xn]). Then f € m, and, hence, f(x) = 0 for 
all ¢ € K”. From this we can conclude by induction on n that f is the zero 
polynomial. Indeed, the case n = 1 is clear since any algebraically closed field 
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contains infinitely many elements and, hence, f is a polynomial in one variable 
that has an infinite number of zeros. On the other hand, ifn > 1 we can write f 
as a polynomial in X,, with coefficients in K[X1,...,Xn-i], say f = ae fiX?. 
Fixing an arbitrary point 2’ € K”~!, the polynomial 


d 


F(t, Xn) =o Al@)X, € K(X] 


i=0 


vanishes at all points 2, € K and, as before, must have coefficients f;(a’) that 
are trivial. But then, varying 2’, the polynomials f; will vanish on all points of 
K"—' so that the f; must be trivial by the induction hypothesis. In particular, 
f =0 and this shows that the Jacobson radical of K[Xq,..., X;] is trivial, as 
claimed. For a different method of proof see Exercise 5 below. 


Remark 2. Let R be a ring. For a € R the following are equivalent: 
(i) a€ 7(R). 
(ii) 1— ab is a unit in R for all be R. 


Proof. Let a € j(R). Then a is contained in every maximal ideal of R, and it 
follows that 1 — ab for b € R cannot be a member of any of these ideals. Since 
every non-unit is contained in a maximal ideal of R by 1.1/13, we see that 1—ab 
must be a unit. 

Conversely, consider an element a € R— j(R). Then there is a maximal 
ideal m C R such that a ¢ m. Hence, (m,a) = R and there is an equation of 
type 1 = m+ab, for suitable elements m € m and b € R. Since 1— ab =m € m, 
we have found an element b € R such that 1 — ab is not a unit in R. 


Definition 3. Let R be a ring. An element a € R is called nilpotent if a® = 0 
for some s EN. Furthermore, 


rad(R) = {a € R; a nilpotent} 


is called the nilradical of R. If rad(R) = 0, the ring R is called reduced. 


As a,b € rad(R) implies a + b € rad(R) using the binomial theorem, it 
becomes clear that rad(R) is an ideal in R. For example, consider the ring 
R= K[X]/(X°*), for a field or even a ring K and some integer s > 0. Writing 
X € R for the residue class of the variable X, we get X*° = 0 and it follows 
that X € R is nilpotent. Assuming rad(K’) = 0 (in the case of a ring kK’), one 


can show that rad(R) = (X). In general the ideal rad(R) will be generated by 
rad(K) and X. 


Proposition 4. For any ring R we have 


rad(R) = () p. 


peSpec R 
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Proof. Let us start by showing rad() C (Myegpecz P- To achieve this, choose an 
element a € rad(R) and assume a® = 0 for some s € N. Then a® is a member 
of any prime ideal p C R, and it follows that a itself must belong to p. Thus, 
ae (petpeere p. 

To derive the opposite inclusion, consider an element a € R — rad(R). We 
have to show that there exists a prime ideal p C R such that a ¢ p. To construct 
such a prime ideal, look at the multiplicative system 


S={f{a";nEN}cr. 


By its choice, a is not nilpotent. Therefore 0 ¢ S and this implies Rs 4 0 by 
1.2/4 (iii) for the localization of R by S. Then Rg will contain a maximal ideal 
q by 1.1/11, which, in particular, is a prime ideal. Considering the canonical 
homomorphism 7: R —+ Rg, we claim that p = 7~'(q), which is a prime ideal 
in R, cannot contain a. Indeed, otherwise q would contain 7(a) as a unit and 
therefore the prime ideal q would coincide with the unit ideal in Rg, which is 
impossible. Alternatively, we can use 1.2/5 (iv). 


Comparing Proposition 4 with Definition 1, we see that the Jacobson and 
the nilradical are characterized in a similar way. In particular, the nilradical 
is always contained in the Jacobson radical. The two radicals will be different 
in general, which becomes most apparent by looking at local rings admitting a 
non-maximal prime ideal. For example, Z(,) for a prime p is such a ring. We 
want to extend the notion of radicals to ideals. 


Definition 5. Let R be a ring and aC R an ideal. Then 


j(a)= fom 
meSpm R 
acm 


is called the Jacobson radical of a and 
rad(a) = {a € R; a” €a for some n € N} 
is called the nilradical of a. If rad(a) = a, the ideal a is called reduced. 


Note that for the unit ideal a = R the radicals j(R) and rad(R) in the 
sense of Definition 5 are not really significant. This is why these notions are 
predominantly used for the radicals of the ring R as introduced in Definitions 1 
and 3. 


Remark 6. Let R be a ring and a C R an ideal. Let 7: R ——> R/a be the 
canonical residue homomorphism. Then: 


(i) j(a) = 7-*(5(R/a)). 
(ii) rad(a) = 771 (rad(R/a)). 


(iii) rad(a) = (pesees R,acp p. 
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Proof. To justify assertions (i) and (iii) observe that the map n —+ 77~!(n) 
defines a bijection between all maximal (resp. prime) ideals of R/a and the 
maximal (resp. prime) ideals in R that contain a. Therefore (i) and (iii) follow 
from Definition 1 and Proposition 4; just use the fact that the formation of 
inverse images with respect to 7 commutes with intersections. For (ii) use the 
fact that a power b” of some b € R belongs to a if and only if 7(b)” = 0. 


Assertion (iii) of Remark 6 admits a geometric interpretation on the prime 
spectrum Spec R, as introduced in Section 1.1. To explain this, associate to any 
subset Y C Spec R the ideal 


I(Y)={f eR; f(z) =0 forallceY}CR 


of functions in R that vanish on Y. Then we have I({x}) = p, for any point 
x € Spec R and therefore I(Y) =(), cy Pz. It follows 


1(V(a))= () pe= f[) p=rad(a), 


«eV (a) sir ra 


namely, that the nilradical rad(a) coincides with the ideal of all functions in R 
that vanish on the zero set of a. 
Finally, let us add two technical lemmata on prime ideals. 


Lemma 7. Let R be a ring, a C R an ideal, and y,...,P, C R prime ideals 
such that aC har p,;. Then there ts an index i, 1 <i <n, such that a C pj. 


Lemma 8. Let R be a ring, a1,...,dn C R ideals, and p C R a prime ideal 
such that a a; Cp. Then there is an index i, 1 <i <n, such that a; C p. 


n 


If, more specifically, gia a; =p, then a; =p for this index 1. 


Proof of Lemma 7. We conclude by induction on n, the case n = 1 being trivial. 


Let n > 1 and suppose we have a C Unt p,;, but not a C p; for any index 


i = 1,...,n. By induction hypothesis we may then assume a ¢ Uj p, for 
i=1,...,n. Thus, for any 7, we can find some element 


a; €a—|_Jp; C pi. 
j#Fi 
Then consider the elements 
b= [Ja € []p:, a eee 
j#i j#i 
where b; belongs to a and for j #7 also to p;, but not to p;, as can be seen by 
using the prime ideal property of p;. Therefore 


j=l 
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is an element of a that cannot belong to any of the p1,...,p,. But this means 
ag ea p,;, contradicting our assumption. 


Proof of Lemma 8. Proceeding indirectly, as before, let us assume (Fai a; Cp, 
but a; Z p for 7 =1,...,n. Then there are elements 


a; Ga; —f, PS Vyseegns 


and using the prime ideal property of p we get 


A:=4,...d,€ (As) -». 


which contradicts the inclusion Va a; C Pp. 
Therefore there is an index 1, 1 <i <n, such that a; C p. If a a; = p, 
we get a; = p from this for trivial reasons. 


Let us point out that Lemma 8 admits a geometric interpretation on the 
prime spectrum of R, as introduced in Section 1.1. Namely, for ideals ay,..., dn 
and a prime ideal p of R, we have the equivalence 


Indeed, the implication “ == ” is obtained by looking at the zeros of the ideals 
involved, whereas the implication “ <= ” uses the formation of ideals J(-) 
of vanishing functions, as introduced above, in conjunction with rad(p) = p. 
Furthermore, we can use the assertion of Lemma 8 to show 


Thus, given an inclusion V(p) C Uj_, V(a;), Lemma 8 yields the existence of 
an index i, 1 <i <n, such that V(p) C V(a;). This property characterizes the 
so-called irreducibility of V(p) for prime ideals p. 


Exercises 


1. Let R be a ring and set Ryeg = R/rad(R). Show that R,eq is reduced and that 
any ring homomorphism R —+ R’ to a reduced ring R’ factors through a unique 
ring homomorphism R,eqg —> R’. 


2. Consider the polynomial ring K [X,Y] in two variables over a field K and set 
R=K[X,Y]/(X-XY?,Y?). Writing X,Y for the residue classes of X,Y, show 
that rad(R) = (X,Y) is the only prime ideal in R and that Ryoq ~ K. 
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3. Let R be a ring containing only finitely many prime ideals and assume that a cer- 
tain power of the Jacobson radical j(R) is zero. Show that R is a cartesian product 
of local rings. Hint: Apply the Chinese Remainder Theorem of Exercise 1.1/3 in 
conjunction with Exercise 1.1/4. 

4. Show rad(R[X]) = rad(R)- R[X] for the polynomial ring RLX] in one variable 
over a ring R. Furthermore, prove 


R[X]* = R* +rad(R) - (X), 


where the right-hand side is to be interpreted as the set of all polynomials of type 
Sar a;X* for variable d where ag € R* and a; € rad(R) for i > 0. Hint: Think 
of the geometric series. 


5. Show rad(R[LX]) = j(R[X]) for the polynomial ring in one variable over any 
ring R. Hint: Use Exercise 4 above. 


1.4 Modules 


Definition 1. Let R be a ring. An R-module consists of a set M together with 
an inner composition law M x M ——~ M, (a,b) +—~ a+}, called addition, 
and an external composition law Rx M —+ M, (a,a) — a-a, called scalar 
multiplication, such that: 

(i) M is abelian group with respect to addition. 

(ii) (@+ B)-a=a-a+f-aanda-(a+b)=a-a+a-b for alla,B ER, 
a,be M, t.e. addition and scalar multiplication satisfy distributivity. 

(iii) (a-B)-a =a-(G-a) for alla, 8 € R,a€ M, i.e. the scalar multiplication 
is associative. 

(iv) 1-a=a for the unit element 1 € R and allae M. 


Modules should be seen as a natural generalization of vector spaces. In 
particular, a K-module over a field K is just a K-vector space. On the other 
hand, any ideal a of a ring R can be considered as an R-module. Just view a as a 
group with respect to the addition of R and use the multiplication of R in order 
to define a scalar multiplication of R on a. In particular, R is a module over 
itself. Also note that there is a (1 : 1)-correspondence between abelian groups 
and Z-modules. 


Definition 2. A map y: M —— N between R-modules M and N is called a 
morphism of R-modules or an R-module homomorphism (or just an R-homo- 
morphism if the contert of modules is clear) if 

(i) g(a +y) = v(x) + ly) for all z,y € M, 

(ii) g(ra) =ry(2) for allre Randaxe M. 


Mono-, epi-, iso-, endo-, and automorphisms of R-modules are defined as 
usual. 
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It is possible to combine the concept of modules with the one of rings; we 
thereby arrive at the notion of algebras. 


Definition 3. Let R be a ring. An R-algebra (associative, commutative, and 
with a unit 1) is a ring A equipped with a structure of an R-module such that 
the compatibility rule 


r-(v-y)=(r-x)-y=au-(r-y) 


holds for allr € Rand x,y € A, where “-” denotes both, the ring multiplication 
and the scalar multiplication on A. 

A morphism of R-algebras A ——+ B is a map that is a homomorphism 
with respect to the ring and the module structures on A and B. 


Given any ring homomorphism f: R ——~ A, we can easily view A as an 
R-algebra via f; just set r- a = f(r)-a for r € R and x € A. Conversely, for 
any R-algebra A as in the definition, the map 


f: R—-A, re—>r-la, 


where 1, is the unit element of A, defines a ring homomorphism such that the 
R-algebra structure of A coincides with the one induced from f. In fact, to 
equip a ring A with the structure of an R-algebra in the sense of the definition 
we just have to specify a ring homomorphism R —— A, which then is called 
structural. Using this point of view, a homomorphism between two R-algebras 
R —~+ A and R —-~ B is a ring homomorphism A ——~ B compatible with 
structural homomorphisms in the sense that the diagram 


or 


B 


is commutative. 
Returning to the notion of R-modules, we need to introduce the concept of 
submodules. 


Definition 4. Let M be an R-module. A subgroup N C M is called a submodule 
or, in more precise terms, an R-submodule of M if rx € N for all r € R and 
x € N. In particular, N is then an R-module itself, using the addition and scalar 
multiplication inherited from M. 


For example, the R-submodules of any ring R consist precisely of the ideals 
in R. 


Remark 5. Let yp: M ——+ N be a morphism of R-modules. Then 


ker y := {x € M; v(x) = 0}, 
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the kernel of y, is an R-submodule of M, and 


imy := y(M), 


the image of vy, is an R-submodule of N. 


If WM is an R-module and N Cc M an R-submodule, then just as in the 
setting of vector spaces, one can construct the residue class module M/N, often 
referred to as the quotient of M by N. It consists of all cosets 2 + N of N in 
M where x varies over M. Then M/N is an abelian group under the addition 


(@+N)+(y+tN)=(et+y)+N,  az,yeM, 
and even an R-module if we take 
ree Ny) = (re) +N, re R, oe M, 


as scalar multiplication. These composition laws are well-defined, as can be 
checked easily, and the canonical map 


mw: M —~+ M/N, cr +art+QN, 


is an epimorphism of R-modules which satisfies the universal property of the 
Fundamental Theorem on Homomorphisms, namely: 


Proposition 6. Let M be an R-module and N C M an R-submodule. If 
yp: M —-+ M’ is a morphism of R-modules satisfying N C ker vy, there exists 
a unique R-module homomorphism y!: M/N ——+ M’ such that the diagram 


M —*°_~ mM’ 


M/N 


is commutative. 


In addition, let us point out that y’ is injective if and only if N = ker y, and 
surjective if and only if y is surjective. In particular, we can conclude that y’ is 
an isomorphism if and only if N = kery and y is surjective. As consequences 
of this fact, let us mention the so-called Isomorphism Theorems. 


Proposition 7. Let N,N’ be submodules of an R-module M. Then the canonical 
homomorphism N —+ N + N' —+ (N+ N’)/N' admits NON’ as its kernel 
and is surjective. Hence, it induces an isomorphism 


N/(NON') > (N+ N')/N'. 
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Proposition 8. Let M be an R-module and N Cc N' Cc M submodules. 

(i) The canonical homomorphism N’ —+ M —+ M/N admits N as kernel 
and induces a monomorphism N'/N —+ M/N so that N'/N can be viewed as 
a submodule of M/N. 

(ii) The canonical epimorphism M ——+ M/N' factorizes over M/N, i.e. 
it can be written as a composition M —-+ M/N =a M/N', where f is an 
R-module homomorphism and 7 the canonical map. 

(iii) f admits N'/N as kernel and induces an isomorphism 


(M/N)/(N'/N) + M/N'. 


Next, let us discuss some construction methods for modules. We start out 
from a given R-module M. 


(1) Let (x;)ier be a family of elements in M. Then 


So Re; = {So risis r; © R,r; = 0 for almost all 7 € rh 


iel tel 


is a submodule of M, the so-called submodule generated by the x;, i € I. This 
is the smallest submodule of M containing all elements 7;. An R-module M is 
called finitely generated, or of finite type, if there exist elements x1,...,0%, € M 
such that M = $7, Raj. 


(2) Let (N;)icr be a family of submodules of M. Then 


N= SON; = ae x; € N;,x; = 0 for almost all 7 € rh 
ie] ier 
is a submodule of M, called the sum of the submodules N; of M. The sum is 
called direct and we write 
N=QN, 


i€l 
if, for every x € N, the representations of type x = )0,<; 7 with x; € N; are 
unique. Note that suppressing trivial summands, such a representation reduces 
to a finite sum, say = x, +...+%;, with indices i,,...,7, € I. Sometimes 
the notation x = x;, @...®2;, is used in this context in order to stress the fact 
that the terms x;, are unique. 


(3) Let (M;)ier be a family of R-modules. Then the cartesian product 
Il“ 
iel 


is an R-module under componentwise addition and scalar multiplication; it is 
called the direct product of the M;. Identifying M; for 7 € J with the submodule 
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M; fori=j 
cll“ where N; = j mee a 
0 fori # J 


iel tel 


we may view each M; as a submodule of [[,-; Mi. The sum of these submodules 


is direct and we have 


BM; = { (2iier € I“: x; = 0 for almost all 7 € rh. 


iel iel 


iel 


Thereby we can define the direct sum of any family of R-modules not necessarily 
given as submodules of an ambient module MM. This construction is referred to 
as the constructed or external direct sum of the M;. For example, we write 
RO = Qc, # for the direct sum of copies of R, extending over an index set I. 
Furthermore, it follows that @;-, Mi = [<7 Mi if I is finite. 


(4) Given R-modules M, N, the set Hompr(M, N) of all R-module homomor- 
phisms M/Z —— N is an R-module again. Indeed, using the R-module structure 
of N, the sum of arbitrary maps M ——- N as well as their scalar products with 
constants from R are well-defined. Furthermore, any R-module homomorphism 
y: M' —— M gives rise to an R-module homomorphism 


Hompr(M, N) —+ Home(M’,N), pl Yo7, 


and any R-module homomorphism 6: N ——+ N" gives rise to an R-module 
homomorphism 


Hompr(M, N) —+ Home(M, N"), pr doy. 


As an example, consider a family (M;)ic; of submodules in M. Then the inclu- 
sion maps 4;: M; ——~ M determine an R-module homomorphism 


®: Homy(M,N) —~ [[Homg(M;,N), — ¢t— (vo tidier- 


iel 


It is easily seen that ® is an isomorphism for all R-modules N if and only if / is 
the direct sum of the submodules M; C M. Also note that for this assertion we 
can replace the inclusion maps 1; by arbitrary R-module homomorphisms; they 
will automatically be injective if ® is an isomorphism for all N. This gives us the 
opportunity to characterize direct sums in terms of a universal mapping prop- 
erty. Namely, a direct sum of a family of R-modules (M;)ie7 is an R-module M 
together with R-module homomorphisms 1;: MM; ——> M (necessarily injective) 
such that the induced R-module homomorphism @ as above is an isomorphism 
for every R-module N or, in other words, such that for every family of R-module 
homomorphisms y;: M; —— N, i € I, into an arbitrary R-module N there is 
a unique R-module homomorphism y: M ——-+ N satisfying yo 4; = y; for all 
i € I. The standard argument for universal mapping properties (for example, as 
used in the proof of 1.2/8) shows that M is unique up to canonical isomorphism. 
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(5) Let a Cc R be an ideal. Then 


<oo 
aM = {So ais: a, EC a,x; € } 
i=0 
is a submodule of M. It is the submodule generated by all products ax where 
a€aandxe M. 


(6) For a family (M;)ier of submodules of M, the intersection 


(\M@ 


iel 


is a submodule of M. 


Definition 9. Let M be an R-module. A family (x;)icr of elements in M is 
called free if the following holds: given coefficients a; € R where a; = 0 for 
almost all i € I, the equation >), a:x; = 0 implies a; = 0 for alli € I. 

An R-module M is called free if it admits a free generating system; the 
latter amounts to a family of non-zero elements (2;)jer such that every x © M 
admits a representation 

t= > AX; 


iel 
with unique coefficients a; € R that are trivial for almost alli € I. 


Free generating systems of modules are to be seen as a generalization of 
vector space bases. For example, R” for some power n € N, or R” for some 
index set I, is a free R-module, where the canonical “unit vectors” give rise to 
a free generating system. Every vector space over a field K is a free K-module. 
However, in most cases modules will not admit free generating systems and, 
thus, will not be free. Even submodules of free modules need not be free. As 
an example, consider the polynomial ring K X,Y] in two variables X,Y over 
a field kK. Then K[X,Y] is a free K[X,Y]|-module, since the unit element 
1 € K[X,Y] gives rise to a free generating system. Now consider an ideal 
a C K[X,Y]. We claim that a is a free submodule of ALX,Y] if and only 
if a is a principal ideal. Indeed, if a = (a) for some a € a, then a defines a 
free generating system of a, at least if a # 0. If a = 0, the ideal a is zero, 
admitting the empty system as a free generating system. On the other hand, 
if a is not principal, then every generating system of a contains at least two 
elements f,g # 0, and the equation gf — fg = 0 shows that such a system 
cannot be free. For example, the ideal (X,Y) C K[X,Y] defines a submodule 
of K[X,Y] that is not free. 

The non-existence of free generating systems for arbitrary R-modules is, 
of course, related to the possible lack of sufficiently many units in R. How- 
ever, in certain situations, the desired units do exist so that, as a consequence, 
one can construct generating systems enjoying special properties. The key fact 
underlying such constructions is given by the following result: 
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Lemma 10 (Nakayama). Let M be a finitely generated R-module and a Cc j(R) 
an ideal such that aM = M. Then M =0. 


Proof. We proceed indirectly and assume M # 0. Since M is finitely generated, 
we may consider a minimal generating system 71,...,%, € M. Using aM = M, 
there is an equation 

Ln = 0, +...+ An0n, 


for suitable coefficients a; € a. Then 
(1 — Gn)@n = 141 +... + An-1%n-1, 


and we see from 1.3/2 that 1 — a, is a unit since a, € a C j(R). But 
then the above equation yields x, € pe Ra; and M is already gener- 
ated by 21,...,%n_1, contradicting our assumption that the generating system 


X1,---,;%y iS minimal. 


Corollary 11. Let M be a finitely generated R-module and a C j(R) an ideal. 
Then, if N C M is a submodule satisfying M = N+aM, we must have M = N. 


Proof. M = N+aM implies M/N = a(M/N). Since M/N, just as M is finitely 
generated, Nakayama’s Lemma yields M/N = 0. Hence, M = N. 


Corollary 12. Let R be a local ring with maximal ideal m C R. Then, for 
any finitely generated R-module M, the quotient M/mM is canonically a vec- 


tor space over the field R/m. Furthermore, if %1,...,%n € M are elements 
whose residue classes %,...,%, € M/mM generate this vector space, then 
M= 4 Raj. 


Proof. From M/mM = S~"_, R/mZ; we conclude 


M=)- Ro, +mM 


i=1 


and, using Corollary 11, M = )7i_, Raj. 


Exercises 


1. Consider a family (M;)ier of submodules of an R-module M such that M; C M; 
or Mj C M; for any pair of indices i,j € I. Show that U,-; Mi is a submodule 
of M. On the other hand, give an example of a module M where the union of 
arbitrary submodules is not necessarily a submodule again. 


2. Let A be an integral domain that is an algebra over a field K. Show that A is a 
field if, as a K-vector space, it is of finite dimension. 


3. Let (M;)ier be a family of R-modules. Establish the universal properties for the 
direct sum and the direct product of the M;. Namely, show for any R-module N 
that there are canonical bijections 
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Hompr (® Mi, x) —~+ [[Homa(Mi,), 
iel ier 


Homp (w, Il Ms) —~. |[Homa(N, Mj). 


tel tel 


4. Give an example of a module M over some ring R such that Nakayama’s Lemma 
(Lemma 10) loses its validity. 


5. Generalization of Nakayama’s Lemma: Let M be a finitely generated R-module 
and ac R an ideal satisfying 1 = aM. Show that there is some element a € a 
such that (1+ a)-M = 0. Hint: Choose generators x71,...,%n of M and write 
x for the column vector of the x;. Consider an equation of type x = A- x for 
some (n x n)-matrix A with coefficients in a. This yields (I — A)- x =0 for the 
(n x n)-unit matrix I. Deduce det(I — A) -M = 0 from Cramer’s rule; see also 
the proof of 3.1/4. 


6. Let py: M —+ M be asurjective endomorphism of a finitely generated R-module 
M. Show that ¢ is injective. Hint: View M, together with its endomorphism y, 
as a module over the polynomial ring in one variable R[¢] by setting t- x = p(x) 
for z € M. Then apply Exercise 5 above. 
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To start with, let us recall the notion of exact sequences of modules over a ring 
R. A sequence of R-modules is a chain of morphisms of R-modules 


fn-1 fn fn41 
— 


fn—2 
Ms Nig eh ot A a 


where the indices are varying over a finite or an infinite part of Z. We say 
that the sequence satisfies the complex property at M,, (more specifically, at 
position n) if we have f, 0 fr-1 = 0 or, in equivalent terms, im f,—1 C ker fn. 
Furthermore, the sequence is said to be exact at M,, if, in fact, im f,_1 = ker fn. 
If the sequence satisfies the complex property at all places M,, (of course, except 
at those where the sequence might terminate), it is called a complex. Likewise, 
the sequence is called exact, if it is exact at all places. For example, a morphism 
of R-modules f: M' —— M is injective if and only if the sequence 


f 


0 —+ M' —+ M 


is exact; here 0 denotes the zero module and 0 ——+ M’ the zero mapping, the 
only possible R-homomorphism from 0 to M’. On the other hand, f is surjective 
if and only if the sequence 


Ve — 28 


is exact; 1M ——- 0 is the zero mapping, the only possible R-homomorphism 
from M to 0. Exact sequences of type 
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0 > M' fom 9. yy" a) 


are referred to as short exact sequences. The exactness of such a sequence means: 
(1) f is injective, 
(2) im f = ker g, 
(3) g is surjective. 


Thus, for a short exact sequence as above, we can view M’ as a submodule of 
M via f and we see, using the Fundamental Theorem of Homomorphisms 1.4/6, 


~N 


that g induces an isomorphism M/M’ —~+ M”". Conversely, every submodule 
N CM gives rise to the short exact sequence 


Os NSN 


Another type of short exact sequences can be built from the direct sum of 
two R-modules M' and M”, namely 


(x) 65 == Me MM" —~ Mi — 0, 


where MM’ —-- M'& M” is the canonical injection and M’ 6 M"” —+ M" the 
projection onto the second factor. Such sequences are the prototypes of so-called 
split exact sequences. In fact, an exact sequence of R-modules 


(««) 0 —+ M' —+ M —-+ M" —- 0 


is called split if it is isomorphic to one of type (*) in the sense that there is an 
isomorphism M'’@ M” —~+ M making the diagram 


0 ——+ M’ —- M’@ M” —- M” —- 0 


| | | 


0 > M' >M > M" > 0 


commutative. 
For a short exact sequence 


(xx) er) gee ii V geen Y | er 


as above to be split, it is enough that g admits a section. Thereby we mean 
a morphism of R-modules s: MM” —+ M such that go s = idy». Then s¢ is 
a monomorphism and we may identify M” with its image in M so that M” 
becomes a submodule of M. Viewing M’ as a submodule of M as well, we get 
M'NM" = 0 and M = M'+M", as is easily verified. As a result, M = M'@ M" 
and the exact sequence (**) is isomorphic to the canonical one (*). In a similar 
way, one can show that (**) is split if f admits a retraction, i.e. a morphism of 
R-modules t: M ——+ M' such that to f = idj. Then g identifies kert with 
M" and one can show, as before, that M = M’@ M”. 
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For any morphism of R-modules M’ —!. M we can consider its cokernel 


given by 
coker f = M/im f. 


Then any morphism f as above gives rise to the canonical exact sequence 


0 ——+ ker f —+ M’ ea > coker f — 0. 


Although the definitions of the kernel and cokernel look quite different, both 
notions are nevertheless closely related. Namely, ker f is characterized by the 
exact sequence 


0 —~ ker f —» M'_4+. mu, 


whereas the same is true for coker f and the exact sequence 
MM coker f ——+ 0. 


Note that the type of the latter sequence is related to the former one by reversing 
arrows. It is this reverse setting which usually is referred to by the prefix “co”. 


Lemma 1 (Snake Lemma). Let 


(t) M, fi - Mp fo - My 


. ie te 


(tt) Ny oP No Be 2NG 


be a commutative diagram of R-module homomorphisms with exact rows. Then 
the diagram extends uniquely to a commutative diagram 


t 7 


f fi 
ker uy, 1 + ker ug —*-» ker ug 


Y 
fi fo 
M, ~ Ms ~ Ms 
UL U2 UZ 
¥ g1 \ g2 : 
M + No + N3 


Y = Y =, 
I 92 
coker uy — > coker ug — > coker ws , 


where the vertical sequences are just the canonical exact sequences associated to 
U1, U2, U3. Furthermore: 
(i) flo f, =0 and 9,09, =0. 
(ii) If g, is injective, the top upper row is exact. 
(iii) If fo is surjective, the bottom lower row is exact. 
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(iv) Let g, be injective and f surjective. Then there exists an R-module 
homomorphism d: ker u3 ——» coker u,, the so-called snake morphism, defined 
as follows: 

Starting with x3 € keru3 C Ms, choose an fo-preimage tg € Mo. Then 
U2(@) € ker go = img, and there is some y, € N, such that gi(y1) = ue(x2). 
Now let d(x3) be the residue class Y, of y, in coker wy. 

(v) In the setting of (iv), the exact sequences of (ii) and (iii) yield an exact 
sequence as follows®: 


7 t 


ker uy, meine ker ug ce ker u3 = 
d 


g 9g 
ass coker u; —*+ coker u2 —*+ coker ug 


Proof. For any x, € keru, we have w2(f1(71)) = gi(ui(v1)) = 0 and, hence, 
fi(vi) € kerug. Thus, fi restricts to an R-morphism f{: ker uj ——~ ker ug. 
Likewise, f2 restricts to an R-morphism jf}: ker uw; ———~ kerug3. Further- 
more, we have gj(ui(M1)) = we(fi(M1)) and, hence, g;(imu,;) C imu. In 


particular, the R-homomorphism Nj, —". N, ——~+ cokeruz has a kernel 
containing imu, and therefore factorizes uniquely over an R-homomorphism 
g,: coker u; —— coker uy. In the same way, we obtain the existence and unique- 
ness of the R-homomorphism 9g. 

Assertion (i) is a direct consequence of the exactness of rows (') and ('), 
using the relations foo f; = 0 and go g, = 0. 

In order to verify (ii), assume that g, is injective. We only have to show that 
ker ff C im f}. To do this, let x2 € ker f} C ker fg C My. Using the exactness 
of ('), there is some x; € M; such that f,(21) = x2 and we claim that, in fact, 
x1 € keruy. Then f{(x1) = x2 will show x2 € im f} and, thus, ker f§ C im fy. 
Now 22 € kerug implies g)(wi(71)) = we(fi(vi)) = t2(rv2) = 0. Since gy is 
assumed to be injective, we get u;(x,) = 0 and, hence, x, € ker uy, as desired. 

For assertion (iii) it remains to show kerg, C img,. Therefore choose an 
element Y € ker G,, together with a representative y2 € No. Then the image 
go(y2) is a representative of 9,(Y.) = 0. Thus, g2(y2) € imug and we can find 
a us-preimage r3 € M3 of go(y2). Since fz was assumed to be surjective, 3 
admits an fo-preimage x2 € Mz so that now y = yo — Ug(X2) is a representative 
of J» satisfying go(yy) = 0. But then, using the exactness of (1), there is a 
gi-preimage y, € Nj of yi. Writing 7, € cokeru, for the associated residue 
class in coker u,, we get 9,(¥,;) = Yo. Therefore, y, € img, and we see that 
ker J. C im Qj, as desired. 

Now assume that g; is injective and f2 surjective. We want to show that we 
can define an R-homomorphism d: ker uz —— coker w, as specified in (iv). To 
do this, start out from an element x3 € ker ug and, using the surjectivity of fo, 


3 Tf we insert the snake morphism d in the above diagram, the exact sequence takes the 
shape of a “snake”; this is how the lemma got its name. 
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choose an f-preimage x2 € My; by the exactness of (') the latter is unique up 
to an additive contribution from im f;. Then 


g2(u2(2)) = us (f2(a2)) = u3(a3) = 0 


and, using the exactness of ('T), we get u2(x2) € ker gg = img. Thus, we(22) 
admits a g\-preimage y, € Mj), where the latter depends uniquely on w2(2) 
since g; is injective. Since x, as an fo-preimage of x3, is unique up to an ad- 
ditive contribution from im f;, we see that y, depends uniquely on x3 up to an 
additive contribution from im w,. In any case, the residue class Y, € coker uy is 
uniquely determined by x3 and it follows that the map d: ker uz —— coker wy, 
X3t+-—> Yj, is well-defined. It is clear that d satisfies the properties of an 
R-homomorphism, since d has been defined in terms of taking preimages and 
images with respect to R-homomorphisms. 

It remains to show that the sequence in (v) is exact at the places ker us 


and coker u;. Let us start with the sequence ker ug ate ker u3 fs coker wu. 
Clearly, we have im f§ C kerd since any 73 € im fS admits an f-preimage x2 
in kerwg. Then ug(x2) = 0. In particular, 0 € Ny is a gi-preimage of w2(x2) 
and, hence, is a representative of d(#3) so that d(#3) = 0. Conversely, sup- 
pose x3 € kerd. Again, let ry € Mp be an fo-preimage of x3 and y, € N; a 
gi-preimage of w2(x2). Then, since 73 € kerd, we have y, € imu, and there 
exists a u,-preimage x; € M, of y,. Writing 


uo(fi(a1)) = gi (ta(x1)) = (yr) = vale) 


we see #9 — fi(x1) € ker ug. Therefore 


r3 = fo(x2) = fo(x2) — fo(fi(a1)) = f2(v2 = filv1)) € im fy 


and, hence, ker d C im f5. 


Finally, let us discuss the sequence ker us —* . coker uy —++ coker ug. 
First, we show imd C ker g,. To do this, choose an element x3 € ker ug and let 
x2 € M2 be an fo-preimage of x3, as well as y, € Ny a gi-preimage of uo(x2). 
Then y; is a representative of d(x3) and gi(y1) = ue(x2) € im uy a representative 
of g,(d(x3)). But then g,(d(a3)) = 0 and we have imd C kerg,. Conversely, 
consider an element ¥, € ker g,, together with a representative y; € Ni. Then 
we have gi(yi) € im ug and there is a ug-preimage v2 € M2 of gi(y,). Observing 
the equation us(fo(%2)) = ge(u2(%2)) = g2(gi(y1)) = 0, where we use that 
g2° g, = 0 due to the exactness of ('T), we conclude x3 := f2(x2) € ker ug and 
see from the construction of x3 that d(#3) = 7,. Therefore 7, € imd and, hence, 
ker g, C imd. 


Let us mention a special case of the Snake Lemma, which is quite neat to 
state. 
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Corollary 2. Let 


0 a eee ey eee a 0 
rf 
u “NI g1 HN g2 ~ Ns no 


be a commutative diagram of R-module homomorphisms with exact rows. Then, 
using the notation of Lemma 1, there is a corresponding exact sequence 


7 


fi f 
0 —— keru,; —> ker. —*> ker us 


d 9 a 
—» coker u, —+ coker uw, —*+ coker uw; —— 0. 


Proof. Apply the Snake Lemma. The injectivity of f| follows from the injectivity 
of f; and the surjectivity of 9, from the surjectivity of go. 


Next, let us discuss some finiteness conditions for modules. As a technical 
tool, we will need the Snake Lemma. Given an R-module M together with a 
generating system (2;);<¢7, we can look at the R-module homomorphism 


gy: RY) —- M, (@i)ier H— S 7 aii, 


iel 


which maps the canonical free generating system (e;);c, of R“) onto the gener- 
ating system (2;)ier of M. The morphism ¢ is surjective. On the other hand, 
for any epimorphism of R-modules y: R“) —+ M, the image (y(e;))ie7 of the 
canonical free generating system of R“ is a generating system of M. Thus, for 
a given index set I there exists a generating system of type (#;)iez for M if and 
only if there exists an epimorphism R“ —— M. 


Definition 3. Let M be an R-module. M is called of finite type (or finitely 
generated) if there exists an exact sequence 


R" —~+ M —~- 0 


for some n € N. By abuse of language, M is also said to be a finite R-module 
in this case. Furthermore, M is called of finite presentation if there exists an 
exact sequence 

R™ > R” ~M > 0 


for some m,n € N. The latter sequence is referred to as a finite presentation of 
M. 


It follows from the above explanation that an R-module M is of finite type 
in the sense of Definition 3 if and only if it admits a finite generating system 
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(a condition already mentioned in Section 1.4). Also recall that, by the Fun- 
damental Theorem of Homomorphisms 1.4/6, any epimorphism of R-modules 
a: R"” ——+ M induces an isomorphism R"/keram —~+ M. Moreover note 
that a given R-module M is of finite presentation if and only if there exists an 
epimorphism 7: R” ——-+ M for some n € N such that ker z is of finite type. 
Before applying the Snake Lemma to the finiteness conditions just intro- 
duced, let us establish a technical lemma, which will turn out to be quite useful. 


Lemma 4. Let 


R™ R" 
E | 
0 ~ M’ i. M 9. yy" 56 


be a diagram of R-module homomorphisms where the bottom row is exact. Then 
the diagram can be enlarged to a diagram of R-module homomorphisms with 
exact rows 


0 : R™ f x Rmin g ee R” as 0 
te 
0 ee a) ge a sO 


Proof. We construct the diagram as follows. Let f be the R-module homomor- 
phism mapping the canonical free generating system e),...,@m of R™ to the 
first m elements of the canonical free generating system €),...,€m4n of R™™. 
Furthermore, let g be the R-module homomorphism mapping €1,...,€m to 0 
and €m+i,---;€m+n onto the canonical free generating system of R”. Then the 
sequence 
o—- pm 4. por 3, pr __. 

is exact. To define the morphism p: R™*" ——+ M, we require €1,...,€m to 
be mapped to f(p’(e1)),..-, f(p'(em)), as well as Em4i,..-,@m+n to arbitrarily 
chosen g-preimages of the elements p"(9(€m+1)),---;P"(G(€m+n)). The resulting 
diagram is commutative. 


Proposition 5. Let 
f 


C= MoV = a 6 


be an exact sequence of R-modules. 
(i) If M is of finite type, the same holds for M”. 
(ii) If M’ and M” are of finite type, the same holds for M. 


Proof. If R” ——~ M is an epimorphism of R-modules, its composition with g 
will be surjective since g is surjective. Thus, if M is of finite type, the same is 
true for M”. 
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Now let M’ and M” be of finite type and let p’ : R™ ——~ M’ as well as 
p": R® —+ M" be epimorphisms of R-modules. Then, using Lemma 4, there 
is a commutative diagram 


0) ‘ R™ f = Rmin g ee R” . 0 
ik. Ie 
0 ~ MM! Be M 9. yy" si) 


with exact rows and Corollary 2 shows that there is an associated exact sequence 
. —— coker p’ —— coker p —— coker p” —-+ 0. 


However, coker p’ and coker p” are trivial since p’ and p” are surjective. Hence, 
we must have coker p = 0, too, and it follows that p is surjective. In particular, 
M is of finite type. 

Of course, alternatively, we could have argued in a more conventional way 
by showing that a generating system of M’ together with a lifting of a generating 
system of M” yields a generating system of M. 


In the setting of Proposition 5 (i) we cannot expect that M of finite type 
implies the same for M’, since a submodule of a finitely generated R-module 
is not necessarily finitely generated again. To give an example, consider the 
polynomial ring K[X1, Xo,...] in infinitely many variables over a field kK. As 
a module over itself, it is generated by the unit element 1. Hence, it is finitely 
generated. However, the submodule (Xj, Xo,...) C K[X1, X2,...], which is 
given by the ideal generated by all variables, is not finitely generated. 

We want to carry assertion (ii) of Proposition 5 over to modules of finite 
presentation. 


Proposition 6. Let 


0 > M' fiom 9, yy" > 0 


be an exact sequence of R-modules. If M' and M” are of finite presentation, 
the same holds for M. 


Proof. We proceed similarly as in the proof of Proposition 5 and choose finite 
presentations 


R* q . Rm La si Rt”. Rr LV iG ei 


Being images of finitely generated R-modules, we see that ker p’ = img’ and 
ker p” = imq” are finitely generated. Now use Lemma 4 and enlarge the given 
short exact sequence together with the morphisms p’, p” to a commutative dia- 
gram 
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0 ‘ R™ f ‘ Rm g Fe R” re 0 
yb 
0 a M' f a M g _ M" ge 0 


with exact rows. Then the Snake Lemma yields an exact sequence 


0 —— ker p’ —— ker p —— ker p” 


— coker p' —+ coker p — coker p” —+ 0. 


Since p’ and p” are surjective, we get coker p’ = 0 and coker p” = 0, hence, also 
coker p = 0. Furthermore, the remaining short exact sequence 


0 —— ker p’ —~+ kerp —— ker p” —+ 0 
shows via Proposition 5 that ker p is finitely generated since the same is true 
for ker p’ and ker p”. In particular, there exists an epimorphism of R-modules of 


type R' —+ kerp C R™” and the resulting sequence 


R° a Rtn nahh M eS () 


is exact. Hence, M is of finite presentation. 


If M is an R-module of finite presentation, then by definition, M may be 
seen as part of an exact sequence of type R™ > R” > M > 0. In 
other words, there exists an epimorphism R” ——»+ M whose kernel is finitely 
generated. We want to show that then the kernel of any epimorphism of type 
R”" ——+ M is finitely generated. 


Proposition 7. For an R-module M the following conditions are equivalent: 
(i) M is of finite presentation. 
(ii) M is of finite type and for every R-module epimorphism vp: M—+M 
where M is of finite type, the kernel ker ¢ is of finite type. 


Proof. We only have to show the implication from (i) to (ii). Therefore let 


R™ > R > M > 0 


be a finite presentation of M and let yp: M ——- M be an epimorphism of 
R-modules where M is of finite type. In order to show that ker y is of finite 
type, look at the short exact sequence 


0 —— kery -~M—~+M > 0. 


We want to combine these two exact sequences to a commutative diagram 
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Be OR eM -0 
kT 
0 > ker y * . M—~-- M > 0 


as follows. Define ug by requiring that the canonical free generating system 
€1,...,€n of R” be mapped onto certain y-preimages of fo(e1),..., fo(en) in 
M, which we can freely choose due to the surjectivity of y. Then the resulting 
(right-hand) square is commutative. Since yowg0 f; = foo f; = 0, it follows 
that the image of uz 0 f; is contained in ker y = im g,. Therefore we can define 
u,: R™ —— ker y by restricting the range of u2 0 f;. Since gi is injective and 
fo surjective, the Snake Lemma yields an exact sequence 


0 = keridyy ——+ coker uy ——+ coker u2 ——~ coker idy = 0 


and, thus, an isomorphism coker u,; —~+ coker ug. Now coker wg, as a quotient 
of M, is of finite type and, hence, the same is true for coker u,. Then we may 
look at the exact sequence 


0 —~ imu, ——~ ker py ——> coker u, ——~ 0. 


Since im u, and coker wu, are of finite type, Proposition 5 (ii) shows that ker 
is of finite type. Thus, we are done. 


We have already seen that a submodule N of an R-module M is not neces- 
sarily of finite type, even if M is of finite type. The same phenomenon occurs for 
modules of finite presentation. Furthermore, the image of an R-module of finite 
presentation under a module homomorphism is not necessarily of finite presen- 
tation again. As an example, consider a ring R admitting an ideal a C R that is 
not finitely generated. Then R, as a free module over itself, is of finite presen- 
tation, but R/a as an R-module is not. The latter follows from Proposition 7, 
since a, as the kernel of the canonical surjection R ——+ R/a, is not finitely 
generated. A better behavior can be expected if we put suitable finiteness con- 
ditions on the ring R. We will study the properties of R being Noetherian or 
coherent. 


Definition 8. Let R be a ring and M an R-module. M is called Noetherian 
if every submodule N C M 1s of finite type. M is called coherent if M is of 
finite type and if every submodule of finite type N C M is of finite presentation. 
R itself is called Noetherian (resp. coherent) if R, as an R-module, enjoys the 
corresponding property. 


If N is a submodule of a Noetherian R-module M, then N is Noetherian 
for trivial reasons. Likewise, if / is just coherent, N will be coherent as soon as 
it is of finite type. In the following, we want to look more closely at Noetherian 
and coherent modules, starting with the Noetherian case. 
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Lemma 9. For an R-module M the following conditions are equivalent: 

(i) M is Noetherian. 

(ii) Every ascending chain M, C Mz Cc... C M of submodules in M_be- 
comes stationary, t.e. there exists an index 19 € N such that M;, = M; for all 
i> ip. 


Proof. Assume first that M is Noetherian, as in (i), and let M; C My C ... bean 
ascending chain of submodules in M. Then it is easily seen that N := U,;ey Mi 
is a submodule of MW. The latter is finitely generated, say N = ae Ra,;, and 
there will exist an index ig € N such that 71,...,%, € Mj;,. But then we have 
N CM, CN and, hence, N = M; for all i > i9, which means that the chain of 
submodules M; C M becomes stationary. 

Conversely, assume that condition (ii) is satisfied. Suppose there is a sub- 
module N Cc M that is not finitely generated. Then, choosing an element 
x, € N, we get Rx, © N and there is an element v2 € N — Ray. Since N 
is not finitely generated, we must have Rx, + Rx. C N. Continuing this way, 
we can construct an infinite strictly ascending chain of submodules in M, which 
however contradicts condition (ii). 


Lemma 10. Let 0 Ni Fe > 0 be an exact sequence of 
R-modules. Then the following conditions are equivalent: 


(i) M is Noetherian. 
(ii) M’ and M" are Noetherian. 


Proof. Assume first that M is Noetherian. Viewing M' as a submodule of M via 
f, we see that M’ is Noetherian for trivial reasons. But also M” is Noetherian. 
Indeed, the preimage g~!(N) C M of any submodule N Cc M" is finitely gen- 
erated since M is Noetherian. Then N = g(g~'(N)), as the image of a finitely 
generated R-module, must be finitely generated itself. 

Next, let Md’ and M” be Noetherian and let N C M be a submodule. Then 
N gives rise to the short exact sequence 


Cf (Na GN) 0 


and it follows that f~'(N)) C M’ as well as g(N) C M” are submodules of finite 
type. Applying Proposition 5 we see that N is of finite type. 


As a direct consequence we can show: 


Corollary 11. Let M,, Mz be Noetherian R-modules. Then: 

(i) My, ® Mg is Noetherian. 

(ii) If M1, M2 are given as submodules of some R-module M, then M, +My 
and M,Q My, are Noetherian. 
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Proof. Using Lemma 10, the exact sequence 


0 > M, > M, 6 Mo > Mo > 0, 


consisting of the canonical embedding M, ——+ M, © M, and the natural pro- 
jection M,; @ Mz ——~ Mo, shows that M, @ Mg is Noetherian since M, and Mp 
are Noetherian. If MM), Mz are submodules of some R-module M, consider the 
canonical epimorphism 


p: M, 8 M2 > M,+ Mo, Mm, BmMs tk > m,+™mMae, 


as well as the corresponding exact sequence 


0:— + kerp —* M, @ Ma — > My, + — 0," 


where ker p is isomorphic to M,N Mg. Because we know already that M, 6 Mg is 
Noetherian, we see from Lemma 10 that M, + M2 and M,M M2 are Noetherian. 


Of course, using an inductive argument, the assertion of the corollary ex- 
tends to finite sums and finite intersections. 


Proposition 12. For a ring R, the following conditions are equivalent: 
(i) R is Noetherian. 
(ii) Every R-module M of finite type is Noetherian. 


Proof. We have only to show the implication (i) => (ii). Therefore assume 
that R is Noetherian and let M be an R-module of finite type. There exists an 
epimorphism p : R” ——+ M for some n € N, and we can conclude by induction 
from Corollary 11 that R” is Noetherian since R is Noetherian. But then, using 
Lemma 10, the exact sequence 


0 —~+ kerp ay Fined > 0 


shows that M is Noetherian. 


Corollary 13. Let R be a Noetherian ring and M an R-module of finite type. 
Then M is coherent. In particular, R is coherent. 


Proof. Since M is a module of finite type over a Noetherian ring, it is Noetherian 
by Proposition 12. Now let N Cc M be a submodule. Then N is of finite type 
and there is an epimorphism R” ——- N for some n € N. Since R is Noetherian, 
R” is Noetherian and it follows that the kernel of R” ——- N, as a submodule 
of R”, is finitely generated. In particular, N is of finite presentation. 


Next, let us prove a result that is fundamental for the construction of 
Noetherian rings. 
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Proposition 14 (Hilbert’s Basis Theorem). Let R be a field or, more generally, 
a Noetherian ring. Then: 

(i) The polynomial ring R[Y] in one variable Y over R is Noetherian. 

(ii) In particular, any quotient RLX,,...,Xn]/a of a polynomial ring in a 
finite set of variables X; by some ideal a C R[X),...,Xn] is Noetherian. 


Proof. To verify assertion (i), consider an ideal a C R[Y], where R is a Noethe- 
rian ring. Define a; C R for « € N as the set of all elements a € R such that a 
contains a polynomial of type 


aY' + terms of lower degree in Y. 


Then it is easily seen that each a; is an ideal in R. Furthermore, these ideals 
form an ascending chain 
a ca,c...CR; 


just use the fact that f € a implies Y f € a. According to Lemma 9, the chain 
becomes stationary at some index ig because R is Noetherian. Now, for each 
i € {0,...,%o}, choose finitely many polynomials f;; € a of degree deg fj; = 7 
such that the highest coefficients a,j; of the f,; generate the ideal a;. This is 
possible since R is Noetherian and, hence, the ideals a; are finitely generated. 
We claim that the polynomials f,; generate the ideal a. Indeed, let g € a and 
assume g # 0. Let d = degg and denote by a € R the highest coefficient of g. 
Writing i = min{d, io}, we have a € a; and there is an equation 


a= ; Cj Qj, Cj ER. 
J 


Obviously, the polynomial 


n=9-Y* YS of 


J 


belongs to a again. Its degree, however, is strictly smaller than the degree d of 
g because, by our construction, the coefficient of Y@ will vanish. If g, 4 0, we 
can proceed in the same way with g; in place of g and so on. This way, after 
finitely many steps, we end up with a polynomial g, where g, = 0. We conclude 
that g is a linear combination of the f;; with coefficients in R[Y] and thereby 
see that the f;; generate the ideal a. This shows that R[Y] is Noetherian. 

It follows by induction that the polynomial ring R[.X,,..., X,] in a finite set 
of variables is Noetherian and the same is true for any quotient R[.X),...,X,]/a 
by Lemma 10. 


Finally, let us study coherent modules. We start with an analogue of 
Lemma 10. 


f 


Lemma 15. Let 0 > M' ~M—~. uM" + 0 be an exact sequence of 


R-modules. Then: 
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(i) If M’ is of finite type and M is coherent, M" is coherent. 
(ii) If M’ and M" are coherent, M is coherent. 
(iii) If M and M" are coherent, M' is coherent. 
In particular, if two of the modules M',M,M" are coherent, all three of 
them will have this property. 


Proof. We start with assertion (i). Thus, let 1’ be of finite type and M of finite 
presentation. Then M” is of finite type by Proposition 5. To show that M” is 
even of finite presentation, choose an epimorphism y: R" ——> M” and look at 
the commutative diagram with exact rows 


0 > ker y R=" > 0 
ee | 
0 a) eee many jem oe 
where uz is defined by mapping the canonical generating system €1,..., €n of R” 
onto g-preimages of y(e1),..., (en) and wu is induced from uz. We may assume 


that uz, is surjective. Indeed, otherwise we can consider a finite generating system 
L1,...,X, of M' and replace R" by R"*", extending the morphisms y and wg 
by mapping the additional generators en11,...,€n4- of R"*” as follows: 


(enti) = 0, u2(€n+i) = f(x), t= 1, ee 
Applying Corollary 2, we get the exact sequence 
0 ——~ keru, —— ker ug —— keridy” —— ... , 


where ker idjy = 0 implies that we have an isomorphism keru,; —~“>+ ker ug. 
Since M is of finite presentation, ker ug and, hence, also ker u; are of finite type 
by Proposition 7. Then the exact sequence 


0 —~ ker wu; —~ kery —*+ M’ —+ 0 


shows by Proposition 5 that ker y is of finite type. In particular, M” is of finite 
presentation. 

Now let N” Cc M" be a submodule of finite type. In order to verify that 
it is of finite presentation, consider the preimage N of N” with respect to 
g: M —~ M", as well as the resulting exact sequence 


0 > M' > N > N" > 0. 


Then JN is of finite type by Proposition 5 and, thus, as a finitely generated sub- 
module of M, even of finite presentation. But then we are in the same situation 
as considered above and we can conclude that N” is of finite presentation, and 
hence, that MM” is coherent. 

Next, as in (ii), assume that M’ and M” are coherent. Then M is of finite 
presentation by Proposition 6. To show that every finitely generated submodule 
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N C M is of finite presentation, let N’ = f~'(N) and N” = g(N). We get the 
following commutative diagram with exact rows 


0 - N’ -N ~ Nn" -0 
i. i 
0 ray ey pee areas ee 


where 4, U2, U3 are the canonical inclusion maps. Now N”, being the image of 
the finitely generated R-module N, is of finite type itself and, thus, of finite 
presentation because it is a submodule of a coherent module. Furthermore, 
Proposition 7 shows that N’ is of finite type and, thus, of finite presentation, 
again because it is a submodule of a coherent module. But then Proposition 6 
implies that N is of finite presentation and, hence, that M is coherent. 
Finally, let us assume as in (iii) that M and M” are coherent. Then M’ 
is of finite type by Proposition 7. Viewing M’ as a submodule of the coherent 
module M, we can conclude that M’ is coherent. 


Corollary 16. Let M,, Mz be coherent R-modules. Then: 

(i) My © Mg is coherent. 

(ii) Assume that, in addition, M,, Mz are submodules of a pseudo-coherent 
R-module M, i.e. of an R-module M such that every finitely generated submod- 
ule is of finite presentation. Then M, + Mz and M,M Mg are coherent. 


Proof. Similarly as in the proof of Corollary 11, we consider the canonical exact 
sequence 


0 >My >M, ® My > Mo > 0. 


If M, and Mg are coherent, we see from Lemma 15 that M, 6 Mg is coherent. 
If, in addition, M, and M2 are submodules of a pseudo-coherent R-module M, 
then M) + Mp is coherent, as it is a finitely generated submodule of M. Using 
Lemma 15 again, the exact sequence 


0 —>+ M,N Mp > 6 Me > My, + Mo +0 


shows that MM Mg is coherent. 


Proposition 17. For a ring R the following conditions are equivalent: 
(i) R is coherent. 
(ii) Every R-module M of finite presentation is coherent. 


Proof. We only have to show the implication from (i) to (ii). Therefore, let R 
be coherent and let M be an R-module of finite presentation. Then there is an 
epimorphism p: R” ——+ M for some n € N such that ker p is of finite type. 
Looking at the short exact sequence 


0 —— ker p ~ Rr". M > 0, 
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we know from Corollary 16 that R” is coherent if R is coherent. But then, since 
ker p is of finite type, MM is coherent by Lemma 15. 


There are some interesting classes of coherent rings transgressing the 
Noetherian case. For example, any polynomial ring A[%X] in an infinite family 
of variables over a field K is coherent, but not Noetherian; see Exercise 4.3/2. 
Furthermore, algebras of topologically finite presentation over a complete (non- 
discrete) valuation ring of height 1 are coherent, but in general not Noetherian; 
see [4], Section 1, in particular 1.3, for details. These algebras play a fundamen- 
tal role in Rigid Geometry. 


Exercises 


1. Let p € N be prime. Determine the (isomorphism classes of) short exact sequences 
of Z-modules that are of type 


0 —+ Z/pZ > M > Z/pZ > 0. 


2. Let y: M —-+ R” for some n € N be an epimorphism of R-modules where / is 
of finite type. Show that ker ¢ is of finite type. 


3. Five Lemma: Consider a commutative diagram of R-modules 


M, > Mo > M3 > My > Ms 
Ec |x |x Iu |e 
M - No - Nz ~ Ng ~ Ns 


with exact rows, where wu, is an epimorphism, u2, uz are isomorphisms, and us is 
a monomorphism. Apply the Snake Lemma to show that u3 is an isomorphism. 
4. Prove: 


(1) A sequence of R-modules M’ + M > M" > 0 is exact if and only if 
the associated sequence 


0 —+ Homr(M”, N) —+ Homp(M,N) —+ Homp(M’, N) 


is exact for every R-module N. 


(2) A sequence of R-modules 0 > N' > N > N" is exact if and only if 
the associated sequence 


0 —+ Homa(M, N’) —+ Homp(M,N) —+ Homa(M, N”) 


is exact for every R-module M. 
5. Consider an R-module homomorphism y: R™ ——+ R” for certain exponents 
m,n € N and assume R ¥ 0. Show: 
(1) If ¢ is an isomorphism, then m = n. 
(2) If » is an epimorphism, then m > n. 


(3) If y is a monomorphism, then m < n. 
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Hint: For the proof of (1) and (2) choose a maximal ideal m C R and consider the 
induced homomorphism ¢: R™/mR™ — + R"/mR” of R/m-vector spaces. For 
the proof of (3) proceed indirectly. Assume m > n, say m = n+1, and construct a 
chain of R-module monomorphisms ... <—» R"*+? <> R?+1 c_+ R”. Just take 
for R’+1+* c_, R"+* the cartesian product of g: R°+! —_- R” with the identity 
map on R’. Then the images of the “unit vectors” en4, € R"*'*, i © N, form 
a free family of elements in R” and thereby can be used to construct an infinite 
ascending chain of submodules in R”. In particular, if R is Noetherian, we get a 
contradiction. In the general case, write p(e;) = >>j_, aijei for j = 1,...,n +1, 
using canonical “unit vectors” e; € R”, resp. e; € R"*1, and suitable coefficients 
aij € R. Then consider the smallest subring R’ Cc R containing all coefficients ij. 
Show that R’ is Noetherian and reduce to the case where R is replaced by R’. 


. Let R be a Noetherian ring. Show that any quotient R/a by some ideal a Cc Ras 


well as any localization Rg of R are Noetherian again. 


. Let R be a coherent ring and ac RF a finitely generated ideal. Show that R/a is 


a coherent ring. Furthermore, it can be shown that any localization of a coherent 
ring is coherent again; see Exercise 4.3/1. 


. A formal power series with coefficients in a ring R is a formal expression of type 


Dien GX * where a; € R for all i. Similarly as in the case of polynomials, X is 
referred to as a variable. Show that such formal power series form a ring under 
conventional addition and multiplication; the latter is denoted by R[LX]]. Prove 
that R[_X] is Noetherian if R is Noetherian. 


. Let R = C[0,1] be the ring of all continuous real valued functions on the unit 


interval [0,1] C R. Show that R is not Noetherian. 


Let R be the ring of all polynomials f € Q[X] such that f(Z) C Z. Consider the 
polynomials f,(X) = 4.X(X —1)...(X —n+1) € QLX], nEN, and show: 

(a) The system (fn)nen is a Q-vector space basis of Q(X]. 

(b) All f, belong to R and (fn) nen is a free generating system of R as a Z-module. 


(c) If n is prime, fp, does not belong to (f1,...,fn—1), the ideal generated by 
fi,---;fn—1 in R. In particular, R cannot be Noetherian. 

Hint: The Q-linear map A: Q[X] ——~ Q[X], f(X)H— f(x + 1) — f(X), 
satisfies the formula A(f;,) = fn—1 for n € N, where f_; := 0. 


® 


Check for 
updates 


2. The Theory of Noetherian Rings 


Background and Overview 


As we have seen in 1.5/8, a ring is called Noetherian if all its ideals are finitely 
generated or, equivalently by 1.5/9, if its ideals satisfy the ascending chain con- 
dition. The aim of the present chapter is to show that the Noetherian hypothesis, 
as simple as it might look, nevertheless has deep impacts on the structure of 
ideals and their inclusions, culminating in the theory of Krull dimension, to be 
dealt with in Section 2.4. 

To discuss some standard examples of Noetherian and non-Noetherian rings, 
recall from Hilbert’s Basis Theorem 1.5/14 that all polynomial rings of type 
R[X,...,Xn] in finitely many variables X1,...,X;, over a Noetherian ring R 
are Noetherian. The result extends to algebras of finite type over a Noethe- 
rian ring R, i.e. R-algebras of type R[X1,...,X,]/a where a is an ideal in 
R[X1,...,;Xn]. In particular, algebras of finite type over a field AK or over the 
ring of integers Z are Noetherian. One also knows that all rings of integral alge- 
braic numbers in finite extensions of Q are Noetherian (use Atiyah-MacDonald 
[2], 5.17), whereas the integral closure of Z in any infinite algebraic extension of 
Q is not; see Section 3.1 for the notion of integral dependence and in particular 
3.1/8 for the one of integral closure. Also note that any polynomial ring R[X] 
in an infinite family of variables X over a non-zero ring R will not be Noethe- 
rian. Other interesting examples of non-Noetherian rings belong to the class of 
(general) valuation rings, as introduced in 9.5/13. 

To approach the subject of Krull dimension for Noetherian rings, the tech- 
nique of primary decomposition, developed in Section 2.1, is used as a key tool. 
We will show in 2.1/6 that such a primary decomposition exists for all ideals a 
of a Noetherian ring R. It is of type 


(*) a=qin...q, , 


where qi,...,q, are so-called primary ideals in R. Primary ideals generalize 
the notion of prime powers in principal ideal domains, whereas the concept of 
primary decomposition generalizes the one of prime factorization. 

Looking at a primary decomposition (*), the nilradicals p; = rad(q;) are of 
particular significance; they are prime in R and we say that q; is p;-primary. 
As any finite intersection of p-primary ideals, for any prime ideal p C R, is 
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p-primary again (see 2.1/4), we may assume that all p),...,p, belonging to 
the primary decomposition (*) are different. In addition, we can require that 
the decomposition (*) is minimal in the sense that it cannot be shortened any 
further. In such a situation we will show in 2.1/8 that the set of prime ideals 
Pi,---,P, is uniquely determined by a; it is denoted by Ass(a), referring to the 
members of this set as the prime ideals associated to a. There is a uniqueness 
assertion for some of the primary ideals q; as well (see 2.1/15), although not all 
of them will be unique in general. 

Now look at the primary decomposition (*) and pass to nilradicals, thereby 
obtaining the decomposition 

rad(a) = () p 
peAss(a) 

for the nilradical of a. This is again a primary decomposition, but maybe not 
a minimal one. Anyway, we know already from 1.3/6 that rad(a) equals the 
intersection of all prime ideals in R containing a or even better, of all minimal 
prime divisors of a; the latter are the prime ideals p C R that are minimal with 
respect to the inclusion a C p. Using 1.3/8, it follows that the minimal prime 
divisors of a all belong to Ass(a). Thus, their number is finite since Ass(a) is 
finite; see 2.1/12. It is this finiteness assertion which is of utmost importance in 
the discussion of Krull dimensions for Noetherian rings. Translated to the world 
of schemes it corresponds to the fact that every Noetherian scheme consists of 
only finitely many irreducible components; see 7.5/5. 

To give an application of the just explained finiteness of sets of associated 
prime ideals, consider a Noetherian ring R where every prime ideal is maximal; 
we will say that R is of Krull dimension 0. Then all prime ideals of R are 
associated to the zero ideal in R and, hence, there can exist only finitely many 
of them. Using this fact in conjunction with some standard arguments, we can 
show in 2.2/8 that R satisfies the descending chain condition for ideals and, 
thus, is Artinian. Conversely, it is shown that every Artinian ring is Noetherian 
of Krull dimension 0. 

The Krull dimension of a general ring R is defined as the supremum of all 
lengths n of chains of prime ideals pp € ... € p, in R and is denoted by dim R. 
Restricting to chains ending at a given prime ideal p C R, the corresponding 
supremum is called the height of p, denoted by htp. As a first major result 
in dimension theory we prove Krull’s Dimension Theorem 2.4/6, implying that 
ht p is finite if R is Noetherian. From this we conclude that the Krull dimension 
of any Noetherian local ring is finite; see 2.4/8. On the other hand, it is not too 
hard to construct (non-local) Noetherian rings R where dim R = oo. Namely, 
following Nagata [22], Appendix Al, Example 1, we consider a polynomial ring 
R= K[X,,X2,...] over a field K, where each %; is a finite system of variables, 
say of length n;, such that lim;n; = oo. Let p; be the prime ideal that is 
generated by X; in R and let S Cc R be the multiplicative system given by the 
complement of the union UJ, p;. Then we claim that the localization Rg is a 
Noetherian ring of infinite dimension. Indeed, looking at residue rings of type 
R/(X,,X,41,---) for sufficiently large indices r, we can use 1.3/7 in order to 
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show that the p; are just those ideals in R that are maximal with respect to the 
property of being disjoint from S. Therefore the ideals m; = p;Rg, i = 1,2,..., 
represent all maximal ideals of Rg. Identifying each localization (Rg)m, with 
the localization K(X;;7 4 7)[X;](x,), we see with the help of Hilbert’s Basis 
Theorem 1.5/14 that all these rings are Noetherian. It follows, as remarked 
after defining Krull dimensions in 2.4/2, that dim(Rs)m, = ht(m;) > n;. Hence, 
we get dim Rs = oo. To show that Rg is Noetherian, indeed, one can use the 
facts that all localizations (Rs)m, are Noetherian and that any non-zero element 
a € Rg is contained in at most finitely many of the maximal ideals m; C Rg. 
See the reference of Nagata [22] given above in conjunction with Exercise 4.3/5. 

Krull’s Dimension Theorem 2.4/6 reveals a very basic fact: if R is a Noethe- 
rian ring and a C R an ideal generated by r elements, then ht p < r for every 
minimal prime divisor p of a. For the proof we need the finiteness of Ass(a) as 
discussed in 2.1/12 and, within the context of localizations, the characterization 
of Noetherian rings of dimension 0 in terms of Artinian rings. Another techni- 
cal ingredient is Krull’s Intersection Theorem 2.3/2, which in turn is based on 
Nakayama’s Lemma 1.4/10 and the Artin-Rees Lemma 2.3/1. Both, Krull’s 
Intersection Theorem and the Artin—Rees Lemma allow nice topological inter- 
pretations in terms of ideal-adic topologies; see the corresponding discussion in 
Section 2.3. 

For Noetherian local rings there is a certain converse of Krull’s Intersection 
Theorem. Consider such a ring R of dimension d, and let m be its maximal 
ideal so that ht m = d. Then every m-primary ideal q C R satisfies rad(q) = m 
and, thus, by Krull’s Dimension Theorem, cannot be generated by less than 
d elements. On the other hand, a simple argument shows in 2.4/11 that there 
always exist m-primary ideals in R that are generated by a system of d elements. 
Alluding to the situation of polynomial rings over fields, such systems are called 
systems of parameters of the local ring R. Using parameters, the dimension 
theory of Noetherian local rings can be handled quite nicely; see for example 
the results 2.4/13 and 2.4/14. Furthermore, we can show that a polynomial ring 
R[X,...,Xn] in finitely many variables X1,...,X;, over a Noetherian ring R 
has dimension dim R +n, which by examples of Seidenberg may fail to be true 
if R is not Noetherian any more. 

A very particular class of Noetherian local rings is given by the subclass of 
regular local rings, where a Noetherian local ring is called regular if its maxi- 
mal ideal can be generated by a system of parameters. Such rings are integral 
domains, as we show in 2.4/19. They are quite close to (localizations of) poly- 
nomial rings over fields and are useful to characterize the geometric notion of 
smoothness in Algebraic Geometry; see for example 8.5/15. 
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Let R be a principal ideal domain. Then R is factorial and any non-zero element 
a € R admits a factorization a = ep}! ... pr” with a unit « € R*, pairwise non- 


58 2. The Theory of Noetherian Rings 


equivalent prime elements p; € R, and exponents n; > 0, where these quantities 
are essentially unique. Passing to ideals, it follows that every ideal a C R admits 
a decomposition 

a=pn...aprr 


with pairwise different prime ideals p; that are unique up to order, and expo- 
nents n; > 0 that are unique as well. The purpose of the present section is to 
study similar decompositions for more general rings R, where the role of the 
above prime powers p;" is taken over by the so-called primary ideals. In the 
following we start with a general ring R (commutative and with a unit element, 
as always). Only later, when we want to show the existence of primary decom- 
positions, R will be assumed to be Noetherian. For a generalization of primary 
decompositions to the context of modules see Serre [24], I.B. 


Definition 1. A proper ideal q C R is called a primary ideal if ab € q for any 
elements a,b € R implies a € q or, if the latter is not the case, that there is an 
exponent n € N such that b” € q. 


Clearly, any prime ideal is primary. Likewise, for a prime element p of a 
factorial ring, all powers (p)", n > 0, are primary. But for general rings we will 
see that the higher powers of prime ideals may fail to be primary. Also note 
that an ideal q C R is primary if and only if the zero ideal in R/q is primary. 
The latter amounts to the fact that all zero-divisors in R/q are nilpotent. More 
generally, if 7: R ——+ R/a is the canonical projection from R onto its quotient 
by any ideal a C R, then an ideal q C R/a is primary if and only if its preimage 
m—'(q) is primary in R. 


Remark 2. Let q Cc R be a primary ideal. Then p = rad(q) is a prime ideal in 
R. It is the unique smallest prime ideal p containing q. 


Proof. First, rad(q) is a proper ideal in R since the same holds for q. Now 
let ab € rad(q) for some elements a,b € R where a ¢ rad(q). Then there is an 
exponent n € N such that a”b” € q. Since a ¢ rad(q) implies a” ¢ q, there exists 
an exponent n’ € N such that b”” € q. However, the latter shows b € rad(q) and 
we see that rad(q) is prime. Furthermore, if p’ is a prime ideal in R containing 
q, it must contain p = rad(q) as well. Hence, the latter is the unique smallest 
prime ideal containing q. 


Given a primary ideal q C R, we will say more specifically that q is 
p-primary for the prime ideal p = rad(q). 


Remark 3. Let q C R be an ideal such that its radical rad(q) coincides with a 
mazimal ideal m C R. Then q is m-primary. 


Proof. Replacing R by R/q and m by m/q, we may assume q = 0. Then m is the 
only prime ideal in R by 1.3/4 and we see that R is a local ring with maximal 
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ideal m. Since R—m consists of units, all zero divisors of R are contained in m 
and therefore nilpotent. This shows that q = 0 is a primary ideal in R. 


In particular, the powers m", n > 0, of any maximal ideal m C R are 


m-primary. However, there might exist m-primary ideals of more general type, 
as can be read from the example of the polynomial ring R = K[X,Y] over a 
field kK. Namely, q = (X, Y°) is m-primary for m = (X,Y), although it is not a 
power of m. On the other hand, there are rings R admitting a (non-maximal) 
prime ideal p such that the higher powers of p are not primary. To construct such 
a ring, look at the polynomial ring R = KX, Y, Z] in three variables over a field 
K. The ideal q = (X?, XZ, Z?, XY — Z*) C R has radical p = rad(q) = (X, Z), 
which is prime. However, q is not primary, since XY € q although X ¢ q 
and Y ¢ rad(q) = p. Now observe that that q = (X,Z)? + (XY — Z?). Since 
(XY —Z)c 4g C p, we may pass to the residue ring R = R/(XY — Z?), 
obraimne 4 q => for the ideals induced from p and q. Then f is prime in R, but 
p cannot be primary, since its preimage q C R is not primary. 


Lemma 4. Let qi,...,q, be p-primary ideals in R for some prime ideal p C R. 
Then the intersection q = (),_, 4: is p-primary. 


Proof. First observe that rad(q) = ();_, rad(q;) = p since we have rad(q;) = p 
for all i. Next consider elements a,b € R such that ab € q or, in other words, 
ab € q; for all 7. Now if b ¢ rad(q) = p, we get b ¢ rad(q;) for all ¢. But then, as 
all q; are primary, we must have a € q; for all 7 and, hence, a € q. This shows 
that q is p-primary. 


Definition 5. A primary decomposition of an ideal a C R is a decomposition 


a= at 
i=l 


into primary ideals q; C R. The decomposition is called minimal if the corre- 
sponding prime ideals p; = rad(q;) are pairwise different and the decomposition 
is unshortenable; the latter means that ies qi ¢ q; for all j =1,...,r 

An ideal a C R is called decomposable if it admits a primary decomposition. 


In particular, it follows from Lemma 4 that any primary decomposition of 
an ideal a C R can be reduced to a minimal one. On the other hand, to show the 
existence of primary decompositions, special assumptions are necessary such as 
R being Noetherian. 


Theorem 6. Let R be a Noetherian ring. Then any ideal a C R is decomposable, 
i.e. it admits a primary decomposition and, in particular, a minimal one. 


Proof. A proper ideal q C R is called irreducible if from any relation q = a, Nap 
with ideals a,, a2 C R we get q = a; or q = ay. Let us show in a first step that 
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every irreducible ideal q C R is primary. For this we may pass to the quotient 
R/q and thereby assume that q is the zero ideal in R. 

Consider elements a,b € R, a # 0, such that ab = 0 and look at the chain 
of ideals 


Ann(b) C Ann(b?) Cc... C R, 


where the annihilator Ann(b’) consists of all elements x € R such that xb’ = 0. 
The chain becomes stationary since R is Noetherian. Hence, there is an index 
n € N such that Ann(b’) = Ann(b") for all i > n. We claim that (a) (b”) = 0. 
Indeed, for any y € (a)M(b") there are elements c,d € R such that y = ca = db”. 
Then yb = 0 and, hence, db"*! = 0 so that d € Ann(b"t!) = Ann(b"). It follows 
y = db" = 0 and therefore (a) (b") = 0, as claimed. Assume now that the zero 
ideal q = 0 C R is irreducible. Then the latter relation shows (b”) = 0, since 
a # 0. Consequently, b is nilpotent and we see that q = 0 C R is primary. 

It remains to show that every ideal a C R is a finite intersection of ir- 
reducible ideals. To do this, let M be the set of all ideals in R that are not 
representable as a finite intersection of irreducible ideals. If MM is non-empty, 
we can use the fact that R is Noetherian and thereby show that M contains a 
maximal element a. Then a cannot be irreducible, due to the definition of M. 
Therefore we can write a = a, Md, with ideals a,,a2 C R that do not belong to 
M. But then a; and ay are finite intersections of irreducible ideals in R and the 
same is true for a. However, this contradicts the definition of a and therefore 
yields M = (9. Thus, every ideal in R is a finite intersection of irreducible and, 
hence, primary ideals. 


To give an example of a non-trivial primary decomposition, consider again 
the polynomial ring R = K[X,Y,2Z] in three variables over a field K and its 
ideals 


p= (X,Y), p = (X,Z), m = (X,Y, Z). 


Then a= p- p’ satisfies 
a=pnp' nm 


and, as is easily checked, this is a minimal primary decomposition. 

In the following we will discuss uniqueness assertions for primary decom- 
positions of decomposable ideals. In particular, this applies to the Noetherian 
case, although the uniqueness results themselves do not require the Noetherian 
assumption. We will need the notion of ideal quotients, as introduced in Sec- 
tion 1.1. Recall that for an ideal q C R and an element x € R the ideal quotient 
(q : x) consists of all elements a € R such that ax € q. 


Lemma 7. Consider a primary ideal q C R as well as the corresponding prime 
ideal p = rad(q). Then, for any x € R, 
(i) (q:2)=Rif veg, 
(ii) (q.: x) is p-primary if x € q, 
(ii) (4:2) =a if 2p. 
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Furthermore, if R is Noetherian, there exists an element « € R such that 


(q:z) =p. 


Proof. The case (i) is trivial, whereas (iii) follows directly from the definition of 
primary ideals, since p = rad(q). To show (ii), assume x ¢ q and observe that 


qc (q: x) Cp=rad(q), 


where the first inclusion is trivial and the second follows from the fact that q 
is p-primary. In particular, we can conclude that rad((q : x)) = p. Now let 
a,b € R such that ab € (q: x), and assume b ¢ p. Then abs € q implies ax € q 
as b ¢ p and, hence, a € (q: x). In particular, (q : x) is p-primary. 

Next assume that R is Noetherian. Then p = rad(q) is finitely generated 
and there exists an integer n € N such that p” Cc q. Assume that n is minimal 
so that p”~! ¢ q, and choose x € p”~'—q. Then p C (q: 2) since p-7 Cp” Cq, 
and we see from (ii) that (q: x) C p. Hence, (q: 2) =p. 


Theorem 8. For a decomposable ideal a C R, let 


a= (a 
i=l 


be a minimal primary decomposition. Then the set of corresponding prime ideals 
p; = rad(q;) is independent of the chosen decomposition and, thus, depends only 
on the ideal a. More precisely, it coincides with the set of all prime ideals in R 
that are of type rad((a : x)) for x varying over R. 


Proof. Let « € R. The primary decomposition of a yields (a: 7) = ()j_,(qi : x) 
and therefore by Lemma 7 a primary decomposition 


re 


rad((a: a)) = () rad (( =] pi. 


i=1 rEqi 


Now assume that the ideal rad((a : x)) is prime. Then we see from 1.3/8 that it 
must coincide with one of the prime ideals p;. Conversely, fix any of the ideals 
pi, Say pj where j € {1,...,r}, and choose x € ((),z, qi) — qj. Then, as we have 
just seen, we get the primary decomposition 


rad (( =} pi =p; 
rEqi 
and we are done. 
The prime ideals p,,...,p, in the situation of Theorem 8 are uniquely as- 


sociated to the ideal a. We use this fact to give them a special name. 
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Definition and Proposition 9. Let a C R be an ideal. 

(i) The set of all prime ideals in R that are of type rad((a : x)) for some 
x € R is denoted by Ass(a); its members are called the prime ideals associated 
to a.4 

(ii) If R is Noetherian, a prime ideal p C R belongs to Ass(a) if and only if 
it is of type (a: x) for some x € R. 

(iii) Ass(a) is finite if R is Noetherian or, more generally, if a is decompos- 
able. 


Proof. Assume that R is Noetherian and let a = ();_, q; be a minimal pri- 
mary decomposition of a; see Theorem 6. Choosing x € (();~; 4i) — 4; for any 
j€ {1,...,r}, we obtain 


Ge) =) Gee) = (G22) 
rEqi 


where (q,; : x) is p;-primary by Lemma 7. Furthermore, by the same result, we 
can find an clement x’ € R such that (q; : x2") = ((q; : 2): w') =p,. But then, 
since xa" € q; for all i 4 j, we conclude that 


(a: x2") = () (Gite) = er j= pe 
xx! € qi 


This shows that any prime ideal in Ass(a) is as stated in (ii). Since prime ideals 
of type (ii) are also of type (i), assertion (ii) is clear. Furthermore, (iii) follows 
from Theorem 8. 


There is a close relationship between the prime ideals associated to an ideal 
a C R and the set of zero divisors in R/a. For an arbitrary ideal a C R let us 
call 

Z(a) = U (aia) = PeWs eee a ior some ry Gita} 
xeER—-a 

the set of zero divisors modulo a in R. Indeed, an element z € R belongs to 
Z(a) if and only if its residue class Z € R/a is a zero divisor. Furthermore, if a 
power 2” of some element z € R belongs to Z(a), then z itself must belong to 
Z(a) and therefore 


Z(a) = U rad((a: 2)). 


weR-a 


Corollary 10. [f a is a decomposable ideal in R, then 


Zay= |) p. 


peAss(a) 


' Let us point out that usually the set Ass(a) is defined by the condition in (ii), which 
is equivalent to (i) only in the Noetherian case. However, we prefer to base the definition of 
Ass(a) on the condition in (i), since this is more appropriate for handling primary decompo- 
sitions in non-Noetherian situations. 
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Proof. Let p € Ass(a). Then, by the definition of Ass(a), there exists some x € R 
such that p = rad((a : x)). Since p is a proper ideal in R, the element x cannot 
belong to a and, hence, p C Z(a). 

Conversely, consider an element z € Z(a) and let x € R—a such that 
z € (a: x). Furthermore, let a = ();_, q; be a minimal primary decomposition 
of a. Then, writing p; = rad(q;) we get 


z€(a:2)=(\(qi:2) C [) pi 


rEqi rEqi 


since (q; : x) is p;-primary for « ¢ q; and coincides with R for x € q;; see 
Lemma 7. Using « ¢ a =()j_, qi, the set of all i such that x ¢ q; is non-empty 
and we are done. 


Although for a minimal primary decomposition a = (};_, qi; of some ideal 
a Cc R, proper inclusions of type q; € q,; are not allowed, these can nevertheless 
occur on the level of prime ideals associated to a. For example, look at the 
polynomial ring R = kK [X,Y] in two variables over a field K. Then the ideal 
a = (X°, XY) admits the primary decomposition a = py Mp3, where p; = (X) 
and po = (X,Y). Clearly, this primary decomposition is minimal and, hence, 
we get Ass(a) = {1, po} with p, € po. 


Definition 11. Given any ideal a C R, the subset of all prime ideals that 
are minimal in Ass(a) is denoted by Ass‘(a) and its members are called the 
isolated prime ideals associated to a. All other elements of Ass(a) are said to 
be embedded prime ideals. 


The notion of isolated and embedded prime ideals is inspired from geometry. 
Indeed, passing to the spectrum Spec R of all prime ideals in R and looking at 
zero sets of type V(E) for subsets E C Ras done in Section 6.1, a strict inclusion 
of prime ideals p C p’ is reflected on the level of zero sets as a strict inclusion 
V(p) 2 V(p’). In particular, the zero set V(p’) is “embedded” in the bigger one 
V(p) and, likewise, p’ is said to be an embedded prime ideal associated to a 
if we have p,p’ € Ass(a) with p ¢ p’. Also recall from Theorem 8 that if a is 
decomposable with primary decomposition a = ();_, qi, then Ass(a) consists of 
the finitely many radicals p; = rad(q;). Since V(q;) = V(p;), one obtains 


va= U v= U Ve), 


peAss(a) pe Ass’ (a) 
as explained at the end of Section 1.3. 


Proposition 12. Let a C R be an ideal and assume that it is decomposable; 
for example, the latter is the case by Theorem 6 if R is Noetherian. Then: 
(i) The set Ass(a) and its subset Ass'(a) of isolated prime ideals are finite. 
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(ii) Every prime ideal p C R satisfying a C p contains a member of Ass’(a). 
Consequently, Ass'(a) consists of all prime ideals p C R that are minimal among 
the ones satisfyingacCpcC R. 

(ili) rad(a) = (peass(a) P #8 the primary decomposition of the nilradical of a. 


Proof. Let a = ();_, 4; be a minimal primary decomposition and set p; = rad(q;). 
Then Ass(q) is finite since it consists of the prime ideals p,,...,p, by Theorem 8. 
Furthermore, we obtain a C p for any p € Ass(a). Conversely, consider a prime 
ideal p C R such that a C p. Then we see from a = (),_, qi C p by 1.3/8 that 
there is an index i satisfying q; C p and, hence, p; = rad(q;) C p. In particular, 
p contains an element of Ass(a) and, thus, of Ass’(a). This settles (ii), whereas 
(iii) is derived from the primary decomposition of a by passing to radicals. 


Looking at a primary decomposition a = ();_, q; of some ideal a C R, we 
know from Theorem 8 that the associated prime ideals p; = rad(q;) are unique; 
this led us to the definition of the set Ass(a). In the remainder of this section 
we want to examine the uniqueness of the primary ideals q; themselves. Not 
all of them will be unique, as is demonstrated by the two different primary 
decompositions 


(X?, XY) = (X)N (X,Y)? = (X)N(X?,Y) 


in the polynomial ring R = K[X,Y] over a field K. We start with the following 
generalization of 1.2/5: 


Lemma 13. Let SC R be a multiplicative system and Rg the localization of R 
by S. Furthermore, consider a prime ideal p C R and a p-primary ideal q C R. 
(i) If Sop, then qRs = Rg. 
(ii) If SAp =9, then pRg is a prime ideal in Rg satisfying pRs NR =p 
and qRs is a pRs-primary ideal in Rg satisfying qRg AR = q. 


Proof. Since p = rad(q), we see that SM p 4 0 implies SM q 4 @ and, hence, 
qRs = Rg by 1.2/5. This settles (i). To show (ii), assume that SM p = 0. Then 
we conclude from 1.2/5 that pRg is a prime ideal in Rs containing qRs and 
satisfying pRg MN R = p. In particular, qRg is a proper ideal in Rg and we can 
even see that pRs = rad(qRs). 

To show qRs NM R = q, observe first that q C qRs MN R for trivial reasons. 
Conversely, consider an element a € qRg 1 R. Then there are elements a’ € q 
and s € S such that ¢ = a in Rg. So there exists t € S such that (as—a’)t = 0 
in R and, hence, ast € q. Since st € S', no power of it will be contained in q and 
we get a € q from the primary ideal condition of q. Therefore qRg N R = q, as 
claimed. It remains to show that qRg is a pRs-primary ideal. Indeed, look at 
elements aa € Rg such that ae € qRg, and assume £ ¢ qRg. Then oa € qRs 
and, hence, aa’ € q, as we just have shown. Furthermore, ¢ ¢ qRg implies a ¢ q 
so that a’ € p. But then a € pRg and we are done. 
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Proposition 14. Let S Cc R be a multiplicative system and Rg the localization 
of R by S. Furthermore, consider a minimal primary decomposition a = ()j_, 4i 
of some ideal a C R. Let pj = rad(q;) fori =1,...,r and assume that r’ is an 
integer, 0 <r’ <r, such that pp S =@ fori =1,...,r’ and pp S 40 for 
i=r'+1,...,r. Then q;Rg is p;Rs-primary fori =1,...,7’ and 


y , 


(i)aRs=()aRs  aswellas (ii) aRs MA R=()ai 


i=l i=l 


are minimal primary decompositions in Rg and R. 


Proof. The equations (i) and (ii) can be deduced from Lemma 13 if we know 
that the formation of extended ideals in Rg commutes with finite intersections. 
However, to verify this is an easy exercise. If b,c are ideals in R, then clearly 
(6M c)Rs C bRgMcRg. To show the reverse inclusion, consider an element 
S € bRs M1 cRg where b € b, c € ¢, and s,s’ € S. Then there is some 
such that (bs’ — cs)t = 0 and, hence, bs't = cst € 6M c. But then 
dst € (6M c)Rs, which justifies our claim. 
Now we see from Lemma 13 that (i) and (ii) are primary decompositions. 
The primary decomposition (ii) is minimal since the decomposition of a we 
started with was assumed to be minimal. But then it is clear that the decompo- 
sition (i) is minimal as well. Indeed, the p;Rg for i =1,...,7r’ are prime ideals 
satisfying p;Rs1R = p,;. So they must be pairwise different, since pi,...,)p,- are 
pairwise different. Furthermore, the decomposition (i) is unshortenable, since 
the same is true for (ii) and since q;Rg NR = q; fori =1,...,7r’ by Lemma 13. 
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Now we are able to derive the following strengthening of the uniqueness 
assertion in Theorem 8: 


Theorem 15. Let a C R be a decomposable ideal and a = ();_, q; a minimal 
primary decomposition, where q; 1s p,-primary. Then q; = aR,, 1 R for all 
indices i such that p; € Ass’(a). 

In particular, a member q; of the primary decomposition of a is unique, 
depending only on a and the prime ideal p; = rad(q;) € Ass(a), if p; belongs to 
Ass’(a). In the latter case, we call q; the p;-primary part of a. 


Proof. Consider an index j € {1,...,r} such that p; = rad(q;) € Ass’(a) and 
set S = R—p,. Then SNp; = 0, while SMp; 4 O for all i # j. Therefore we 
can conclude from Proposition 14 that aRgN R= q;. 


Let R be a Noetherian ring. As an application to the above uniqueness 
result we can define for n > 1 the nth symbolic power of any prime ideal p C R. 
Namely, consider a primary decomposition of p”, which exists by Theorem 6. 
Then Ass’(p”) = {p} by Proposition 12 and the p-primary part of p” is unique, 
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given by p"R, MR. The latter is denoted by p\”) and called the nth symbolic 
power of p. Of course, p” C p\™ and we have p” = p™ if and only if p” is 
primary itself. 


Exercises 


1. 


Show for a decomposable ideal a C R that rad(a) = a implies Ass’(a) = Ass(a). 
Is the converse of this true as well? 


. Let p C R be a prime ideal and assume that R is Noetherian. Show that the nth 


symbolic power p‘”) is the smallest p-primary ideal containing p”. Can we expect 
that there is a smallest primary ideal containing p”? 


. For a non-zero Noetherian ring R let p1,...,p, be its (pairwise different) prime 


ideals that are associated to the zero ideal 0 C R. Show that there is an integer 
no € N such that ()j_1 pi”? 
minimal primary decompositions of the zero ideal. Conclude that p”) = pir?) for 


i 
all n > no if p; is an isolated prime ideal and show that the symbolic powers p”) 


v 
are pairwise different if p; is embedded. 


= 0 for all n > no and, hence, that the latter are 


. Consider a decomposable ideal a C R and a multiplicative subset S C R such 


that SMa =. Then the map p +—» pf R from prime ideals p C Rg to prime 
ideals in R restricts to an injective map Ass(aRg) ——+ Ass(a). 


. Let R = K[X1,...X;,] be the polynomial ring in finitely many variables over 


a field K and let p C R be an ideal that is generated by some of the variables 
X;. Show that p is prime and that all its powers p", n > 1, are p-primary. In 
particular, p{ =p” for n > 1. 


. Let M be an R-module. A submodule N Cc M is called primary if N 4 M and if 


the multiplication by any element a € R is either injective or nilpotent on M/N; 
in other words, if there exists an element « € M — N such that ax € N, then 
there is an exponent n > 1 satisfying a"M CN. 

(a) Let (NV: M) ={a€ R; aM C N} and show that p = rad(N : M) is a prime 
ideal in R if N is primary in M; we say that N is p-primary in M. 

(b) Show that an ideal q C R, viewed as a submodule of R, is p-primary in the 
sense of (a) for some prime ideal p C R if and only if it is p-primary in the sense 
of Definition 1. 

(c) Generalize the theory of primary decompositions from ideals to submodules 
of M; see for example Serre [24], IB. 


2.2 Artinian Rings and Modules 


As we have seen in 1.5/9, a module WM over a ring R is Noetherian if and only 
if it satisfies the ascending chain condition, i.e. if and only if every ascending 
chain of submodules M, C My Cc ... C M becomes stationary. Switching to 
descending chains we arrive at the notion of Artinian modules. 
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Definition 1. An R-module M is called Artinian if every descending chain of 
submodules M D> M, D M2 >... becomes stationary, t.e. if there is an index 1% 
such that M;, = M; for all i> ig. A ring R is called Artinian if, viewed as an 
R-module, it is Artinian. 


Clearly, an R-module / is Artinian if and only if every non-empty set of 
submodules admits a minimal element. In a similar way, Noetherian modules 
are characterized by the existence of maximal elements. This suggests a close 
analogy between Noetherian and Artinian modules. However, let us point out 
right away that such an analogy does not exist, as is clearly visible on the level 
of rings. Namely, the class of Artinian rings is, in fact, a subclass of the one 
of Noetherian rings, as we will prove below in Theorem 8. Thus, for rings the 
ascending chain condition is, in fact, a consequence of the descending chain 
condition. 

Looking at some simple examples, observe that any field is Artinian. Fur- 
thermore, a vector space over a field is Artinian if and only if it is of finite 
dimension. Since, for any prime p, the ring of integers Z admits the strictly 
descending sequence of ideals Z 2 (p) 2 (p”) D ..., we see that Z cannot 
be Artinian. However, any quotient Z/nZ for some n # 0 is Artinian, since it 
consists of only finitely many elements. 


For the discussion of general properties of Artinian modules, the Artinian 
analogue of 1.5/10 is basic: 


Lemma 2. Let 0 ~M't.mM— 2. Mm" + 0 be an exact sequence of 
R-modules. Then the following conditions are equivalent: 

(i) M is Artinian. 

(ii) M’ and M" are Artinian. 


Proof. If M is Artinian, M’ is Artinian as well, since any chain of submodules in 
M’ can be viewed as a chain of submodules in M. Furthermore, given a chain of 
submodules in M”, its preimage in M becomes stationary if M is Artinian. But 
then the chain we started with in M” must become stationary as well. Thus, it 
is clear that condition (i) implies (ii). 

Conversely, assume that M’ and M” are Artinian. Then, for any descending 
chain of submodules M > M, D My >..., we know that the chains 


M' af 1(M,) > f “MG Diseass M" Dd g(M;) D g(Me) dD... 


become stationary, say at some index 79, and we can look at the commutative 
diagrams 
0 —— f-"(Mi) —+ M; — 9(M;) ——+0 


| ot | 


0 ——+ f-*(M;,) — M; 
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for 2 > %9. Since the rows are exact, all inclusions o;: M@; ——~ M;, must be 
bijective. Hence, the chain M > M; D M2 > ... becomes stationary at zo as 
well and we see that M is Artinian. 


Using the fact that Noetherian modules can be characterized by the ascend- 
ing chain condition, as shown in 1.5/9, the above line of arguments yields an 
alternative method for proving the Noetherian analogue 1.5/10 of Lemma 2. 
Just as in the Noetherian case, let us derive some standard consequences from 
the above lemma. 


Corollary 3. Let M,, M2 be Artinian R-modules. Then: 

(i) My, ® Mg is Artinian. 

(ii) If M1, M2 are given as submodules of some R-module M, then M, + Mo 
and M,Q Mg are Artinian. 


Proof. Due to Lemma 2, the proof of 1.5/11 carries over literally, just replacing 
Noetherian by Artinian. 


Corollary 4. For a ring R, the following conditions are equivalent: 
(i) R is Artinian. 
(ii) Every R-module M of finite type is Artinian. 


Proof. Use the argument given in the proof of 1.5/12. 
There is a straightforward generalization of Lemma 2 to chains of modules. 


Proposition 5. Let 0= My) CM, c...C M, = M be a chain of submodules 
of an R-module M. Then M is Artinian if and only if all quotients M;/M,_1, 
i=1,...,n, are Artinian. 

The same is true for Artinian replaced by Noetherian. 


Proof. The only-if part is trivial. To prove the if part we use induction by n, 
observing that the case n = 1 is trivial. Therefore let n > 1 and assume by 
induction hypothesis that M,_; is Artinian (resp. Noetherian). Then the exact 
sequence 

0 —+ M,_, —~ M —~ M/M,,_1 —— 0 


shows that M is Artinian by Lemma 2 (resp. Noetherian by 1.5/10). 


Corollary 6. Let R be a ring with (not necessarily distinct) maximal ideals 
m,,...,m, C R such that m,-...:m, = 0. Then R is Artinian if and only if it 
is Noetherian. 


Proof. Look at the chain of ideals 


O=m-...:m,C...cCm:-mcmcR 
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and, for i = 1,...,n, consider the quotient V; = (m,-...+m;_1)/(m,-...+ mj) 
as an R/m,-vector space. Being a vector space, V; is Artinian if and only if it is 
of finite dimension and the latter is equivalent to V; being Noetherian. As there 
is no essential difference between V; as an R/m;-module or as an R-module, 
Proposition 5 shows that R is Artinian if and only if it is Noetherian. 


Proposition 7. Let R be an Artinian ring. Then R contains only finitely many 
prime ideals. All of them are maximal and, hence, minimal as well. In particular, 
the Jacobson radical j(R) coincides with the nilradical rad(R) of R. 


Proof. Let p C R be a prime ideal. In order to show that p is a maximal ideal, we 
have to show that the quotient R/p is a field. So consider a non-zero element 
x € R/p. Since R/p is Artinian, the chain (z') D (2?) D ... will become 
stationary, say at some exponent ig, and there is an element y € R/p such that 
x = 2'°*!.y, Since R/p is an integral domain, this implies 1 = x-y and, hence, 
that x is a unit. Therefore R/p is a field and p a maximal ideal in R. Thus, all 
prime ideals of R are maximal and it follows with the help of 1.3/4 that the 
Jacobson radical of R coincides with the nilradical. 

Finally, assume that there is an infinite sequence p1, po, p3,... of pairwise 
distinct prime ideals in R. Then 


Pi Pi N P25 PrN peN p35... 


is a descending sequence of ideals in R and, thus, must become stationary, say at 
some index ig. The latter means pi... pi, C Pio+1 and we see from 1.3/8 that 
one of the prime ideals p,,...,p,;, will be contained in p,,,1. However, this is 
impossible, since the p; are pairwise distinct maximal ideals in R. Consequently, 
there exist only finitely many prime ideals in R. 


In Section 2.4 we will introduce the Krull dimension dim R of a ring R. It 
is defined as the supremum of all integers n such that there is a chain of prime 
ideals po C ... © py of length n in R. At the moment we are only interested in 
rings of dimension 0, i.e. rings where every prime ideal is maximal. For example, 
any non-zero Artinian ring R is of dimension 0 by Proposition 7. 


Theorem 8. For a non-zero ring R the following conditions are equivalent: 
(i) R is Artinian. 
(ii) R is Noetherian and dim R = 0. 


Proof. Since Artinian rings are of dimension 0, we must show that, for rings 
of Krull dimension 0, Artinian is equivalent to Noetherian. To do this we use 
Corollary 6 and show that in a Noetherian or Artinian ring R of dimension 0 
the zero ideal is a product of maximal ideals. 

Assume first that R is a Noetherian ring of dimension 0. Then we see from 
2.1/12 applied to the ideal a = 0 that there are only finitely many prime ideals 
Pi,---,Pn in R and that the intersection of these is the nilradical rad(R). The 
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latter is finitely generated and, hence, nilpotent, say (rad(R))" = 0 for some 
integer r > 0. Then 


(Pi eae Pn)” Cc (Pi A.A Pn)’ = rad(R)" =0 


shows that the zero ideal in R is a product of maximal ideals. 

Now consider the case where R is Artinian. Then R contains only finitely 
many prime ideals p,,...,p, by Proposition 7 and all of these are maximal in 
R. In particular, we get pp... p, = rad(R) from 1.3/4. As exercised in the 
Noetherian case, it is enough to show that the nilradical rad(R) is nilpotent. 

To do this, we proceed indirectly. Writing a = rad(R), we assume that 
a’ # 0 for all i € N. Since R is Artinian, the descending chain a! D> a? >... 
becomes stationary, say at some index ig. Furthermore, let 6 C a’ be a (non- 
zero) minimal ideal such that a’°b 4 0. We claim that p = (0: a’°b) is a prime 
ideal in R. Indeed, p ¥ R, since a’°b ¢ 0. Furthermore, let x,y € R such that 
xy € p. Assuming x ¢ p, we get a” bry = 0, but a’°bx ¢ 0. Then br = b by 
the minimality of 6 and therefore aby = 0 so that y € p. Thus, p is prime and 
necessarily belongs to the set of prime ideals p1,...,),. In particular, we have 
a’? Cp. But then 

ab = a"°a"’b C pa”’b = 0, 

which contradicts the choice of 6. Therefore it follows that a = rad(R) is nilpo- 
tent and we are done. 


Exercises 


1. Let R be a Noetherian local ring with maximal ideal m. Show that R/q is Artinian 
for every m-primary ideal q C R. 


2. Let Ri,...,Rn be Artinian rings. Show that the cartesian product [J/_, Ri is 
Artinian again. 


3. Let R be an Artinian ring and let pi,...,p, be its (pairwise different) prime 
ideals. Show: 
(a) The canonical homomorphism R —~ |];_, R/p? is an isomorphism if n is 
large enough. 
(b) The canonical homomorphisms Ry, —+ R/p}?,i =1,...,r, are isomorphisms 
if n is large enough. Consequently, the isomorphism of (a) can be viewed as a 
canonical isomorphism R —~+ []/_, Rp,. 


4. Let A be an algebra of finite type over a field K, i.e. a quotient of type 
K[X1,...,Xn]/a by some ideal a of the polynomial ring K[X1,..., Xn]. Show 
that A is Artinian if and only if the vector space dimension dim, A is finite. 
Hint: Use Exercise 3 in conjunction with the fact to be proved in 3.2/4 that 
dimx A/m < oo for all maximal ideals m C A. 


5. Call an R-module M simple if it admits only 0 and M as submodules. A 
Jordan—-Hoélder sequence for an R-module M consists of a decreasing sequence 
of R-modules M = Mp D Mi >... D My, = 0 such that all quotients Mj_1/Mi, 
i = 1,...,n, are simple. Show that an R-module M admits a Jordan—Hoélder 
sequence if and only if M is Artinian and Noetherian. 
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2.3 The Artin—Rees Lemma 


We will prove the Artin—Rees Lemma in order to derive Krull’s Intersection The- 
orem from it. The latter in turn is a basic ingredient needed for characterizing 
the Krull dimension of Noetherian rings in Section 2.4. 


Lemma 1 (Artin-Rees Lemma). Let R be a Noetherian ring, a C R an ideal, 
M a finitely generated R-module, and M' Cc M a submodule. Then there exists 
an integer k EN such that 


(a°M) NM’ =a’ *(a®*M nM’) 
for all exponents i > k. 


Postponing the proof for a while, let us give some explanations concerning 
this lemma. The descending sequence of ideals at > a? D ... defines a topology 
on R, the so-called a-adic topology; see 6.1/3 for the definition of a topology. 
Indeed, a subset EC R is called open if for every element « € FE there exists 
an exponent i € N such that x +a’ C E. Thus, the powers a’ for i € N are 
the basic open neighborhoods of the zero element in R. In a similar way, one 
defines the a-adic topology on any R-module M by taking the submodules a’M 
for i € N as basic open neighborhoods of 0 € M. Now if M’ is a submodule of 
M, we may restrict the a-adic topology on M to a topology on M’ by taking 
the intersections a’M ™ M’ as basic open neighborhoods of 0 € M’. Thus, a 
subset E C M’ is open if and only if for every x € FE there exists an exponent 
i€N such that r+ (’MOM') CE. 

However, on M' the a-adic topology exists as well and we may try to com- 
pare both topologies. Clearly, since a’M’ Cc a'Mnm M’, any subset E C M’ that 
is open with respect to the restriction of the a-adic topology on M to M’ will be 
open with respect to the a-adic topology on M’. Moreover, in the situation of 
the Artin-Rees Lemma, both topologies coincide, as follows from the inclusions 


(a°M) 0M! =a *(a®*M 0M") Cat *M’ 


fori > k. 

A topology on a set X is said to satisfy the Hausdorff separation axiom 
if any different points 7,y € X admit disjoint open neighborhoods. Since two 
cosets with respect to a’ in R, or with respect to a’M in M are disjoint as soon 
as they do not coincide, it is easily seen that the a-adic topology on R (resp. 
M) is Hausdorff if and only if we have (),-.a' = 0 (resp. (),<y a'M = 0). In 
certain cases, the latter relations can be derived from the Artin—Rees Lemma: 


Theorem 2 (Krull’s Intersection Theorem). Let R be a Noetherian ring, a C R 
an ideal such that a C j(R), and M a finitely generated R-module. Then 


(ai =. 


ieN 
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Proof. Applying the Artin-Rees Lemma to the submodule M! = (),-, a’M of 
M, we obtain an index k € N such that M’ = a’-*M’ for i > k. Since M as 
a finitely generated module over a Noetherian ring is Noetherian by 1.5/12, we 
see that the submodule M’ C M is finitely generated. Therefore Nakayama’s 
Lemma 1.4/10 yields M’ = 0. 


Now in order to prepare the proof of the Artin-Rees Lemma, consider a 
Noetherian ring R, an ideal a C R, and an R-module M of finite type together 
with an a-filtration (M;)ien. By the latter we mean a descending sequence of 
submodules M = Mp D M, D ... such that a’M; C Miz; for all i,7 € N. The 
filtration (M;)jcn is called a-stable if there is an index k such that M;,, = a- M; 
for all i > k or, equivalently, if M,.; = a’- M, for all i € N. Furthermore, 
let us consider the direct sum Ry = Qjey a’ as a ring by using component- 
wise addition and by distributively extending the canonical multiplication maps 
a’ x ai —-+ a!) for i,j © N that are given on components. In a similar way, 
we can view the direct sum M, = Dien M, as an R,-module. Note that R, is 
a graded ring in the sense of 9.1/1 and M, a graded R,-module in the sense of 
Section 9.2. 


Observe that the ring R, is Noetherian. Indeed, R is Noetherian and, hence, 
the ideal a admits a finite system of generators a1,...,@,. Thus, the canonical 
injection R ——- R, extends to a surjection R[X1,...,X,] ——+ R, by sending 
the polynomial variable X, to a, for vy = 1,...,n. At this point a, has to be 
viewed as an element in the first power a', which is the component of index 1 in 
R,. Since the polynomial ring R[X1,..., Xn] is Noetherian by Hilbert’s Basis 
Theorem 1.5/14, we see that R, is Noetherian as well. 


Lemma 3. For a Noetherian ring R, an ideal a C R, and an R-module M 
of finite type, let R, and M, be as before. Then the following conditions are 
equivalent: 


(i) The filtration (M;)icn is a-stable. 
(ii) M, is an R,-module of finite type. 


Proof. Starting with the implication (i) ==> (ii), let k be an integer such that 
My; = a+ My for all i € N. Then M, is generated as an R,-module by 
the subgroup @,-, Mi C M.. Since M is a finitely generated R-module over 
a Noetherian ring, it is Noetherian by 1.5/12. Hence, all its submodules M; 
are finitely generated and the same is true for the finite direct sum @,-, Mi. 
Choosing a finite system of R-generators for the latter, it generates M, as an 
R,-module. 


Conversely, assume that M, is a finitely generated R,-module. Then we 
can choose a finite system of “homogeneous generators”, namely of generators 
£1,-..,% Where x, € M,,,) for certain integers o(1),...,0(n). It follows that 
aM; = Mi4, for? > max{o(1),...,a(n)} and, hence, that the filtration (Mj) ic 
of M is a-stable. 
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Now the proof of the Artin-Rees Lemma is easy to achieve. Consider the 
filtration (M;)icn of M given by M; = a'M; it is a-stable by its definition. 
Furthermore, consider the induced filtration (M/);cen on M’; the latter is given 
by Mj = M;N M’. Then Mf is canonically an R,-submodule of M,. Since M, 
is of finite type by Lemma 3 and R, is Noetherian, we see from 1.5/12 that 
M} is of finite type as well. Thus, by Lemma 3 again, the filtration (M/)ien is 
a-stable, and there exists an integer k such that a(a’M 9M’) = a’t!Mn M’ 
for 1 > k. Iteration yields a'(a*M MM’) = a***M 1 M' for i € N and, thus, the 
assertion of the Artin-Rees Lemma. 


Exercises 


1. Let M be an R-module. Verify for an ideal a C R that the a-adic topology on M, 
as defined above, is a topology in the sense of 6.1/3. Show that the a-adic topology 
on M satisfies the Hausdorff separation axiom if and only if (ey a’'M =0. 


2. Consider the a-adic topology on an R-module M for some ideal a C R. Show 
that a submodule N C M is closed in M if and only if ()\,<y(a'M +N) = N. For 
R Noetherian, M finitely generated and a C j(R), deduce that every submodule 
of M is closed. 


3. Generalization of Krull’s Intersection Theorem: Consider an ideal a of a Noethe- 
rian ring R and a finitely generated R-module M. Then (),cxy a’M consists of all 
elements x € M that are annihilated by 1+ a for some element a € a. In partic- 
ular, show (jen a’ = 0 for any proper ideal a of a Noetherian integral domain. 
Hint: Use the generalized version of Nakayama’s Lemma in Exercise 1.4/5. 


4. For a field K and an integer n > 1 consider the homomorphism of formal power 
series rings 0: K [LX ]| —-> K[_X] given by f(X) H—» f(X”). Show that o is 
an injective homomorphism between local rings and satisfies o(X) C (X) for the 
maximal ideal (X) C K{X]]. Construct a ring R as the union of the infinite 
chain of rings 


KX] @+ K[X] @ K[X] —- ... 


and show that R is a local integral domain where Krull’s Intersection Theorem 
is not valid any more. In particular, R cannot be Noetherian. Hint: For the 
definition of formal power series rings see Exercise 1.5/8. 


5. Given an ideal a C R, show that gr,(R) = @jcna’/a'** is canonically a ring; 
it is called the graded ring associated to a. Show that gr,(R) is Noetherian if R 
is Noetherian. Furthermore, let M = Mp D M, > ... be an a-filtration on an 
R-module M. Show that gr(M) = @jen Mi/Mi+1 is canonically a gr,(2)-module 
and that the latter is finitely generated if M is a finite R-module and the filtration 
on MM is a-stable. 
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2.4 Krull Dimension 


In order to define the dimension of a ring R, we use strictly ascending chains 
bo © pi ©... py of prime ideals in R, where the integer n is referred to as 
the length of the chain. 


Remark 1. Let R be a ring and p C R a prime ideal. Then: 

(i) The chains of prime ideals in R starting with p correspond bijectively to 
the chains of prime ideals in R/p starting with the zero ideal. 

(ii) The chains of prime ideals in R ending with p correspond bijectively to 
the chains of prime ideals in the localization Ry ending with pRy. 


Proof. Assertion (i) is trivial, whereas (ii) follows from 1.2/5. 


Definition 2. For a ring R, the supremum of lengths n of chains 


Po SP S--» S Pn, 


where the p; are prime ideals in R, is denoted by dim R and called the Krull 
dimension or simply the dimension of R. 


For example, fields are of dimension 0, whereas a principal ideal domain is 
of dimension 1, provided it is not a field. In particular, we have dim Z = 1, as 
well as dim K [|X] = 1 for the polynomial ring over a field A’. Also we know that 
dim K[X1,...,X,] > n, since the polynomial ring K[X1,...,X;,,] contains the 
chain of prime ideals 0 € (X1) € (X1, X2) ©... € (M%,..., Xp). In fact, we will 
show dim K[X1,..., Xn] = in Corollary 16 below. Likewise, the polynomial 
ring K[X,, X2,...] in an infinite sequence of variables is of infinite dimension, 
whereas the zero ring 0 is a ring having dimension —oo since, by convention, 
the supremum over an empty subset of N is —oo. Any non-zero ring contains 
at least one prime ideal and therefore is of dimension > 0. 


Definition 3. Let R be a ring. 
(i) For a prime ideal p C R its height ht p is given by htp = dim R,. 
(ii) For an ideal a C R, its height hta is given by the infimum of all heights 
htp where p varies over all prime ideals in R containing a. 
(iii) For an ideal a C R, its coheight coht a is given by coht a = dim R/a. 


Thus, for a prime ideal p C R, its height htp (resp. its coheight coht p) 
equals the supremum of all lengths of chains of prime ideals in R ending at p 
(resp. starting at p). In particular, we see that ht p+ coht p < dim R. 

In order to really work with the notions of dimension and height, it is 
necessary to characterize these in terms of so-called parameters. For example, 
we will show that an ideal a of a Noetherian ring satisfies hta < r if it can be 
generated by r elements; see Krull’s Dimension Theorem 6 below. Furthermore, 
we will prove that any Noetherian local ring R of dimension r admits a system of 
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r elements, generating an ideal whose radical coincides with the maximal ideal 
m Cc R; see Proposition 11 below. If m itself can be generated by r elements, 
we face a special case, namely where R is a so-called regular local ring. 

To prepare the discussion of such results, we need a special case of Krull’s 
Intersection Theorem 2.3/2. 


Lemma 4. Let R be a Noetherian ring and p C R a prime ideal. Then, looking 
at the canonical map R —~+ R, from R to its localization by p, we have 


ker(R —+ R,) = Gree 


iEN 


where pO = p'R, OR is the ith symbolic power of p, as considered at the end 
of Section 2.1. 


Proof. Since Ry is a local ring with maximal ideal pR, by 1.2/7 and since 
we can conclude from 1.2/5 (ii) that R, is Noetherian, Krull’s Intersection 
Theorem 2.3/2 is applicable and yields (),<yp'Rp = 0. Using the fact that 
taking preimages with respect to R ——> Ry is compatible with intersections, 
we are done. 


Now we can prove a first basic result on the height of ideals in Noetherian 
rings, which is a special version of Krull’s Principal Ideal Theorem to be derived 
in Corollary 9 below. For any ideal a C R we consider the set of minimal prime 
divisors of a; thereby we mean the set of prime ideals p C R that are minimal 
among those satisfying a C p. In the setting of 2.1/12, this is the set Ass‘(a) 
of isolated prime ideals associated to a. Also note that, for a prime ideal p 
containing a there is always a minimal prime divisor of a contained in p. This 
follows from 2.1/12 (ii) or without using the theory of primary decompositions 
by applying Zorn’s Lemma. 


Lemma 5. Let R be a Noetherian integral domain and consider a non-zero 
element a € R that is not a unit. Then htp = 1 for every minimal prime 


divisor p of (a). 


Proof. For a minimal prime divisor p of (a), we can pass from R to its local- 
ization Ry and thereby assume that R is a Noetherian local integral domain 
with maximal ideal p. Then we have to show that any prime ideal po C R that 
is strictly contained in p satisfies pp = 0. To do this, look at the descending 
sequence of ideals 

a;=p\+(a), i€N, 


where pW? is the ith symbolic power of po, and observe that R/(a) is Artinian by 
2.2/8. Indeed, R/(a) is Noetherian and satisfies dim R/(a) = 0, as p is the only 
prime ideal containing a. Therefore the sequence of the a; becomes stationary, 
say at some index zp. Hence, 
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po? cpp +(a), 12> 40, 


and, in fact 


(io) (io) 


po” = py + app i> io, 
using the equality (po) : a) = po. the latter relation follows from 2.1/7, since 
poo) is Po-primary and since a ¢ po. Now Nakayama’s Lemma in the version of 
1.4/11 implies pe to) =p” for i > ig. Furthermore, since FR is an integral domain, 
Lemma 4 shows 

po”) = (| ps? = ker(R —~ Ry.) = 0. 


iEN 


But then we conclude from pr Cc pi) that po = 0 and, thus, that ht p = 1. 


Theorem 6 (Krull’s Dimension Theorem). Let R be a Noetherian ring and 
a Cc R an ideal generated by elements a1,...,a,. Then htp < r for every 
minimal prime divisor p of a. 


Proof. We conclude by induction on the number r of generators of a. The case 
r = 0 is trivial. Therefore let r > 0 and consider a minimal prime divisor p of a 
with a strictly ascending chain of prime ideals pp C ... C ps = p in R. It has to 
be shown that t < r. To do this, we can assume that R is local with maximal 
ideal p and, hence, that p is the only prime ideal in R containing a. Furthermore, 
we may suppose t > 0 and, using the Noetherian hypothesis, that there is no 
prime ideal strictly between p;_, and p;. Since a ¢ p,_1, there exists a generator 
of a, say a,, that is not contained in p,_1. Then p = p; is the only prime ideal 
containing p;_; + (a,), and it follows from 1.3/6 (iii) that rad(p,;-1 + (a,)) = p. 
Thus, there are equations of type 


Nes ek po 
a; =a, + Gry, a7=1,...,r—-1, 


for some exponent n > 0, where aj € p,_; and y; € R. Now consider the ideal 
a’ = (a\,...,a/_,) C R. Since a’ C p,-1, there is a minimal prime divisor p’ of 


a’ such that p’ C p,_1. By the above equations we have 
p =rad(a) C rad(a’ + (a,)) C rad(p’ + (a,)) Cp. 


In particular, p is a minimal prime divisor of p’+ (a,) or, in other words, p/p’ is 
a minimal prime divisor of a,- R/p’ in R/p’. But then we get ht(p/p’) = 1 from 
Theorem 5 and we can conclude p’ = p;_; from p’ C py_1 © py = p. Thus, py_y 
turns out to be a minimal prime divisor of a’. Since the latter ideal is generated 
by r — 1 elements, we get t— 1 <r —1 by induction hypothesis and, thus, are 
done. 


Let us list some immediate consequences from Krull’s Dimension Theorem: 


Corollary 7. Let a be an ideal of a Noetherian ring R. Then hta < oo. 
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Corollary 8. Let R be a Noetherian local ring with maximal ideal m. Then 
dim R < dimpymm/m? < 00. 


Proof. First note that dimp/m m/m? < oo since R is Noetherian and, hence, that 
m is finitely generated. Indeed, choosing elements a,,...,a, € m giving rise to 
an R/m-basis of m/m”, we conclude from Nakayama’s Lemma in the version of 
1.4/12 that the a; generate m. But then dim R = htm < r = dimp/mm/m? by 
Krull’s Dimension Theorem. 


Corollary 9 (Krull’s Principal Ideal Theorem). Let R be a Noetherian ring and 
aan element of R that is neither a zero divisor nor a unit. Then every minimal 
prime divisor p of (a) satisfies htp = 1. 


Proof. We get htp < 1 from Krull’s Dimension Theorem. Since the minimal 
prime ideals in R are just the isolated prime ideals associated to the zero ideal 
0 Cc R by 2.1/12, the assertion follows from the characterization of zero divisors 
given in 2.1/10. 


Next, to approach the subject of parameters, we prove a certain converse of 
Krull’s Dimension Theorem. 


Lemma 10. Let R be a Noetherian ring and a an ideal in R of height hta =r. 
Assume there are elements a1,...,ds-1 € a such that ht(a,,...,@,-1) =s—1 
for some s EN where 1<s <r. Then there exists an element a, € a such that 
ht(a,...,@s) =. 

In particular, there are elements a1,...,a, € a such that ht(a,,...,a,) =r. 


Proof. We have only to justify the first statement, as the second one follows from 
the first by induction. Therefore consider elements a1,...,@s-_1 € a, 1<s <r, 
such that ht(a,,...,@s-1) = s—1, and let py,...,p, C R be the minimal 
prime divisors of (a1,...,@s-1). Then, using Krull’s Dimension Theorem, we 
have htp; < s—1 <r for all 7. Since hta = r, this implies a ¢ p; for all 
i and, hence, a ¢ Us_, pi by 1.3/7. Thus, choosing a, € a — U;_, pi, we get 
ht(a,,...,@;) > s and, in fact ht(a,,...,a,) = s by Krull’s Dimension Theorem. 


For the discussion of parameters, which follows below, recall from 2.1/3 that 
an ideal a of a local ring R with maximal ideal m is m-primary if and only if 
rad(a) = m. 


Proposition 11. Let R be a Noetherian local ring with maximal ideal m. Then 
there exists an m-primary ideal in R generated by d = dim R elements, but no 
such ideal that is generated by less than d elements. 


Proof. Combine Lemma 10 with Krull’s Dimension Theorem 6. 
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Definition 12. Let R be a Noetherian local ring with maximal ideal m. A set 
of elements 71,...,%q © m is called a system of parameters of R if d= dimR 
and the ideal (@1,...,%a) C R is m-primary. 


In particular, we see from the Proposition 11 that every Noetherian local 
ring admits a system of parameters. 


Proposition 13. Let R be a Noetherian local ring with maximal ideal m. Then, 
for given elements %1,...,x, € m, the following conditions are equivalent: 
(i) The system 21,...,2, can be enlarged to a system of parameters of R. 
(ii) dim R/(2,...,2-) = dim R=. 
Furthermore, conditions (i) and (ii) are satisfied if ht(x1,...,%-) =r. 


Proof. First observe that condition (i) follows from ht(x1,...,2,) = r, using 
Lemma 10. Next consider elements y:,...,ys € m. Writing R = R/(a1,...,2,) 
and m = m/(2,...,2,), the residue classes 7,,...,7, generate an M-primary 
ideal in R if and only if 7,...,2,,Y1,-.., Ys generate an m-primary ideal in R. 
In particular, if 71,...,2,,Y1,---,Ys is a system of parameters of R, as we may 
assume in the situation of (i), we have r+ s = dim R and can conclude from 
Proposition 11 that dim R < dim R—r. On the other hand, if the residue classes 
of y,,...,Ys form a system of parameters in R, we have s = dim R and see that 
(r1,---,2p,Y1,---;Ys) is an m-primary ideal in R. Therefore dim R <r+dimR 
by Proposition 11. Combining both estimates yields dim R < dim R—r < dim R 
and, thus, dim R = dim R — r, as needed in (ii). 


Conversely, assume (ii) and consider elements y1,..., ys € m whose residue 
classes form a system of parameters in R so that s = dim R. Then the system 
U1,---;%r,Y1,---,Ys Yenerates an m-primary ideal in R. Since r+ s = dim R by 


(ii), the system is, in fact, a system of parameters and (i) follows. 


Corollary 14. Let R be a Noetherian local ring with maximal ideal m, and let 
a€m be an element that is not a zero divisor. Then dim R/(a) = dim R — 1. 


Proof. Use the fact that ht(a) = 1 by Corollary 9. 


As an application of the theory of parameters, let us discuss the dimension 
of polynomial rings. 


Proposition 15. Consider the polynomial ring R[.X1,...,Xn] in n variables 
over a Noetherian ring R. Then dim R[X),...,X,] = dim R+n. 


Proof. We will show dim R[X] = dim R-+ 1 for one variable X, from which 
the general case follows by induction. Let po ©... € p, be a strictly ascending 
chain of prime ideals in R of length r. Then 


poRLX] ©... © p-RIX] € p-REX] + XRLX] 
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is a strictly ascending chain of prime ideals of length r + 1. From this we see 
that dim R[X] > dim R +1. To show that this is actually an equality, consider 
a maximal ideal m C R[LX] and set p= m/f R. Then p is a prime ideal in R 
and it is enough to show that htm < htp+ 1. To do this, we replace R by its 
localization R, and interpret the polynomial ring R,[X] as the localization of 
R[X] by the multiplicative system R—p. Thereby we have reduced our claim 
to the case where R is a Noetherian local ring with maximal ideal p; use 1.2/7. 
Then R/p is a field and R[X]/pR[X] ~ R/p[X] a principal ideal domain. 
Hence, there is a polynomial f € m such that 


m = pRLX] + fRLX]. 


Now let 21,...,2, be a system of parameters of R where r = dim R. Then 
X1,..., 2, f generate an ideal in R[_X] whose radical is m. Therefore Theorem 6 
shows htm < r+1= htp+1, as claimed. 


Corollary 16. dim K[X1,..., Xn] = 17 for the polynomial ring in n variables 
over a field Kk. 


In particular, we can conclude for finitely generated K-algebras, i.e. quo- 
tients of polynomial rings of type K[X,,...,X;,], that their dimension is finite. 
Making use of the fact to be proved later in 3.2/4 that any maximal ideal 
mC K[X,...,Xn] leads to a residue field KLX1,...,Xp]/m that is finite 
over K, we can even derive the following more specific version of Corollary 16: 


Proposition 17. Consider the polynomial ring K[X1,...,Xn] in n variables 
over a field K and a maximal ideal m C K[X),...,Xy]. Then: 
(i) m is generated by n elements. 
(ii) htm =n. 
(iii) The localization K[.X1,...,Xn]m is a local ring of dimension n whose 
maximal ideal is generated by a system of parameters. 


Proof. To establish (i) and (ii), we use induction on n, the case n = 0 being 
trivial. So assume n > 1. Let n = mN K[X,...,Xn-1] and consider the 
inclusions 


K —~ K[X,...,Xn-1]/m —> K[X,..., Xn] /m. 


Then K[X,...,X,]/m is a field that is finite over AK by 3.2/4 and, hence, 
finite over K[X,..., Xn—1]/n. In particular, using 3.1/2, the latter is a field as 
well. Therefore n is a maximal ideal in K[Xj,...,Xn-1], and we may assume 
by induction hypothesis that n, as an ideal in K[X1,...,X,_1], is generated 
by n — 1 elements. 

Now look at the canonical surjection 


(hn) PG eh ie 
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sending X,, onto its residue class in AK[X,,...,X,]/m. Since on the left- 
hand side we are dealing with a principal ideal domain, there is a polynomial 
f € K[M,...,Xn] such that m is generated by n and f. In particular, m is 
generated by n elements and assertion (i) is clear. Furthermore, we see that 
htm < n by Krull’s Dimension Theorem 6. On the other hand, since 


K(X, as Xn] /(n) = (K[X, aes ,Xn-1]/n) [exes 


it is clear that n generates a prime ideal in K[X,,...,X;,] different from m so 
that n ¢ m. Using htn = n— 1 from the induction hypothesis, we get htm > n 
and, hence, ht m = n, showing (ii). 

Finally, (iii) is a consequence of (i) and (ii). 


To end this section, we briefly want to touch the subject of regular local 
rings. 


Proposition and Definition 18. For a Noetherian local ring R with maximal 
ideal m and dimension d the following conditions are equivalent: 

(i) There exists a system of parameters of length d in R generating the 
maximal ideal m; in other words, m is generated by d elements. 

(ii) dimp/m m/m? = d. 

R is called regular if it satisfies the equivalent conditions (i) and (ii). 


Proof. Assume (i) and let 21,...,%q be a system of parameters generating 
m. Then, as an R/m-vector space, m/m? is generated by d elements and, 
hence, dimp/mm/m? < d. Since dim R < dimgym m/m? by Corollary 8, we get 
dimpym m/m? = d and therefore (ii). 

Conversely, assume (ii). Then m/m? is generated by d elements and the same 
is true for m by Nakayama’s Lemma in the version of 1.4/12. In particular, such 
a system of generators of m is a system of parameters then. 


For example, we see from Hilbert’s Basis Theorem 1.5/14 in conjunction 
with Proposition 17 that for a polynomial ring K[X,,...,X,] over a field K 
its localization K[X1,...,Xn]m at a maximal ideal m is an example of a regular 
Noetherian local ring of dimension n. It is known that any localization Ry of a 
regular Noetherian local ring R by a prime ideal p C R is regular again; see Serre 
[24], Prop. IV.23. Also, let us mention the Theorem of Auslander-Buchsbaum 
stating that any regular Noetherian local ring is factorial; see Serre [24], Cor. 4 
of Thm. IV.9 for a proof of this fact. 

To deal with some more elementary properties of regular local rings, it is 
quite convenient to characterize Krull dimensions of rings not only via lengths 
of ascending chains of prime ideals, or systems of parameters, as we have done, 
but also in terms of the so-called Hilbert polynomial. For example, see Atiyah— 
MacDonald [2], Chapter 11, for such a treatment. From this it is easily seen 
that regular Noetherian local rings are integral domains. Since we need it later 
on, we will prove this fact by an ad hoc method. 
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Proposition 19. Let R be a regular Noetherian local ring. Then R is an integral 
domain. 


Proof. We argue by induction on d = dim R. Let m be the maximal ideal of R. 
If d = 0, then m is generated by 0 elements and, hence, m = 0. Therefore R is a 
field. Now let dim R > 0 and let x1,...,%q be a system of parameters generating 
m. Furthermore, let p;,...,, be the minimal prime ideals in R; their number 
is finite by 2.1/12. We claim that we can find an element of type 


d 
a=a7t+ ) Ga, Em—m 
i=2 


for some coefficients c; € R such that a is not contained in any of the minimal 


prime ideals p,,...,p,. Clearly, any element a of this type cannot be contained 
in m?, since 71,...,q give rise to an R/m-vector space basis of m/m?. 
Using a recursive construction for a, assume that a ¢ pj,...,p: for some 


t <r, but that a € piy1. Applying 1.3/8, there exists an element 


t 
c€ () pi — Pest 


j=l 


and we can find an index ig € {2,...,d} such that cx;, ¢ piy1. Otherwise, 
since c ¢ fii, and cx; € Peri implies x; € pz41, all elements a, x%2,...,2%q would 
be contained in p:41 so that m C pz41. However, this contradicts the fact that 
dim R = d > 0. Then we see that a’ = a+ cx;, is of the desired type: a’ is not 
contained in p,...,z since this is true for a and since c € ‘= p;. Furthermore, 
a’ Z P41 Since a € pry1 and cx, ¢ Pry. 

Thus, we have seen that there exists an element a € m— m? as specified 


above that is not contained in any of the minimal prime ideals pi,...,p, of R. 
Now look at the quotient R/(a). Its dimension is d— 1 by Proposition 13, since 
a,%,...,%q form a system of parameters of R. Furthermore, %2,...,x7q give 


rise to a system of parameters of R/(a) generating the maximal ideal of this 
ring. Therefore R/(a) is regular and, thus, by induction hypothesis, an integral 
domain. In particular, we see that the ideal (a) C R is prime. Now consider 
a minimal prime ideal of R that is contained in (a), say py C (a). Then any 
element y € p, is of type ab for some b € R and, in fact, b € p, since a ¢ p. 
Therefore p; = (a) +p; and Nakayama’s Lemma 1.4/10 shows p; = 0. Hence, R 
is an integral domain. 


Exercises 


1. Consider the polynomial ring R[_X] in one variable over a not necessarily Noethe- 
rian ring. Show dim R+1 < dim RLX] < 2-dim R+1. Hint: Let py € po C RLX] 
be two different prime ideals in R[X] restricting to the same prime ideal p C R. 
Deduce that py = pRLX]. 
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Let K[LX,Y] be the polynomial ring in two variables over a field kK. Show 
dim K[X,Y]/(f) = 1 for any non-zero polynomial f € K[X,Y] that is not 
constant. 


Let R be a Noetherian local ring with maximal ideal m. Show for aj,...,a, € m 
that dim R/(a1,...,a-) > dim R—r. Hint: Assume r = 1. Show for any chain of 
prime ideals po € ... © Pp» where a € p, that there is a chain of prime ideals 


p,| ©... Cpl, satisfying a1 € pi, and p, = p/,; use induction on n. 


. Consider the formal power series ring R = K[LX1,...,X,]] in finitely many vari- 


ables over a field K. Show that FR is a regular Noetherian local ring of dimension 
n. Hint: Use Exercise 1.5/8 for the fact that R is Noetherian. 


Let R be a regular Noetherian local ring. Show that R is a field if dim R = 0. 
Show that R is a discrete valuation ring, i.e. a local principal ideal domain, if 
dim R= 1. 


Let R be a regular Noetherian local ring of dimension d with maximal ideal 
m Cc R. Show for elements ai,...,a, € m that the quotient R/(ai,...,a,r) is 
regular of dimension d—r if and only if the residue classes @1,...,@, € m/m? are 
linearly independent over the field R/m. 


Let R be a regular Noetherian local ring of dimension d with maximal ideal m. 
Let m = (a1,...,@q) and set k = R/m. Show for polynomial variables Xj,...,Xa 
that the canonical k-algebra homomorphism 


kLX4, wen Xai — gtm(R) = QD m'/m'", X; -—> aj, 
ieN 


where @; is the residue class of a; in m/m?, is an isomorphism of k-algebras. 
Hints: See Exercise 2.3/5 for the fact that the graded ring gr, (A) associated to 
m is Noetherian if R is Noetherian. Proceed by induction, similarly as in the 
proof of Proposition 19, and look at the maximal ideal Bj.) m’/m't! C gr_(R). 
Show that this maximal ideal cannot be a minimal prime ideal in gr,,(R) if 
d=dimR > 0. 


® 


Check for 
updates 


3. Integral Extensions 


Background and Overview 


Recall that an extension of fields K ——~ L is called algebraic if each element 
x € L satisfies an algebraic equation over K, i.e. an equation of type 


egg" an, =O 


for suitable coefficients a; € K. Replacing K ——~ L by an arbitrary (not 
necessarily injective) ring homomorphism y: R —— R’, equations of the just 
mentioned type are still meaningful; they are referred to as integral equations. 
Furthermore, R’ is said to be integral over R (via vy) if every element x € R’ 
satisfies an integral equation over R. 

The fact that any finite extension of fields is algebraic, is fundamental in 
field theory. In 3.1/5 we will generalize this result to ring extensions and show 
that any ring homomorphism y: R —— R’ which is finite in the sense that it 
equips R’ with the structure of a finite R-module, is integral. We obtain this 
assertion from a quite general characterization of integral dependence in terms 
of a module setting; see Lemma 3.1/4. The proof is based on Cramer’s rule and 
is much more laborious than in the field case. 

To give a simple example illustrating a basic application of Lemma 3.1/4, 
consider the polynomial ring R[X] in one variable X over a non-zero ring R 
and fix a monic polynomial 


f=X™ + aX" 4+... +a, € RX] 
with coefficients a; € R. For a second variable Y look at the canonical morphism 
yp: R[Y] —~ R[X], Y }— f. 
We claim that y is finite and, hence, integral. Of course, the equation 
X”™ +a,X"14+...+ (an — 9(Y)) =0 


shows that X is integral over R[Y]. From this we conclude by induction that 
the R[Y ]-submodule generated by X°,...,X"~! in RLX] contains all powers of 
X and, hence, coincides with R[X]. In other words, ¢ is finite. Alternatively, 
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we could have derived this fact directly from 3.1/4 (ii). Furthermore, using 
3.1/4 (iii) or 3.1/5, it follows that y is integral. The latter is a non-trivial fact 
which cannot be derived by a direct ad hoc computation. 


Without doubt, Lemma 3.1/4 is the key to handling integral dependence. 
We use it in advanced settings where we relate normal rings to discrete valuation 
rings (see the reference below), but also for deriving various standard facts on 
integral extensions such as the transitivity property; see 3.1/7. In particular, for 
any ring homomorphism y: R ——+ R’, we can define its integral closure in R’. 
Just consider the set of all elements 2 € R’ that are integral over R. The latter 
is a subring of R’ that is integrally closed, as is seen in 3.1/8. Furthermore, 
an integral domain R is called normal if it is integrally closed in its field of 
fractions Q(R). We show in 3.1/10 that any factorial ring is normal, whereas 
the reverse is true for Noetherian local integral domains of Krull dimension 1. 
In fact, a normal Noetherian local integral domain of dimension 1 is principal 
or, as we will say later, a discrete valuation ring; see 9.3/4. This result will serve 
in Section 9.3 as an important ingredient for the discussion of so-called divisors 
on schemes. 


As a more basic application of integral dependence we study in Sec- 
tion 3.2 finitely generated algebras over a field K, or K-algebras of finite 
type as we will say. We thereby mean quotients of polynomial rings of type 
K[X,,...,X,] by some ideal, the X; being variables. The key tool for attack- 
ing such algebras is Noether’s Normalization Lemma 3.2/1, asserting that for 
every non-zero K-algebra A of finite type there exists a finite (and, hence, in- 
tegral) K-monomorphism K[Y},..., Ya] ——~ A, for a certain set of variables 
Y,,-.-., Yq. From this we can immediately conclude in 3.2/3 that any extension 
of fields kK ——+ L equipping L with the structure of a K-algebra of finite type 
is, in fact, finite algebraic. For example, such a situation occurs when we con- 
sider a maximal ideal m in some K-algebra of finite type A and look at the 
extension ky ——+ A/m. The latter is finite (3.2/4) and even an isomorphism if 
K is algebraically closed. This result is sometimes referred to as the weak form 
of Hilbert’s Nullstellensatz and we can easily derive from it the full version; see 
3.2/5 and 3.2/6. In pure terms of commutative algebra Hilbert’s Nullstellensatz 
states that any K-algebra A of finite type is Jacobson, i.e. for any ideala Cc A 
the nilradical rad(a), which consists of all elements a € A that are nilpotent 
modulo a, coincides with the Jacobson radical j(a), which equals the intersection 
of all maximal ideals containing a. On the other hand, Hilbert’s Nullstellensatz 
is of geometric significance from the viewpoint of classical Algebraic Geometry, 
as we explain at the end of Section 3.2; see in particular 3.2/6. 


A natural question to study is how the Krull dimension of rings, as discussed 
in Section 2.4, behaves with respect to integral ring extensions. We do this in 
Section 3.3. As a first result we prove the Lying-over Theorem 3.3/2. It asserts 
for an integral ring extension y: R —— R’ and a prime ideal p C R satisfying 
ker y C p that there exists at least one prime ideal 8 C R’ lying over p, namely 
satisfying BOR = p and, furthermore, that between different prime ideals 
381,32 C R’ with this property there cannot exist any inclusion relation. The 
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next objective is to lift ascending chains of prime ideals step by step from R 
to R' (Going-up Theorem 3.3/3) and then to settle the more delicate question 
of lifting descending chains of prime ideals (Going-down Theorem 3.3/4). As a 
corollary we see that dim R = dim R’ if y is an integral monomorphism. Using 
this we can show that the Krull dimension of any integral domain A that is of 
finite type over a field K equals the transcendence degree of the field of fractions 
Q(A) over K; see 3.3/7. 


3.1 Integral Dependence 


Given any ring homomorphism y: R ——~ R’, it is quite convenient for our 
purposes to view R’ as an R-algebra with respect to y; see 1.4/3. In particular, 
R’ carries then a structure of an R-module, where products of type r-r’ for 
r€R,r' © R’' are defined by r-r’ = y(r)-7’, using the multiplication on R’. 


Definition 1. Let y: R —— R' be a homomorphism of rings. An element 
x € R' is called integral over R with respect to y, or is said to depend integrally 
on R with respect to y, if it satisfies a so-called integral equation over R, i.e. 
if there are elements a,,...,@, € R such that 


n-1 
+... +a, = 0. 


uo + a,x 


The ring R’ is called integral over R, or y is called integral, if each x € R’ is 
integral over R. 

Furthermore, p is called finite if it equips R’ with the structure of a finite 
R-module. 


If R= K and RF = K' are fields, then ¢ is injective and we may view K as 
a subfield of AK’. Recall that the extension of fields kK C K" is called algebraic 
if K’ is integral over K. 


Remark 2. Let y: R —~ R' be a monomorphism of integral domains such 
that R' is integral over R. Then R is a field if and only if R' is a field. 


Proof. Assume first that R is a field and let x # 0 be an element in R’. Then x 
satisfies an integral equation over R, 


n-1 
ew t+ayn" +...+a, = 0, Q1,---,4, € R. 


Dividing out a suitable power of 7, we may assume a, # 0 and, hence, that a, 
is invertible in R. In the field of fractions of R’ we can multiply the equation 
by 2~!. This yields 


hence R’ is a field. 
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Conversely, if R’ is a field, consider an element x € R, x #0. Then x! € R’ 
satisfies an integral equation over R, 


go aye a ee SO, Q1,--.,An € R. 


Multiplying by x”—!, we see 


fo SO Se Si ee 


hence R is a field. 


Remark 3. Let y: R ——~ R’ be a homomorphism of rings which is integral 
(resp. finite). 

(i) [fac Randa’ C R' are ideals satisfying y(a) C a’, then the homo- 
morphism R/a —+ R'/a' induced from y is integral (resp. finite). 

(ii) For any multiplicative system S C R, the induced homomorphism 
Rs —~+ Ry) is integral (resp. finite). 


Proof. Assertion (i) is trivially verified using the definition of integral (resp. 
finite) maps. To justify (ii), observe first that y(S) is a multiplicative system in 
R’ and that y induces a homomorphism Rg —> sie s) by the universal property 
of localizations 1.2/8. Now consider an element ay © Ry) with « € R' and 
s € S. Then, from an integral equation 


n-1 
we tan" +...+4, = 0, Q1,---,4n € R, 


of x over R, we derive the integral equation 


(sa) | a Gar rae = =e 


for Fe over Rg. Furthermore, if 71,...,2, generate R’ as an R-module, the 


corresponding fractions 


21 
Torts 


= will generate Rvs) as an Rs-module. 


There is a basic characterization of integral dependence in terms of finiteness 
conditions, which is presented next. 


Lemma 4. Consider a homomorphism of rings yp: R ——~ R' and an element 
xz € R’. The following conditions are equivalent: 

(i) x ts integral over R. 

(ii) The subring R[x] C R’ generated by p(R) and x in R' is finitely gen- 
erated, when viewed as an R-module. 

(iii) There exists a finitely generated R-submodule M C R’ such that 1 € M 
and tM cM. 

(iv) There exists an R[x]-module M such that M is an R-module of finite 
type and aM =0 for any a € R[x] implies a = 0. 
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Proof. Let us start with the implication (i) => (ii). So assume there is an 
integral equation 
oe +aar t+... +a, =0 


with coefficients a,,...,@, € R. Then x” belongs to M = pee Rz', and we 
see by induction that x‘ € M for all i € N. Hence, R[x] C M and, in fact, 
R{«] = M. In particular, R[2] is a finitely generated R-module, as required in 
(ii). 

The implications (ii) ==> (iii) and (iii) => (iv) are trivial. Thus, it remains 
to justify (iv) ==> (i). Let WM be an R[x]-module and assume there are elements 
Yis--+Yn € M such that M = >°"_, Ry;. Then the inclusion zM C M leads to 


a system of equations 


LY. = AY +... + A1nYn 


LYn = AniY1 +... + GanYn 


with coefficients a;; € R. In terms of matrices we can write 


Un 
where A = (6;;2 — @ij)ij=1,...n € (R[w])”*"; here 6;; is Kronecker’s delta, which 


is given by 6,; = 1 for i = 7 and 6;; = 0 for i 4 7. Now consider Cramer’s rule, 
i.e. the relation 


(*) A**. A = (det A)- I 


with A*¢ € (R[x])"*” the adjoint matrix of A and I € (R[x])"*" the unit 
matrix, as well as det A € R[x] the determinant of A. In Linear Algebra this 
equation is established for matrices with coefficients in a field, but it applies 
to general rings as well. Indeed, comparing coefficients of the matrices on both 
sides of the equation (*), we get a system of polynomial identities involving the 
coefficients of A. To justify these identities, we can view the coefficients c;; of 
A as variables and work over the ring Z[c;;], a case which can be reduced to 
the situation of coefficients in a field if we pass to the field of fractions Q(q,). 
Using Cramer’s rule («), we get 


Yi Yi 
(detA)- | : |] =A™*-A-| . | =0 
Yn Un 


and, thus, (det A) - y; = 0 fori =1,...,n. As M is generated by y1,..., Yn, we 
see that (det A)-M = 0 and, hence, by our assumption in (iv), that det A = 0. 
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Therefore 
det (d;;X a aij) E R[X] 


is a monic polynomial vanishing at x, as desired. 


Corollary 5. Each finite homomorphism of rings R ——> R' is integral. 


Proof. Use condition (iii) of Lemma 4 for M = R’ in order to show that 
R — R'’ is integral. 


Corollary 6. Let y: R —+ R' be a homomorphism of rings, and assume there 
are elements y,..., yr € R’ integral over R such that R' = R[y1,..., yr]. Then 
yp: R—~ R' is finite and, hence, integral. 


Proof. Consider the chain of successive ring extensions 


Y(R) C o(R)L[m] Cc... C O(R)[m,--- 4] = BR, 


each of which is finite by Lemma 4. It follows then by induction that R’ is 
finite over R. To carry out the induction step, consider a set of generators for 
R’ as a module over y(R)[y1,---,Yr—-1] and multiply it with a similar system 
generating y(R)[y1,..-,;Y,-—-1] over R, thereby obtaining a set of generators for 
R’ over R. 


Corollary 7. Let R —-+ R’ and R' —-+ R” be two homomorphisms of rings 
which are finite (resp. integral). Then their composition R ——+ R" is finite 
(resp. integral) as well. 


Proof. The case of finite homomorphisms is dealt with in the same way as in 
the proof of Corollary 6. If R —~ R’ and R’ —-+ R” are integral, consider an 
element z € R”. Then z satisfies an integral equation over R’: 


2” +b2714+...4+0, =0, bi,...,0n € R’. 


From this we see that z € R” is integral over R[b;,...,5,], and it follows 
from Lemma 4 that the extension R[b,,...,6,] ——~ R[b,,...,6n,z] is fi- 
nite. Since R ——+ R[bi,...,6n] is finite by Corollary 6, the composition 
R—-~ R[b,...,6n, 2] will be finite. But then this homomorphism is inte- 
gral by Corollary 5 and we see that z is integral over R. Letting z vary over R”, 
we conclude that R ——> R” is integral. 


Corollary 8. Let R be a subring of a ring R' and let R be the set of all elements 
in R' that are integral over R. Then R is a subring of R! containing R. It is 
called the integral closure of R in R'. Furthermore, R is integrally closed in R’, 
i.e. the integral closure of R in R' coincides with R. 


Proof. Let x,y € R’ be integral over R. Then R[z,y] is integral over R by 
Corollary 6. In particular, from x,y € R we get x—y,x-y € R and we see that 
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R is a subring of R’ containing R. Furthermore, R is integrally closed in R’ by 
Corollary 7. 


As an example, we may consider the integral closure Z of Z in C, which is 
called the ring of integral algebraic numbers. The latter is countable and, thus, 
much “smaller” than C itself. Also note that Z is different from the algebraic 
closure of Q in C, since its restriction ZNQ will coincide with Z, due to the fact 
that Z is integrally closed in Q; the latter will follow from Remark 10 below. 


Definition 9. An integral domain R is called normal if it is integrally closed 


in its field of fractions Q(R). 


Remark 10. Any principal ideal domain or, more generally, any factorial ring 
R is normal. 


Proof. Consider r,s € R with s 4 0 such that * € Q(R) is integral over R. Then 
we may assume that * is reduced in the sense that gcd(r, s) = 1. Now let 


be an integral equation for + over R. Then 


r+ sar” t+... +8"an =0 


and we see that s divides r”. As gcd(r,s) = 1, we conclude that s is a unit in 
R and, consequently, that 5 € R. 


In particular, it follows that Z is a normal ring. The same is true for poly- 
nomial rings in a finite set of variables over Z or over a field K because all these 
rings are factorial. Also note that due to the Theorem of Auslander-Buchsbaum 
[24], Cor. 4 of Thm. IV.9, any regular Noetherian local ring (2.4/18) is factorial 
and, hence, normal. 


Proposition 11. For an integral domain R, the following conditions are equiv- 
alent: 
(i) R is normal. 
(ii) Ry is normal for all prime ideals p C R. 
(iii) Rm is normal for all maximal ideals m C R. 


Proof. Concerning the implication (i) == (ii), we show more generally that, for 
a multiplicative system S Cc R-— {0}, the localization Rg will be normal if R 
is normal. To do this, note that RC Rs C Q(R) since R is supposed to be an 
integral domain and that, therefore, the field of fractions Q(Rs) coincides with 
Q(R). Now let « € Q(R) be integral over Rg, say 
ny Q1  n-1 an 
x 


+ 2 eee =0 
$1 Sn 
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for elements a1,...,@, € Rand s1,...,5, € S. Writing s = s,;-...+5,, we see 
that sx is integral over R and, hence, contained in R if R is normal. But then 
!. sx € Rg and it follows that Rg is normal. 

The implication (ii) => (iii) being trivial, it remains to justify (iii) => (i). 
Let x € Q(R) be integral over R and assume that all localizations Ry at maximal 
ideals m € Spm R are normal. Then z € () Rm and it is enough to show 
A mespm r Pm = R. 

To achieve this, fix an element x € gece pm and, for each m € Spm R, 
choose elements a, € R and b, € R—m such that © = a As the set of all by, 
for m € Spm R, cannot be contained in a maximal ideal of R, it must generate 
the unit ideal in R. Thus, there is an equation 


S- CnOm = 1 


meSspm R 


L=Ss- 


meSpm R 


with coefficients cy € R vanishing for almost all m. But then 


| S- nbn) +0 = 5 aba = S- Cmam € R 


meSpm R mespm R mespm R 


and we see that R is normal. 


Exercises 


1. Consider ring morphisms y;: R ——~ R;, i =1,...,n, starting out from a given 
ring R. Show that the ring morphism 


R —+ |. at—. (y1(a),---,Yn(a)), 
i=1 


is finite (resp. integral) if the same is true for all y;. 


2. Let R be a ring and I a finite group of automorphisms of R. Show that R is an 
integral extension of the fired ring R' = {a € R; y(a) =a for all y € I}. 

3. Let R be a normal integral domain with field of fractions K and let L/K be an 
algebraic extension of fields. Show that an element x € L is integral over R if and 
only if the minimal polynomial of x over K has coefficients in R. 

4. Let R be a normal integral domain. Show that the polynomial ring in one variable 
RL[X] is normal as well. 

5. Show that the integral closure of Z in Q(V5) is Z[$(1 + V5)]; it is known that 
this ring is factorial. 

6. Show that the integral closure of Z in Q(/—5) is Z[V—5]. Show that Z[/—5] 
is a non-factorial normal ring. Hint: Consider the decompositions 21 = 3-7 = 


(Ly 5) 
7. Let R be a valuation ring, i.e. an integral domain with field of fractions kK such 


that for any  € K we have x € R or, if the latter is not the case, z~! € R. Show 
that R is normal. 
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8. Let R be a normal Noetherian integral domain with field of fractions K and let 
L/K be a finite separable extension of fields. Show that the integral closure R of 
R in L is a finite R-module. Hint: The trace function Trp/% of L/K gives rise to 
a non-degenerate bilinear form L x L —-+ L, (x,y) +—> Trz/x (ry). Show that 


there is a K-basis y1,...,yq of L such that RC aan Ryj. 


3.2 Noether Normalization and Hilbert’s Nullstellensatz 


In this section we want to illustrate the concept of integral dependence by 
discussing polynomial rings KLX] = K[X,...,X,] over a field K, for a finite 
set of variables X = (Xj,...,Xn). As we know already from 1.5/14, K [LX] is 
Noetherian. Furthermore, it follows from the Lemma of Gauf (see [3], 2.7/1) 
that K [|X] is factorial and, hence, normal by 3.1/10. 

Let A be a K-algebra and call a set of elements 71,...,%, € A algebraically 
independent over K if the K-homomorphism K[X1,...,X,] ——~ A substitut- 
ing x; for the variable X; is injective, and algebraically dependent otherwise. 
Furthermore, as before, let us write K[21,...,0,] C A for the image of such a 
substitution homomorphism. Recall that A is called a K-algebra of finite type 
if there is a surjective K-homomorphism K[X,,...,X;] —— A or, in other 
words, if there exist elements 21,...,2%, € A such that A= K[a,..., 2p]. 


Theorem 1 (Noether’s Normalization Lemma). Let A be a K-algebra of finite 
type. If A #0, there exists a finite injective K-homomorphism 


K[M,...,Ya] —+ A 
for a certain set of variables Y,,..., Ya. 


The proof of the Normalization Lemma needs a technical recursion step, 
which is of interest by itself and which we will prove first. 


Lemma 2. Let K[x,...,2%] be a K-algebra of finite type and consider an 


element y € K[a1,...,2%n] given by some expression 
— Vy Un 
(*) y= 5 Q ,..Yn%1 +++ En 
(V1 ,-+-Yn JEL 


ees 


empty index set I C N”; in particular, n > 1. Then there exist elements 
Yty-++>Yn-1 © K[21,...,%,] such that the canonical monomorphism 


K[y,---,Yn-1,9] —+ K[a,...,2n] 


is finite. 
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Proof. Let us set 


Y= 2 — a, ee, Yn = Un-1 — UF", 
where the choice of exponents 81,..., Sn-1 € N—{0} still has to be made precise. 


Then we have 
K[a,...,%n] = K[y,---,Yn—1,2n].- 


Substituting 2; = y, + «* fori =1,...,2—1 in the relation («) and splitting 
the powers x7 = (y; + x)” into a sum of «*'” and terms of lower degrees in 
Ln, We get a new relation of type 


(*x) y ae s Caio Re Eee ais fu, Base: > Yn-1; Dis 
(1,.-Un)EL 


where f(¥1,---,Yn—1,2n) is a polynomial expression in x, with coefficients in 
K[1,---;Yn-1] whose degree in x, is strictly smaller than the maximum of 
all numbers sy, +... + 8n-1Y%—-1 + Uy for (4,...,Y_,) varying over I. As is 
easily seen, the numbers s1,...,5,—1 € N can be chosen in such a way that the 
exponents $;¥, +...+8p 1,1 +, occurring in (**) are different for all tuples 
(4,..-,M%m) € I. Just take t € N larger than the maximum of all 4,...,v, for 
(1,.--,%m) € I and set 


— 4zn-1 2s 41) 
Ss, =t (2a5p Spot He 


Viewing the right-hand side of (**) as a polynomial in x, with coefficients in 
K[m,.--;Yn-1], the choice of exponents s; leads to precisely one term of type 
ax’ with a coefficient a € K[y1,---,Yn—1] and, in fact, a € K* whose degree 
N dominates the degrees of all the remaining ones. Therefore multiplication of 
(«*) with a7! and subtraction of a~'y yields an integral equation for x, over 
Kl[m,.--;Yn-1,y]. Thus, we see from 3.1/6 that the map 


Klyi,---,Yn-1, 9] —+ Kilt. 2 3 tat eal = Kassel 


is finite. 


Now the proof of Noether’s Normalization Lemma is easy to achieve. Since 
A #0, we may view K as a subring of A. Let A = K[2,...,2,] for suitable 
elements x; € A. If 21,...,2, are algebraically independent over kK, nothing 
has to be shown. Hence, we can assume the x; to be algebraically dependent 
over kK. Then, taking y = 0, there is a non-trivial relation (*) as specified in 
Lemma 2, and there are elements y1,..., Y%p—1 € A such that the canonical map 


Kl yi,--+5Yn—-1] =K[y1,---5Yn-1, 9] SS Kaien 25 | =A 


is finite. If y1,...,Y%n—1 are algebraically independent over kK’, we are done. Oth- 
erwise we can apply the just described process again, this time for the ring 
K[1,---;Yn—1]. Proceeding recursively, we arrive after finitely many steps at 
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a system of type y,...,Yq in A that is algebraically independent over K and 
has the property that A is finite over K[y1,..., yal. 


As we will see later from 3.3/6 in conjunction with 2.4/16, the integer d 
in Noether’s Normalization Lemma is uniquely determined by the K-algebra 
A. In fact, d coincides with the Krull dimension of A, as introduced in 2.4/2. 
Alternatively, if A is an integral domain, one can show combining 3.1/3 (ii) with 
3.1/2 that the field of fractions Q(A) is finite over the transcendental function 
field K(Y1,..., Ya) and it follows that d equals the transcendence degree of Q(A) 
over K. 


Corollary 3. Let K C L be an extension of fields, where L = K[21,...,%n] for 
some elements 41,...,U € L. In other words, we assume that L is a K-algebra 
of finite type. Then the extension K C L is finite. 


Proof. By Noether’s Normalization Lemma, we can find finitely many elements 
yi,---,Ya © L, algebraically independent over K, such that the extension of 
rings K[y,..., ya] —~ L is finite. As L is a field, the same must be true for 
K[m,.--,ya] by 3.1/2. However, a polynomial ring in d variables over a field K 
cannot be a field, unless d = 0. Therefore K[y1,...,ya] = & and the extension 
K —-~ L is finite. 


A situation as in Corollary 3 occurs naturally, if we divide a polynomial 
ring K[X,...,X,] by a maximal ideal. 


Corollary 4. Let A be a K-algebra of finite type and m C A a maximal ideal. 
Then the canonical map K ——+ A/m is finite and, hence, L = A/m is a finite 
extension field over K. 


Proof. We know that A/m, just as A, is a K-algebra of finite type. As A/m is 
a field, we can conclude from Corollary 3 that it is finite over K. 


Another remarkable consequence of Noether’s Normalization Lemma is the 
fact that any polynomial ring K[X1,...,X,] over a field K is Jacobson, i.e. we 
have rad(a) = j(a) for any ideala C K[Xj,...,X,]. Using 1.3/6, this claim is 
derived from the following assertion: 


Corollary 5. Let A be a K-algebra of finite type. Then its nilradical coincides 
with its Jacobson radical, i.e. rad(A) = j(A). 


Proof. Clearly we have 


rad(A)= () pc ff) m=j(A). 


peSpec A mespm A 
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To verify the opposite inclusion, consider an element f € A — rad(A). Let us 
show f ¢ j(A). As f is not nilpotent, it generates a multiplicative system 
S cA that does not contain 0. Thus, the localization As = A[f~'] is non-zero 
by 1.2/4 (iii) and, hence, there exists a maximal ideal m Cc A[ f+]. Let nc A 
be its inverse image with respect to the canonical map 7: A —+ A[f~']. Then 
7 induces a monomorphism 


A/n —+ A[ fo" /m 


of K-algebras. As A is of finite type over K, say A = K[21,...,2n], 80 is its 
localization A[f~'] = K[a,...,%n,f~']. Therefore we see from Corollary 4 
that the field A[ f~']/m is finite over K and, in particular, over A/n. However, 
then A/n must be a field by 3.1/2 and we see that n is a maximal ideal in A. 
Since 7(f) is a unit in A[f~'], it cannot be contained in m. In particular, f ¢ n 
and, hence, f ¢ j(A). 


Finally, let us discuss the geometric significance of the preceding corollary 
in terms of Hilbert’s Nullstellensatz. For a ring R and an ideal a C R we have 
defined its zero set 


V(a) = {x € Spec R; f(x) =0 for all f € a} = {p € SpecR; ac p}, 
and for any subset & C Spec FR its corresponding vanishing ideal 


I(B) ={f © R; f(z) =0 for all z € E} = () p,; 


xeE 


see Sections. 1.1 and 1.3. Interpreting the nilradical rad(a) as the intersection 
of all prime ideals p C R containing a, as shown in 1.3/6 (iii), we have obtained 
the equation 


1(V(a)) = () p=rad(a) 


peSpec R 
acp 


for ideals a Cc R. 

Considering an algebra A of finite type over a field K in place of R and 
an ideal a C A, we know from the above corollary that the nilradical rad(a) 
coincides with its Jacobson radical j(a). Therefore, in the above equation, we 
may replace V(a) by its restriction Vinax(a) = V(a) Spm A, thereby obtaining 
the following assertion: 


Corollary 6 (Hilbert’s Nullstellensatz). Let A be a K-algebra of finite type and 
ac A an ideal. Then: 


I (Vnax(a)) = () m = rad(a) 
ce 


We want to make the concept of viewing the elements of a K-algebra A 
of finite type as functions on the spectrum of its maximal ideals Spm A a bit 
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more explicit, at least for polynomial rings A = K[X,,...,X;,]; see also the 
discussion of the affine n-space over a field K in Section 6.7. Choose an algebraic 
closure K of K and, for each point « € K”, consider the evaluation map 


ft IC Digan | KS fro f(z). 


Since the image of y, is integral over K, it is a field by 3.1/2. Hence, ker y, is 
a maximal ideal in A[X,,...,X;,,] and there is a well-defined map 


7: K™ —+ Spm K[X1,..., Xn], ut-— ker gz, 


which we claim is surjective. Indeed, given an ideal m C K[X,...,Xn] 
which is maximal, its residue field A[X1,...,Xn]/m is finite over K by 
Corollary 4, and we may extend the inclusion K <—+ K to an embedding 
K[XM,...,Xn]/m—+ K. Writing x; € K for the image of the residue class of 
X;, we see that T(x1,...,%n) = m. Of course, the point x = (71,...,%n) € K” 
we have constructed from m, is unique only up to a K-automorphism of the field 
K(a1,...,%»). Therefore, we may interpret Spm A[X1,...,X;,] as the quotient 
of K” by the group of K-automorphisms Aut (K), ice. 


Spm K[X1,...,Xn] © K"/ Autx(K). 


In particular, for an algebraically closed field AK, the map 7 considered above 
will be bijective and a straightforward argument shows that it is given by 


eo? —— Spm RX Aa le (eight, ) i OG Saye a Ha) 


Going back to the situation of Hilbert’s Nullstellensatz for an arbitrary field 
K, we may alternatively associate to an ideala C K[Xj,...,X,] the set 


Vela) = {x € K”; f(x) =0 for all f € a} = 77" (Vinax(a)), 
and to a subset E C K” the ideal 
I(E) = {f € K[XM,...,Xn]; f(z) =0 for all c € E} = I(r(B)). 
Then, via 7, Hilbert’s Nullstellensatz transforms into its classical version 


I(Vg(a)) = rad(a), 


Exercises 


In the following let K be a field. 


1. Let y: A —~+ B be a morphism of K-algebras, where B is of finite type. Show 
that y~!(m) is a maximal ideal of A for every maximal ideal m C B. In other 
words, y gives rise to a map Spm B ——+ Spm A. 


2. Give an explicit solution of Noether’s Normalization Lemma for the K-algebra 
K[X1, X2]/(X1X2). 
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3. Let m be a maximal ideal of the polynomial ring K[X1,...,Xn] in n variables 
over K. Show that there exist polynomials fi; € K[Xi,..., Xi-1][ Xi] satisfying 
m= (fi,..-, fn), where f; is monic in X; fori =1,...,n. 


4. Consider the polynomial ring K[X1,...,X,] in n variables over K for n > 1. 
Let f € K[X1,...,Xn] be a non-constant polynomial. Show that there ex- 
ists a monomorphism of type K[Y1,...,¥n-1] —+ K[X1,...,Xn]/(f) defining 
K([X1,...,Xn]/(f) as a finite free module over K[Yj,..., Yn-1]. 


5. Generalization of Noether’s Normalization Lemma: Let vy: R A bea 
monomorphism of rings equipping A with the structure of an R-algebra of fi- 
nite type. Assume that R is an integral domain and that ra =0 forre€ R,aeE A 
implies r = 0 or a = 0. Show there exists a finite set of polynomial variables 
Xj,...,Xq such that y extends to a monomorphism y’: R[X1,...,Xa] —~ A 
and that the latter becomes finite when localized by the multiplicative system 
generated by a suitable element s € R— {0}. 


6. Another generalization of Noether’s Normalization Lemma: Let A be an algebra 
of finite type over a field & and consider an ascending chain a, C ... C a, ¢ A of 


proper ideals in A. Show that there exist elements x1,...,2%q € A, algebraically 
independent over kK, such that A is integral over K[a1,...,2q¢] and such that 
a; K[a1,...,2a], as an ideal in K[a1,...,r@], is generated by 71,...,2a, for 


i= 1,...,r and suitable indices d) < ... < d, < d. Hint: Reduce to the case 
where A is a free polynomial ring over K and use Lemma 2. Consult Serre [24], 
Thm. III.2, if necessary. 


3.3 The Cohen—Seidenberg Theorems 


In the present section we fix an integral ring homomorphism y: R —— R’ and 
discuss the relationship between prime ideals in R and R’. Given a (prime) ideal 
Yc R', we write PN R for the restricted (prime) ideal y~!(%) C R. 


Proposition 1. Let y: R —~+ R’ be an integral ring homomorphism. 

(i) A prime ideal B C R’ is maximal if and only if its restriction p = BOR 
is maximal in R. 

(ii) Let 1, Bo C R’ be prime ideals satisfying PrN R = PoN R. Then 
Bi C Po implies Py = Po. 


Proof. In the situation of (i), the map y induces an integral monomorphism of 
integral domains R/p —— R’/38, and we see from 3.1/2 that R/p is a field if 
and only if R’/B is a field. Hence, p is maximal in R if and only if $8 is maximal 
in R’. 

Now let 81,82 C R’ be two prime ideals as required in (ii), namely such 
that the induced ideals p = 8B, 9 R and B.A R coincide in R. Let S= R—p 
and consider the ring homomorphism Rg —— Ris) induced from y, which is 
integral by 3.1/3 (ii) since ¢ is integral. Then, by 1.2/7, the ideal S~'p generated 
by p in Rg is maximal. Likewise we can consider the ideals S48, and S71, 


3.3 The Cohen—Seidenberg Theorems 97 


generated by 8; and Py. in Ri). These are prime by 1.2/5 since y(S) is disjoint 
from $B, and Py. Then q; = S~'3B,N Rg and qo = S~'B2NRzg are prime ideals in 
Rg that contain S~'p. Because S~'p is maximal in Rg, we get S~tp = q, = qo. 
Thus, S~!98; and S~!B, are two ideals in Rvs) whose restrictions to Rg are 
maximal. But then, by (i), we know that S~'98, and S718, are maximal in 
Riys) and it follows $~4, = S-1B, from %, C Po. Since BP, = SP, 0 R’ 
and By = S~'. 1M R’ by 1.2/5, we conclude BB; = Po, as desired. 


Theorem 2 (Lying-over). Let yp: R —» R’ be an integral ring homomorphism 
and p C Ra prime ideal such that ker y C p. Then there exists a prime ideal 
Bc R' such that BOR =p. Furthermore, according to Proposition 1, there is 
no proper inclusion between such prime ideals 38 C R’. 


Proof. As in the proof of Proposition 1, we let S = R-— p and consider the 
homomorphism Ry ——+ Rios) induced from y; it is integral by 3.1/3 (ii). Since 
kery C p, we have SM kery = @ and therefore 0 ¢ y(S) so that Ris) 38 
non-zero by 1.2/4. Therefore we can find a maximal ideal m C Ris) and it 
follows from Proposition 1 (i) that mM Rg is a maximal ideal in Rg. But Rg is 
a local ring with maximal ideal S~'p so that mM Rg = S~'p. Now consider the 


commutative diagram 
R R 


| | 


Yi 
Rs —— Rays) 


and the restriction 3 = mn R’ of m to R’. Then 


PAR=(MNR)OR=(mNRs)/NR=S 'pnNR=p 


by 1.2/5, as desired. 


Theorem 3 (Going-up). Let y: R ——~ R’ be an integral ring morphism and 


po Cpic...CcCp,cR 


a chain of prime ideals in R satisfying ker py C po. Then, for any prime ideal 
BoC R' such that BoA R = po, there exists a chain of prime ideals 


Bo CPi Cc... cP, CR 


satisfying B,AR =p; for all z. 


Proof. We conclude by induction on the length n of such chains of prime ide- 
als, the case n = 0 being trivial. Thus, let n > 0. By the induction hypoth- 
esis, we can find a chain of prime ideals Bo C ... C Bn_1 C R’ satisfying 
B,0R = p; fori=1,...,n—1. Then y induces an integral monomorphism 
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R/Pn—-1 —~ R'/%,_1 and, by Theorem 2, there is a prime ideal q C R’/B,_1 
lying over the prime ideal p,/pn—1 C R/pn—-1. Let B, be the preimage of q with 
respect to projection R’ ——+ R'/%,_1. Then Br_-1 C Bn, and we conclude 
from the commutative diagram 


R R' 
R/Pas se Fig (re 
that B,1R = pp, as desired. 


In Theorem 3 we have constructed extensions of chains of prime ideals with 
respect to integral ring extensions where an extension of the smallest prime 
ideal was given. We now will look at the analogous problem where an extension 
of the largest prime ideal is given. 


Theorem 4 (Going-down). Let p: R —+ R’ be an integral ring monomorphism, 
where R and R’ are integral domains and, in addition, R is normal. Then, given 
a chain of prime ideals 


RDXPo9D Pi D...D Pn 


in Rand Bo C R' a prime ideal satisfying Bo OR = po, there exists a chain of 
prime ideals 


RDP DP d...d Py 
in R’ such that 8; R = p; for all i. 


To do the proof, we need some preparations. In particular, we will use Galois 
theory on the level of fields. Let K C K’ be an algebraic extension of fields 
which is quasi Galois or normal in the sense that K’ is a splitting field of a set 
of polynomials in A’[X]. Then we can consider the group G = Aut, (A’) of all 
K-automorphisms kK’ —— Kk’; in other words, the group of all automorphisms 
of K’' that leave K fixed. We call 


KS = {a€ kK’; g(a) =a for allg e G} 


the fixed field of K’ with respect to G. It contains K and, thus, is a field between 
K and kK’. One knows from Galois theory (see [3], 4.1/5) that the extension 
K'? C K’ is Galois with Galois group G and that K C K'@ is purely inseparable. 
In particular, for each element y € K’@, there is an integer n € N — {0} such 
that y” € K. 

Let us start now by giving a lemma that will settle the main part of the 
proof of Theorem 4. 


Lemma 5. Let p C R be a prime ideal of a normal integral domain R. Fur- 
thermore, let K' be a quasi Galois extension of the field of fractions K = Q(R) 
and write R' for the integral closure of R in K’. Then: 
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~N 


(i) Each g € Aut«(K’) induces a ring automorphism R' —~+ R' fixing R. 
(ii) If $8 is a prime ideal in R’ satisfying BNR =p, the same if true for 
g(B), for any g € Auty(K’). 
(iii) Aut, (A’) acts transitively on the set of all prime ideals in R' that lie 
over p, i.e. given two prime ideals B,,B. C R’ such that B,AR =p = PoNR, 
there is an element g € Aut (K’) such that 9(B1) = Po. 


Proof. Write G = Aut, (K"') and look at an element x € R’, thus, an element 
x € K’ satisfying an integral equation over R. Then each g € G transports 
this equation into an integral equation for g(x) over R. This way we see that 
g restricts to a ring automorphism R’ —~+ R’ fixing R. In particular, g maps 
prime ideals $8 C R’ to ideals of the same type. Furthermore, from BOR =p 


we can conclude 


(PB) OR = oP) G(R) = GPO R) = G(p) =p. 


This settles assertions (i) and (ii). 

To derive (iii), let us first assume that G is finite, which is automatically 
the case if K’ is finite over K. Let 1,$2 C R’ be prime ideals satisfying 
PinR=p=P.NR. We have to find some g € G such that g(B1) = Po. For 
the latter equation it is enough to show B C g(1), if we apply Proposition 1 
in conjunction with assertion (ii) which has just been proved. Furthermore, the 
existence of such a g will follow from Lemma 1.3/7 and the finiteness of G’, once 
we have shown that 

PB. c LU g(Ps). 
geEG 

To justify the latter inclusion, let x € P».. Then y = [],-¢g(2) is fixed by 
G. Thus, as explained above in terms of Galois theory, there exists an integer 
n € N—{0} such that y” € K. Now y”, being a member of R’, is integral over R. 
Therefore we must have y” € R, since R is normal. As G contains the identity 
automorphism, we know y” € $B. R = p and, hence, y” € p C By. Using the 
fact that $8, is a prime ideal, the definition of y shows that there must exist 
some g € G satisfying g(x) € %1, and we get x € g~'(%B1), which justifies the 
above inclusion. 

If G is not necessarily finite, we consider intermediate fields K C EC Kk’ 
and define Rg = R'N E as the integral closure of R in E. Let M be the set of all 
pairs (Rx, gz) where E is an intermediate field of the extension kK C K’, quasi 
Galois over K, and where gz € Autx(£) satisfies gn(B1N Re) = Po2N Re. We 
write (Rp, gs) < (Re, gx) for elements in M, when E C E’ and gy |E = gp. 
Then M is a partially ordered set which allows the application of Zorn’s Lemma 
and, thus, admits a maximal element (Rg, gz). 

If E is strictly contained in K’, we can choose a non-trivial finite extension 
E' c kK’ of E that is quasi Galois over K (and, thus, over E) and extend gz to 
a K-automorphism g’ of E’. Then 


9 (Pi Re) Re = g'(BiO Re) = Po Re = (P2N Re) Re 
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and, by the above special case, there exists some element g of the finite group 
Autz(£’) such that 


9° 9 (Bi 0 Re) = Po Ry. 
Now gog’ € Autx(£’) is an extension of gz. Thus, 
(Re,gog)EM, (Rg, 9g) < (Rego), 


which contradicts the maximality of (Rg, gg). Therefore we have E = Kk’, hence 
Ry = R' and gg € Autx(K’) satisfies g7(B1) = Po. 


The proof of Theorem 4 is now quite easy. Let K and Kk’ be the fields of 
fractions of R and R’. Then the extension Kk C K’ is algebraic, and we can find 
a field K” extending K’ such that the extension K C K” is quasi Galois. Let 
R" be the integral closure of R in K”. Applying Theorem 3, choose a chain of 
prime ideals 


BED) By De 
lying over the chain R D po D ... D py and, according to Theorem 2, a prime 


ideal 5 C R” over Bo C R’ (and, thus, over p Cc R). By Lemma 5, there exists 
some g € Aut« (A) such that g(Bj) = Bp. Then 


Bo = POOL = oP) ORD GPYORD...d g(PAAR 


is a descending chain of prime ideals in R’ that lies over R D po D... D Py and 
starts with Bo, as desired. 


To end this section, we give some applications of the Cohen—Seidenberg 
Theorems to the theory of Krull dimensions, as developed in Section 2.4. 


Proposition 6. Let R —~+ R’ be an integral ring monomorphism, a’ Cc R' an 
ideal, and a=a' QR its restriction to R. Then: 
(i) dim R’ = dim R. 
(ii) hta’ < hta and, in fact, hta’ = hta if R and R’ are integral domains 
and R is normal. 
(iii) coht a’ = coht a. 


Proof. We start with assertion (i), observing that (iii) is a consequence of (i). 
According to the Going-up Theorem 3, each strictly ascending chain of prime 
ideals in R may be extended to a (strictly) ascending chain of prime ideals in 
R’. Conversely, each strictly ascending chain of prime ideals in R’ restricts to an 
ascending chain of prime ideals in R, where the latter must be strictly ascending 
by Proposition 1. This proves (i). 

To settle (ii), consider a strictly ascending chain of prime ideals in R’. Re- 
stricting it to R yields an ascending chain of prime ideals in R, which is strictly 
ascending by Proposition 1. This shows ht a’ < ht a if a’ is a prime ideal in R’. If 
a’ is not necessarily prime, choose a minimal prime divisor p of a. Applying the 
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Lying-over Theorem 2 to the induced monomorphism R/a —+ R’/a’, there is 
a minimal prime divisor 8 of a’ lying over p. Since ht 8 < ht p, as we just have 
seen, we get hta’ < hta. 

Now assume that R and R’ are integral domains and that R is normal. Then 
the Going-down Theorem 4 becomes applicable and we see that ht a’ = ht a if 
a’ is a prime ideal in R’. Furthermore, for general a’ we see that the minimal 
prime divisors of a’ restrict to minimal prime divisors of a. Combining this with 
the above argument, we get ht a’ = hta, as desired. 


Fixing a field AK’, a bit more can be said about K-algebras of finite type. 


Proposition 7. Let A be a K-algebra of finite type that is an integral domain. 
Then dim A = transgrad,(Q(A)), i.e. the Krull dimension of A equals the 
transcendence degree of the field of fractions Q(A) over K. 


Proof. By Noether’s Normalization Lemma 3.2/1, there is a finite monomor- 
phism K[X1,...,Xq] —~ A. Then 


dim A = dim K[X),..., Xa] =d 
by 2.4/16 and Proposition 6 (i). Furthermore, 


d = transgrad, (Q(KLX1,...,Xa])) = transgrad, (Q(A)), 


since the extension of fields Q(A)/Q(K[X1,..., Xa]) is algebraic. 


Proposition 8. Let A be a K-algebra of finite type that is an integral domain. 
Then: 

(i) htp +coht p = dim A for every prime ideal p C A. 

(ii) htm = dim A for every maximal ideal m C A. 


Proof. First observe that (ii) is a special case of (i). To show (i) we use induction 
on dim A. Applying Noether’s Normalization Lemma 3.2/1, there is a finite 
monomorphism of type K[X1,..., Xa] —+ A, where d = dim A by 2.4/16 and 
Proposition 6 (i). The case of dimension d = 0 is trivial since then A is a field 
by 3.1/2. Also the case p = 0 is trivial since then ht p = 0 and coht p = dim A. 
Therefore we can assume d > 1 as well as p £ 0. 

Now choose a non-zero element y € pO K[X1,..., Xa], which exists since 
the restriction of the non-zero prime ideal p to K[X,,...,Xq] must be non- 
zero by Proposition 1. Then we may apply 3.2/2 and thereby obtain elements 
Y1,---,Ya-1 € K[M,..., Xa] such that the canonical monomorphism 


u: Kly,---,Ya-1,y] —* K[M,..., Xa] 


is finite. Comparing transcendence degrees of fields of fractions, we see that 
the elements y,...,Yg_1,y are algebraically independent over K and, hence, 
that K[4y1,---,;Ya—1,y] may be viewed as a free polynomial ring in the variables 
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Y1,-++>Ya-1,y. Composing ¢ with K[X,,..., Xa] ——~ A, we arrive at a finite 
monomorphism of type K[Y1,...,¥a] ——+ A, where the Y; are variables and 
Yq is mapped into p. Now observe that the latter morphism satisfies the require- 
ments of the Going-down Theorem 4, since K[Y1,..., Ya], as a factorial ring, is 
normal by 3.1/10. Therefore we can find a prime ideal pp C A that is contained 
in p and restricts to the prime ideal (Ya) C K[Yi,..., Ya]. Then, looking at the 
finite monomorphism 


K[Y,...,Ya-1] —+ A/po 


and the ideal p/po C A/po, we can conclude from the induction hypothesis that 
ht(p/po) +coht(p/po) = d—1. Since ht p > ht(p/po)+1 and coht p = coht(p/po), 
we get htp+cohtp > d and then, necessarily, ht p + coht p = d. 


Exercises 


1. Show for rings R, R’ that dim(R x R’) = max(dim R, dim R’). Hint: Use Exer- 
cise 1.1/6. 


2. Let R —-+ R’ be an integral morphism of rings. Show dim R < dim R’. 


3. Let R —+ R’ be an integral monomorphism of rings. Show that every morphism 
R —~ L into an algebraically closed field L admits an extension R’ —— L. 


4. Let R ——~ R’ be an integral morphism of rings. Show that R’ is Jacobson if R 
is Jacobson. Hint: Use the fact that a ring is Jacobson if each of its prime ideals 
is an intersection of maximal ideals. 


5. Let A be an algebra of finite type over a field K. Assume that A is an integral 
domain. Show that every maximal chain of prime ideals in A is of length dim A. 


6. Let R be a ring and I a finite group of automorphisms of R. Then R is integral 
over the fixed ring R! by Exercise 3.1/2. Show for any prime ideal p C R! that 
there are only finitely many prime ideals $8 C R lying over p and that I acts 
transitively on these. 


7. For an integral morphism of rings y: R —+ R’ consider the associated map on 
prime spectra “y: Spec R’ —+ Spec R, p’ -—+ p’/N R. Show: 
(a) *y(V(a')) = V(a'N R) for any ideal a’ C R’. In particular, “y is a closed map 
with respect to Zariski topologies on Spec R and Spec R’. 
(b) The fibers of “y are finite if y is finite. 


@® 


Check for 
updates 


4. Extension of Coefficients and Descent 


Background and Overview 


The main theme of the present chapter is to discuss the process of coefficient 
extension for modules and its reverse, called descent. For example, imagine a 
ring R and an R-module M whose structure seems to be difficult to access. 
Then one can try to replace the coefficient domain R by a bigger ring R’ over 
which the situation might become easier to handle. In other words, we would 
select a certain extension homomorphism R—+ R’ and use it in order to 
derive from M a best possible R’/-module M’ extending the R-module structure 
we are given on M. In particular, M’ will respect all relations that are already 
present in WM. The technical frame for such a construction is given by the so- 
called tensor product. Passing from M to the tensor product M' = M @R R’ 
we say that M’ is obtained from M via coefficient extension with respect to 
R ——~ R’. Of course, the extension homomorphism R—-+» R’ must be chosen 
in an intelligent way so that the results obtained for M’ can be descended to 
meaningful information on M. 

Let us discuss an example from Linear Algebra. We consider a quadratic 
matrix with coefficients from R, say A € R"*”" where n > 0, and look at the 
R-linear map 

R” —~ R’, LHE+A-o. 
Recall that an element A € R is called an eigenvalue of A if there exists an 
associated eigenvector, i.e. a vector z € R” — {0} such that Az = Az. Note that 
the eigenvalues of A are precisely the zeros of the characteristic polynomial 
va(X) = det(X -id—A). Since the field R is not algebraically closed, it is 
possible that the set of eigenvalues of A is empty. 

However, if we assume A to be symmetric, then the characteristic polynomial 
ya(X) decomposes completely into linear factors over R and, hence, the set of 
eigenvalues of A cannot be empty. We want to explain how this result can 
be derived by means of coefficient extension from R to C. Viewing R” as an 
IR-vector space, a canonical candidate for its coefficient extension via R ——+ C 
is of course the C-vector space C”. So we look at the C-linear map 


C?—+-C", ge + Ag. 


Furthermore, consider the canonical Hermitian form on C” given by (a, y) = 2-7 
for column vectors x,y € C”, where x’ means the transpose of x and 7 the 


© Springer-Verlag London Ltd., part of Springer Nature 2022 103 
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complex conjugate of y. Then, since A is a symmetric matrix with real entries, 
we get 


(A-a,y) =(A-a) gaa’ A-y= (x, A-y) 


for x,y € C”. Now use the fact that the field C is algebraically closed. There- 
fore the characteristic polynomial y4(X) admits a zero \ € C and there is a 
corresponding eigenvector z € C” — {0}. Since (z, z) #0, the equation 


Me:2) = OG 2) SA 22h SG Ase) HS BD) HAG 2) 


shows \ = \. Hence, all zeros of the characteristic polynomial y4(X) must 
be real and we are done. In our argument we can rely on the fact that the 
characteristic polynomial y4(X) is the same for A as a matrix in C”*” or in 
R"*<”". This makes the descent from C to R particularly easy. 

Having seen that the technique of extending coefficients can be quite useful, 
let us discuss now how to construct such extensions in more generality. Let M 
be a module over a ring R and consider a ring homomorphism R —— R’. In 
particular, the latter equips R’ with the structure of an R-module. To extend 
the coefficients of M from R to R’ we would like to construct an object M’ 
where products of type «-1r’ for 2 € M andr’ € R’ make sense. Of course, this 
product should be R-linear in x and R-linear in r’, which requires that MM’ must 
be imagined to be at least an R-module. Moreover, if M’ is not exceedingly big, 
namely generated over R by all products of type x-r’, which is enough for our 
purposes, we can expect that it is automatically an R’-module. Therefore we 
look at R-bilinear maps M x R’ T into R-modules T and try to find a 
universal one among these, i.e. an R-bilinear map 7: M x R’ —— T such that 
for every R-bilinear map ©: M x R’ ——+ E into another R-module EF there is a 
unique R-linear map y: T —~ E satisfying ® = yor. Then, according to 4.1/1, 
T is called a tensor product of M and R’ over R and is denoted by M @p R’, 
where the latter notation is justified since such a tensor product is unique up 
to canonical isomorphism; see 4.1/2. Furthermore, it follows from 4.1/3 that 
the tensor product M ® p R’ always exists. Usually the inherent R-bilinear map 
7 Mx R M ®p RF’ is not mentioned explicitly, since for 7 € M and 
r’ € R' one writes x @r’ in place of r(x,r’), interpreting this as the product 
x-r’ in the sense discussed above. 


The construction of tensor products works more generally for R-modules 
M and N, resulting in an R-module M ®r N where M is as before and N 
replaces the ring homomorphism R —-+ R’ providing R’ with the structure of 
an R-module. The first two sections of this chapter are devoted to the study of 
such tensor products. We begin with some basic properties and then investigate 
how tensor products of modules behave with respect to exact sequences. Fixing 
an R-module N, we can associate to each R-module M the R-module M @r N 
and to each morphism of R-modules f: M’ —+ M the morphism of R-modules 
f@rN: M' @rp N —~+ M pe N given by the #-bilinear map 


M'x N—+M@pN, (x,y) -— f(r) @y. 
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As we will say in Section 4.5, the process of taking tensor products with N over 
Ris a covariant functor on the category of R-modules. Now, what happens 
when we tensor a short exact sequence 


0 —+ M’ —+ M —+- M” —-0 


of R-modules with N over R? The answer we will give in 4.2/1 is that the right 
part of the resulting sequence 


0-2 @3N —+ MV eeN —2 Oe N — 20 


starting at M’ @R N is exact. This is the so-called right exactness of tensor 
products. It gives us the opportunity to call an R-module N flat if taking 
the tensor product with N over R always preserves short exact sequences of 
R-modules. The latter is equivalent to the fact that for any monomorphism of 
R-modules M' ——- M the resulting R-morphism M’ @p N —-+ M @z N is 
a monomorphism as well. Let us add that the flatness of modules is a quite 
complicated feature. In part it is characterized by the lack of zero divisors. 
Indeed, a module N over a principal ideal domain R is flat if and only if each 
equation ax = 0 for a € R and x € N implies a = 0 or x = 0; see 4.2/7. On 
the other hand, looking at a module M of finite presentation (or even of finite 
type) over a local ring R, we can read from 4.4/3 (resp. Exercise 4.4/4) that M 
is flat if and only if it is free. Moreover, we show in 4.3/3 that every localization 
morphism R ——~ Rg is flat, i.e. defines the localization Rg as a flat module 
over R. 

Let us turn back to the situation where the R-module N is present in the 
form of a morphism of rings R —— R’. Then, as we have indicated above and 
will show in more detail in Section 4.3, the extension process 


-@p R': Mt++>M RR’ 


produces from any R-module M an R-module M ®p R’ which is canonically 
an R’-module via multiplication with R’ from the right. The process preserves 
several interesting module properties. For example, if M is a free R-module, 
M ®p R' will be a free R’-module, since tensor products are compatible with 
direct sums; see 4.1/9. But also more general properties like finite type, finite 
presentation, flatness, or even faithful flatness are preserved, as shown in 4.4/1. 

The reverse problem of descending R’-module properties from M ®p R’ to 
R-module properties of M is much more difficult. For this to work out well we 
need strong assumptions on the morphism R —— R’. This is illustrated by the 
fact that the zero morphism R ——~ 0, which is flat for trivial reasons, turns 
any R-module M into the zero module M ®p 0 = 0, the only possible module 
over the zero ring. Of course, from the zero module M ®p 0 nothing can be 
read about M itself. In fact, for the descent to work well, we have to assume 
that a tensor product M ® p R’ is zero if and only if M is zero. If this is the 
case for every R-module M and if, in addition, R —— R’ is flat, then the latter 
morphism is said to be faithfully flat. For example, we show in 4.4/1 that the 
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above-mentioned module properties, except for the property of being free, all 
descend from R’ to R if R —~ R’ is faithfully flat. A more delicate situation is 
given for an R-module M such that M @p R’ is a free R’-module. At the end of 
Section 4.4 we give an example of an R-module M and a coefficient extension 
morphism R —-~ R’ such that M ®p R’ is a free R’-module without M being 
ree. But M will be locally free in the sense of 4.4/2 and we show in 4.4/3 
that the property of being locally free of finite rank descends with respect to a 
faithfully flat extension morphism R —-+ R’. 

A truly demanding venture is to descend R’-modules M’ and their mor- 
phisms with respect to a given extension morphism R —— R’, even when the 
latter is faithfully flat. But precisely what is meant by descent in this case? Of 
course, the first naive idea is that, starting with an R’-module M’, we would 
like to construct an R-module M whose extension via R ——~ R’ is isomorphic 
to M’, ie. satisfies M @p R! ~ M’. But, what about the uniqueness of M if 
M exists at all? In some cases one can easily guess an R-module M extending 
to M’, for example, if M’ is free. Then one may fix free R’-generators of M’ 
and define M as the free R-module generated by these. This will produce an 
isomorphism M@,pR' —~+ M', as desired. However, the example at the end of 
Section 4.4 shows that there exist non-free R-modules M nevertheless extend- 
ing to a free R’-module M @ x R’. From this we conclude that R-modules M 
that are naively descended from M’ cannot be expected to be unique. In other 
words, if f’: M’ ——- N’ is a morphism of R’-modules and even if M’, N’ are 
known to descend to R-modules M, N, we cannot expect without any further 
assumption that jf’ descends to a morphism of R-modules f: M@ ——~ N. 

The key point for accessing a more elaborate version of module descent 
consists in a very careful analysis of morphisms obtained via coefficient exten- 
sion. To explain this, we use a special notation for extended modules that is 
particularly convenient for the purposes of descent. Namely, given a morphism 
of rings p: R R’ and an R-module M, we write p*M for the extended 
R’-module M @p R’. Likewise, if f: 1/ ——+ N is a morphism of R-modules, 
we write p* f: p*M —— p*N for the R’-module morphism obtained from f via 
taking tensor products with R’ over R. Proceeding like this may look a bit arti- 
ficial, but the notation has a rather plausible geometric background, as we will 
explain at the beginning of Section 4.6. Now set R” = R’ ®p R’ and consider 
the canonical morphisms pj, p2: R’ — > R” = R’@p R’'. Then the compositions 
of pi, pa with p coincide; let g = p; op = poo p. Thus, using 4.3/2, there are 
canonical isomorphisms 


pi(p"M) ~ q°M ~ p3(p"M) 
so that we can look at the diagram 


Hompr(M, N) au Homey (p* M, p*N) —— Home (q*M, @ N) 


Pg 


of module morphisms over R, R’, and R”. Assuming p to be faithfully flat, 
the striking assertion of 4.6/1 says that this diagram is exact, i.e. that p* 
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defines a bijection between Homr(M, N) and the set of those morphisms in 
Home (p*M, p*N) that have the same image with respect to pj and p35. This 
fully characterizes all R’-morphisms on extended R’-modules that descend with 
respect to p: R ——~ R’. In particular, the descent of morphisms is unique. 

Furthermore, looking at the above diagram and the isomorphisms preced- 
ing it, the descent of morphisms suggests for the descent of modules that 
R’-modules M’ equipped with further data should be considered, such as suit- 
able R”-isomorphisms y: pj}M' —~+ p3M’. If an isomorphism of this type 
satisfies the so-called cocycle condition, which is a natural compatibility be- 
tween all possible extensions of y to the level of R’” = R'@pr R' ®r R’, then ¢ is 
called a descent datum for M’. We will see from Grothendieck’s Theorem to be 
proved in 4.6/5 that any descent datum on an R’-module M’ provides a natural 
way to descend M’ to an R-module M. The more precise statement of 4.6/5 
uses the language of categories and functors, which is quite appropriate in this 
context and which will be explained in detail in Section 4.5. Although we do not 
touch descent theory in the later part on Algebraic Geometry, the same meth- 
ods as presented in Section 4.6 can be applied in the setting of quasi-coherent 
modules on schemes; see [5], 6.1/4. 

Also note that the phenomenon we have encountered before, namely that an 
R'-module M’ may be viewed as the extension via R ——~ R’ of different non- 
isomorphic R-modules M, corresponds to the fact that there can live different 
incompatible descent data on a single R’-module M’. 
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Let M and N be R-modules. Recall that a map : M x N E to some 
R-module EF is called R-bilinear if, for all x € M and y € N, the maps 


&(x,-) : N —+ E, zH—+ &(z, 2), 
P(.,y): M —~ E, zr &(z,y), 


are R-linear, by which we mean that they define morphisms of R-modules. 


Definition 1. A tensor product of M and N over R consists of an R-module 
T together with an R-bilinear map tT: M x N T such that the following 
universal property holds: 

For each R-bilinear map ®: M x N —~+ E to some R-module E, there is 
a unique R-linear map py: T ——+ E such that ® = yor, i.e. such that the 
diagram 


Tr 


Mx N 


T 


is commutative. 
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Remark 2. Tensor products are uniquely determined by the defining universal 
property, up to canonical isomorphism. 


The proof consists of a well-known standard argument which we would like 
to repeat once more. Let 


7: Mx N —-T, T:MxN—T' 
be tensor products of M and N over R. Then there is a diagram 


Mx WN 


[A 


with R-linear maps vy, ~, where the existence of y satisfying Tr’ = yo follows 
from the universal property of 7: M x N —— T and, likewise, the existence of 
w satisfying T = ~o7’ from the universal property of r': M x N —+ T’. Then 
we have 


idpot =T=YoT' =(Wog)or. 


Thus, considering 7: Mx N —~+ Tas an R-bilinear map and using the universal 
property of 7, there is a unique R-linear map 0: T ——~ T such that tT = ooT. 
Because, as we have just seen, the maps o = idy as well as g = =o y solve this 
problem, we get necessarily wo y = id. Likewise, we can conclude yo w = idy 
from 

idp or’ =7' = ypot=(pyoyw)or7’. 


Therefore y and w are mutually inverse isomorphisms between T and T"’, and 
we see that both tensor products are canonically isomorphic. 


When considering a tensor product 7: M x N ——+ T of two R-modules 
M and N, we will write more specifically M @p N in place of T and, further- 
more, x ® y in place of r(z,y), for cv € M and y € N. We call x @ y the 
tensor constructed from x and y. Using this notation, the R-bilinear map 7 is 
characterized by 


Mx N —~M @RN, (x,y) H+ @@y. 


In particular, tensors are R-bilinear in their factors, i.e. 


(ax + a'x") & (by + By’) 
=ab(zx@y) +ab'(x@y') + a'b(2’ @y) + ab(e' @y’) 


for a,a’,b,b' € R, x,2' © M, y,y' € N. In most cases, we will not mention the 
defining R-bilinear map 7: Mx N —+ M@RN explicitly and just call M@pN 
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the tensor product of M and N over R. Proceeding like this, we assume that all 
tensors « ®@y in M @R N are known, which allows us to reconstruct the map T. 


Proposition 3. The tensor product T = M@RN exists for arbitrary R-modules 
M and N. 


Proof. The idea behind the construction of the tensor product M ®p N is quite 
simple. We consider R™*%) as an R-module, 


€(e,y) = (Gar,0! * Sy,y')(a!,yEMxN> We M. Ie, 


being its canonical free generating system. Writing (x,y) instead of e(2,), we 
may view R™™*) as the free R-module generated by all pairs (x,y) € M x N. 
Then we divide out the smallest submodule Q Cc R“*%) such that the residue 
classes (a, y) of the elements (x,y) = €(a,y) € RN) acquire the property of 
tensors. This means, we consider the submodule Q Cc R(™*) generated by all 
elements of type 


(x+a',y) — (@,y 
(a,yty’)—(a,y 


VY = 
| 
—_~ 
8 
Kj 
~ 
—_ 


where a € R, 2,2’ € M, y,y' € N. Setting T = R(\™*%)/Q, the canonical 
map T: M x N T, sending a pair (x,y) to the residue class (x,y) € T, 
is then R-bilinear. We claim that 7 satisfies the universal property of a tensor 
product, as mentioned in Definition 1. To justify this, let 6: MM x N —-+ E be 
an R-bilinear map to some R-module FE. There is an associated R-linear map 
g: R“*N) __, FE given as follows: set (x,y) = &(x,y) for the canonical free 
generators (x,y) € R™!*%) and define ¢ on all of R“!*) by R-linear extension. 
Then the R-bilinearity of & implies that ker ¢ contains all generating elements 
of Q, as listed above, so that @ induces an R-linear map y: R(™*%)/Q —+ E 
satisfying 6 = yor: 


tT: M x N —+ RUM*N) _,. RON) 1Q 


Finally, observe that y is uniquely determined by the relation 6 = yor. Indeed, 
the residue classes (x, y) for (x,y) € Mx N generate R™*) /Q as an R-module 
and we have 


v((x,y)) = e(r(x,y)) = O(a, y). 
Therefore y is unique on a set of generators of T = R(™*)/Q and, thus, unique 
on T itself. 
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To handle tensor products, the explicit construction, as given in the proof 
of Proposition 3, is only of minor importance. In almost all cases it is much 
more appropriate to derive the needed information from the universal property 
of tensor products. 


Remark 4. Let M and N be R-modules. Then every element z € M @r N 
can be written as a finite sum of tensors, say z = Y>;_, 21 ® y; with elements 
u,€ M andy, € N. 


Proof. The assertion follows directly from the explicit construction of tensor 
products, as given in the proof of Proposition 3, but can also be deduced from 
the universal property of tensor products as follows. Consider the submodule 
T CM @RN generated by all tensors x @ y where x € M and y € N. Then the 
canonical R-bilinear map 7: Mx N —+ M@pRN restricts to an R-bilinear map 
7’: M x N —~ T which, just as 7, satisfies the universal property of a tensor 
product of M and N over R. Indeed, if 6: M x N —~ F is an R-bilinear map 
to some R-module E, there exists an R-linear map y: M ®p N —— E such 
that = yor. Then the restriction y’ = y|r satisfies 6 = y’o7’. Furthermore, 
y’ is uniquely determined by this condition since, on tensors r’(x, y) for x € M, 
y EN, it is given by y'(r'(x, y)) = O(a, y). Therefore, T is a tensor product of 
M and N over R, and the uniqueness assertion in Remark 2 implies that the 
inclusion map T ——+ M ®p N is bijective so that T= M @RN. 


Corollary 5. Let («;)ier and (y;)je7 be generating systems of two R-modules 
M and N. Then (2; ® y;)ierjes 18 a generating system of M @pN. 


Proof. Given x € M and y € N, there are equations of type 
t= De A,Xj, y= S- by; 
iel jeJ 
with coefficients a,,b; € R, and we get 
TOYy= OF aizti) @ (Ss bw) = S© ajb;x; ® y;. 
i€l je ieL je 


Using Remark 4, it follows that (7; @y;)ierjez is a generating system of M@zN. 


Working with tensors, a little bit of caution is necessary. For example, we 
have 2@1 # 0 in (2Z) ®z (Z/2Z), as we will see further below. On the other 
hand, the equation 2 @ I = 0 holds in Z @z (Z/2Z) because the bilinearity of 
tensors shows 


61] 2 et 1S F= 1.9 0=0 


in Z ®z (Z/2Z). Therefore, when considering tensors, the associated tensor 
products should always be specified, unless this is clear from the context. 
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Special care is also necessary when constructing R-linear maps from a tensor 
product to another R-module. The following principle, which is a reformulation 
of the defining universal property of tensor products, is useful: 


Remark 6. Let M,N be R-modules and (Zz,y)cemyen & family of elements of 
some R-module E. 

(i) If p: M@rN —~ E is an R-linear map satisfying p(x ® y) = Zz,y for 
alae M,y EN, then is unique. 

(ii) Assume that the map ©: M x N 
R-bilinear. Then there exists an R-linear map yp: M @pr N 
P(r ®y) = zey for allxe M, ye N, and ¢ is unique by (i). 


E given by O(x,y) = Zry ts 
E such that 


It is quite practical to define R-linear maps M @ N ——+ EF using the 
assertion (ii) above, as we will see below. 


Remark 7. Let M,N, P be R-modules and F ~ R a free R-module, generated 
by a single element e. Then there exist canonical isomorphisms of R-modules 


FQ@rM —~- M, ae @ &}—> az, 
M®@rN —~+ NORM, LOY r+ YOR, 
(M@rN)@rP + M®@z(N @rP), (x @y) @z-+ © (y@z). 


Proof. In all three cases the construction of the required isomorphism is accom- 
plished in more or less the same way. We keep the third assertion, which is a 
bit more laborious than the others, for Exercise 1 below and discuss only the 
first assertion here. The map 


Fx M — MM, (ae, x) H— ax, 
is R-bilinear and, thus, induces a well-defined R-linear map 
yp: F @p M—+M_ where ae®x+— az. 
Moreover, we can consider the R-linear map 
w: M—+ F@rM, Lt—+ €@ex. 
Then, clearly, yo w = idy and also 
wo y(ae® x) = v(ar) =e @ (ax) =a(e®z) =aeQu 


fora € R, « € M. Thus, y and w are mutually inverse to each other and 
therefore bijective. 


As an application, we see immediately that the tensor 2@1 € 2Z@zZ/2Z is 
non-trivial, as claimed above. Indeed, the isomorphism 2Z@7Z/2Z —~+ Z/2Z 
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obtained from Remark 7 maps the tensor 2 @ 1 to the residue class 1 4 0 in 
Z/2Z. 


Proposition 8. Let (M;)ic7 be a family of R-modules and N another R-module. 
Then there exists a canonical isomorphism 


iS M,) @rN —~- BM @rN), (xi)ier @ y -— (2 ® y)ier- 


iel i€l 
Proof. The map 

(BM) xN— QBUhenN), — ((eiiery) + (@@ yhier, 

iel i€l 
is R-bilinear and, thus, induces an R-linear map 
2: (QM) ae2N — Bum an) 
tel iel 

of the type mentioned in the assertion. To exhibit an inverse of y, look at the 


inclusion maps M; —> @,-,; Mi, for j € J, and at the induced maps 


M; x N—+ (@M) x N — (QM) ey. 
jel i€l 
These are R-bilinear and therefore give rise to R-linear maps 
bj: My @n N —> (CM) en, jel, 
i€l 
and, hence, to an R-linear map 


b: (Mi @2N)— (Mi) e@eN, (wien + Yo vil)- 


tel wel tel 


It is easily checked that y and wW are inverse to each other. 


Corollary 9. Let M be an R-module with a free generating system (2;)ier. 
Then, for any R-module N, there are isomorphisms 


M @pN ~ P(Rxj @p N) ~ N. 


ier 


Proof. Since (x;)ier is a free generating system of M, we have M = @,., Raj. 
Therefore the first isomorphism follows from Proposition 8 and, since Rx; ~ R, 
the second from Remark 7. 


Exercises 


1. Associativity of tensor products: As claimed in Remark 7, show that there is a 
canonical isomorphism of R-modules (M@rpN)®@rP + M ®@®r(N®rP) for 
given R-modules M, N, P. 
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2. n-fold tensor products: Let My,,..., My be R-modules, n > 1. Show that there 
exists an R-multilinear map 7: Mj, x...x Mp, —~+ T into some R-module T such 
that the following universal property is satisfied: For every R-multilinear map 
@®: M, x... x M, —~ E into some R-module F, there is a unique morphism of 
R-modules y: T —+ E such that 6 = yor. We write T = Mi @r...®r Mn 
and call this the tensor product of the R-modules M;. 


3. For R-modules M, N, E show that there are canonical isomorphisms of R-modules 
Hompr(M,Home(N, £)) ~ Homey(M Spe N, E) ~ Home(N, Home(M, £)). 


4. Let m,n € Z be prime to each other. Show Z/mZ @z Z/nZ = 0. 
5. Show dimg (V ®xK W) = dimg V-dimx W for vector spaces V,W over a field K. 


6. Let o: R —+ R’ be a ring morphism and consider R’-modules M’, N’. Given 
any R’-module E’, write E/p, for the module obtained from E’ by viewing it 
as an R-module via o. Show that there is a canonical morphism of R-modules 
Mir @r Nir —+> (M' ®R N‘)/p and that the latter is surjective. 


7. Compatibility of tensor products with cartesian products: Let (Mi)ier be a family 
of R-modules and N another R-module. Show that there is a canonical morphism 
of R-modules 2: ([],e7 Mi) @n N — [je7(Mi @p N) and that the latter is an 
isomorphism if J is finite. Show that » does not need to be injective nor surjective 
if I is infinite. Hint: Take J = N, R = Z, and N = Q. Choose a prime p € N 
and set M; = Z/p'Z for 7 € N to show that will not be injective. Furthermore, 
taking M; = Z for alli € N, it is seen that \ is not surjective. 
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Given two morphisms of R-modules y: M ——~ M' and w: N ——+ N’, their 
tensor product over R is defined as the R-linear map 


y@y:M@rN—+M'@RN', r@yt— v(z) @vly), 


which is well-defined, due to the fact that the map M x N M' Sr QN', 
(x,y) H— (x) @ w(y), is R-bilinear in x and y. In particular, we can consider 
the tensor product 


yp ®@idy: M @p N —+ M'@pN 


of an R-linear map y: M ——+ M’ with the identity map idy: N ——~ N on 
any R-module N. Thereby we tensor y with N over R, as we will say. In the 
same way, we can tensor sequences of R-linear maps with N. As is easily seen, 
the process of tensoring R-linear maps with an R-module N commutes with the 
composition of such maps. 


Proposition 1. Let 


vy 


M’ ?.M > iM" 0 


be an exact sequence of R-modules. Then, for any R-module N, the sequence 
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M' @pN 228% Me@pN 2% MY" @pN 0 


obtained by tensoring with N is exact. The property is referred to as the right 
exactness of tensor products. 


Proof. First observe that im(y ® idy) C ker(¢ @ idy) since 
() @ idy) o (p @ id) = (Wo y) @idy = 0. 


Therefore ~ ® idy admits the factorization 


Ww@idn 


M SRN M" @pN 


v 
(M ®pz N)/im(y ® idy) 
and we see: 


im(y @ idy) = ker(7) @idy) <= > Wis injective 


wv @idy is surjective <=> W is surjective 


Thus, in order to finish the proof of the proposition, it remains to show that W 
is an isomorphism. 
Looking for an inverse of W, let us consider the map 


o: M”x N—+(M®@pRN)/im(y@idn), — (2"”,y) RH 2") By, 


where 1(2”) € M denotes an arbitrary w~-preimage of 2” € M”. We claim 
that o is well-defined in the sense that it is independent of the choices of the 
w-preimages 1(x""). Indeed, if 71,272 € M are two w-preimages of some element 
xv” € M", we can conclude 71 @y = X%2®@ y for all y € N as follows. Since 
r1,%2 Ew '(2"), we get v1 — r2 € kerw = imy, and there will exist some 
x’ € M’ such that x, — x2 = y(a’). But then it follows 


11 @y — 22 @y = (€41 — Xo) @y = Y(2') @y = (y @ idn)(x’ @ y) = 0. 


This being done, it is easy to see that a is R-bilinear. Indeed, consider two 
elements 2,25 € M” with w-preimages w(x1), e(ag) € M. Then (a7) + (x4) is 
a w-preimage of x! +25 and we may assume U(x + 23) = u(xf) +(x), thereby 
obtaining 


o(a{ + 29, y) = at + £4) @ y = (u(x) + (29) @y 
= U(x) @ y + (23) @ y = (21, y) + o(x3,y). 


Likewise, for a € R, we may assume (az'{) = av(x) and see 


a(axy,y) = L(ar{) @ y = (a(x7)) @ y = a(u(z7) @ y) = aa(z7, y). 
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Therefore o is R-linear in the first argument and, for trivial reasons, also in the 
second one. 
As a consequence, o induces an R-linear map 


p: M" @p N —+ (M @g N)/im(¢ @ idy), x" @yt+— ux") @y, 
which is related to W as follows: 


zt! @y 


uz") @y —_ x" @y 
p 


[= [> 


rQy Lowry @y=r@y 
In particular, we get Yo p = id as well as po W = id, and W is an isomorphism, 
thereby concluding our proof. 

We want to sketch a second argument of proof, which is more conceptual, 
but a bit more advanced. It uses the functor Hom, briefly touched in Section 1.4 
and to be explained in more detail in Section 5.3, as well as its left exactness; 
for the concept of functors, see Section 4.5. We start out from the commutative 
diagram 


M’ @pN 2% MeN coker(y ® idy) 0 
a | 
Sp irene ee Ww 0 


where the first row is the exact sequence associated to the morphism y ® idy 
and the second one satisfies at least the complex property. As before, we have 
to show that W is an isomorphism. To do this fix any R-module FE and apply 
the functor hz = Homa(-,£) to the above diagram, thereby obtaining the 
commutative diagram 


0 ————_ hp(M" @r N) hr( (M @r N) he(M' @r N) 
Me | | 
0 hp(coker(y @ idy)) hp(M @z N) he(M’ @rN). 


The second row is exact since the contravariant functor hy = Homa(-, E) is 
left exact in the sense that it turns right exact sequences into left exact ones; 
see Section 5.3. We claim that the first row is exact as well and, hence, that 
hg(W) will be an isomorphism. Indeed, using the universal property of the tensor 
product, we can identify the first row with the canonical sequence 


0 —~ Bilp(M” x N, FE) —~ Bilr(M x N, E) —— Bilg(M’ x N, E) 
of R-bilinear maps to EF. Since there is a natural identification 


Bilp(M x N, £) = Home(M, Hom,(N, E)) 
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and similarly for M’ and M” (see Exercise 4.1/3), the latter sequence may be 
viewed as the sequence 

0 —* hngc)(M") — Bnecy(M) — Pago (M’) 


derived from M’ > M > iM" > 0 by applying the functor hp,.(v). This 
functor is left exact. Hence, it follows that, indeed, the first row in the above 
diagram is exact so that the map 


hp(W): he(M” Sr N) —- hr (coker(p & idy)) 


is an isomorphism. Now observe that this holds for every R-module E and that 
then W: coker(y@idy) —+ M”@pN must be an isomorphism as well. Indeed, 
taking E = coker(y @ idy), the map p € hzg(M” ®pr N) corresponding to the 
identity map in hg(F) will satisfy po W = id, whereas the relation Yo p = id 
follows with the help of the isomorphism hg(W) for E = M" @p N. 


As an application, let us consider two R-modules M,N and a submodule 
M' Cc M. In order to give a description of the tensor product (M/M') @p N 
look at the canonical exact sequence 


Me Me. Miu 0 


and tensor it over R with N, thereby obtaining the exact sequence 


M' @pN 22. M @p N TO (M/M') @pN 0. 


The latter induces an isomorphism 
(M ®r N)/im(y @ idy) +> (M/M') @rN, LOyH—+ F@y, 


where, as we want to point out, the tensor product map y ® idy will not be 
injective in general, even if y: M’ —-+ M has this property, as in our case. Thus, 
in most cases, it is not permitted to view M’@p N as a submodule of M @pN, 
since we cannot generally identify M’®pN with its image im(y@idy). A typical 
example of this kind is given by the canonical inclusion map y: 2Z —— Z. 
Namely, applying the isomorphism 2Z ~ Z in terms of Z-modules, the tensor 
product map ¢ @ id: 2Z ®z Z/2Z ——~- Z @z Z/2Z corresponds to the zero map 
0: Z/2Z —+ Z/2Z. 

Let us add that the situation can be described in more explicit terms if we 
tensor the inclusion map of some ideal a ——~ R with an R-module N: 


Corollary 2. Let N be an R-module and a C R an ‘deal. Then there is a 
commutative diagram with exact rows 


a@p N —+ R@r N —~ R/a®rN 0 
aa: 
0 >aN > N > N/aN 0, 
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where T' is surjective, T is the canonical isomorphism of 4.1/7, and 7” is the 
isomorphism induced from T. In particular, there is a canonical isomorphism 


R/a@rN —~+ N/aN, FQ UH Fa. 


Proof. The upper row of the diagram is obtained by tensoring the exact sequence 
a >R ~ R/a > 0 over R with N. Hence, by Proposition 1, it is exact. 
For the remaining part of the assertion, consider the isomorphism 


T: R@ORN —~ N, r@QxLxr—rz, 


of 4.1/7 and observe that it maps the image of a®@pz N ——~ R @p N onto the 
submodule aN CN. 


We take the phenomenon that an injective morphism of R-modules might 
not remain injective when tensoring it with some R-module N, as reason to 
introduce the notion of flatness for modules. 


Definition 3. An R-module N is called flat if for every monomorphism of 
R-modules M' —+ M the map M' @p N —+ M @zN obtained by tensoring 
over R with N is injective. A ring homomorphism yp: R —— R’' is called flat 
if R’, viewed as an R-module via y, is flat. 


For example, it follows from 4.1/7 that any ring viewed as a module over 
itself is flat. Furthermore, the direct sum of flat modules is flat by 4.1/8. In 
particular, any free module is flat. 


Proposition 4. For an R-module N the following conditions are equivalent: 
(i) N is flat. 
(ii) If 0 » M’ > M ~ M" + 0 ts a short exact sequence of 
R-modules, the sequence 


0 —+ M'@r N —+ M @z N —~+ M" @p N —-0 


obtained by tensoring over R with N is exact. 
(iii) If M'’ —-- M —~ M" is an exact sequence of R-modules, the sequence 


M' @p N —~+ M @p N —+ M" @pN 
obtained by tensoring over R with N is exact. 


Proof. Using the definition of flatness, the implication (i) => (ii) follows imme- 
diately from Proposition 1. 

Next, assume condition (ii). In order to derive (iii), consider an exact se- 
quence M’ —*+ M —’. M" and look at the associated commutative diagram 
with exact rows: 
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M' imy 0 
7) 
0 ker w > M >imw 0 
p 
0 im y ———+ M” 


Since the first and the third rows can be completed to form short exact se- 
quences, it follows from (ii) that the diagram 


M' @pN — imy@®rN 0 


g@idn 


0 ——_+ kery @g N —> M @e N —~ imy @®eR N 


Y@idn 


0 —— imw @®r N — M” @RN 
obtained by tensoring over R with N has exact rows as well. In particular, the 
sequence 

M' @pN 8%. M@pN  M" @2N 
is exact. 
Finally, the implication (iii) ==> (i) is trivial. 


If M is an R-module and M’ ——+ M a submodule, then, for any flat 
R-module N, the map M’ @p N M ®prN obtained by tensoring over R 
with N remains injective. Thus, in this case, M’®pN can canonically be viewed 
as a submodule of M ®@R N. 


Corollary 5. Let N be a flat R-module and py: M —+ M' a morphism of 
R-modules. Then the tensor product -®p N commutes with the formation of 
ker y, coker y and im y, t.e. there are canonical isomorphisms of R-modules 


(ker y) @p N —~> ker(y @ idy), (coker y) @p N —~+ coker(y @ idy), 
(imy)@rN —~+ im(y @ idy). 


Proof. The claimed isomorphisms are worked out by tensoring the exact se- 
quence 
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0 > ker yp ~-M—*. mM! + coker py —+ 0, 


as well as the diagram 


>imy > 0 


0 >imy > M', 
over R with N, using the fact that exact sequences remain exact when tensoring 
them with a flat module. 


Proposition 6. Let (N;)ier be a family of R-modules. The direct sum ®j<, Ni 
is flat if and only if N; is flat for alli € I. 


Proof. Use the fact (4.1/8) that the tensor product commutes with direct sums. 


Applying the canonical isomorphism M @p R —~+ M from 4.1/7 to 
R-modules M and their submodules, it is easily seen that R, as an R-module, 
is flat. Therefore the above proposition shows that the direct sum R, for an 
arbitrary index set J, is a flat R-module. In other words, every free R-module is 
flat. Likewise, any polynomial ring R[X], for a set of variables X, is flat over R. 


Proposition 7. Let N be an R-module. 

(i) If N is flat and a € R is not a zero divisor in R, then an equation 
ax =0 for some x € N implies x = 0. 

(ii) If R is a principal ideal domain, N is flat if and only if any equation 
ax =0 foraeé Rand x«eéN implies a=0 or x =0. 


Proof. Starting with assertion (i), assume that a € R is not a zero divisor. Then 
the map R —— R, r +—~ ar, is injective and, for any flat R-module N, the 
map 

Rp N —~ R@RN, r@xr-— ar @z, 


obtained by tensoring over R with N has the same property. Now apply 4.1/7 
and identify R@pz N with N via r ® « +—+ ra. We thereby see that the map 
N —+ N, x +—~+ a2, is injective, as claimed. 

Next assume that R is a principal ideal domain. Then no element in R—{0} 
is a zero divisor and the only-if part of (ii) follows from (i). Thus, it remains to 
show that N is flat if an equation of type ax = 0 for some elements a € R and 
x € N can only hold if a = 0 or x = 0; the latter corresponds to the condition 
of N being torsion-free. Now if N is finitely generated, the structure theorem 
for finitely generated modules over principal ideal domains (see [3], Section 2.9) 
says that N is free and, hence, flat. 

Using the lemma below, this argument extends to the case where N is not 
necessarily finitely generated. Indeed, consider a monomorphism of R-modules 


yp: M' ——+ M and an element z = )),.,7; ® y; belonging to the kernel of 
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p@idy: M’@pzN —+ M@pN. Then 9),-; o(2i) ® yi, viewed as an element in 
M ®r N, is zero. Therefore Lemma 8 provides a finitely generated submodule 
N' CN such that, looking at the canonical commutative diagram 


M' @pN’ 2"™ M@pN’ 


M' @pN 22%. MaaN , 


the element z € ker(y@idy) admits a preimage z’ € ker(y@idy-). But we know 
already that y ® idy must be injective, since N’ is finitely generated. Hence, 
z' = 0 and therefore also z = 0 so that y ® idy is injective. It follows that N is 
a flat R-module. 


Lemma 8. Let M,N be two R-modules and consider an equation of type 
Vier Ti ® Yi = 0 for some elements x; € M, y; © N, and a finite index set I. 
Then there exist finitely generated submodules M’ C M and N' C N such that 
x, € M',y;, € N' for alli € I, and such that the equation >) <i ® yi = 0 holds 
already in M' @pN’. 


Proof. Look back at the construction of M@ zp N as a quotient R(™*%) /Q, where 
R™™*N) is the free R-module generated by all symbols (x, y) with a € M,y ¢ N 
and where Q Cc R(™*%) is the submodule generated by all relations that are 
needed in order to render the symbols (x,y) R-linear in both arguments. Then 
Vier Vi® yi = 0 is equivalent to >) ,<;(@i, yi) € Q. Now choose finitely generated 
submodules M’ Cc M and N’ C N that are sufficiently large in order to satisfy 
the following conditions: 

(Ogee iM gee N’ for allaest. 

(2) All generators of Q that are needed to write )7,<;(%, yi) as an R-linear 
combination of these, are contained in Q’, where Q’ stands for module of rela- 
tions needed for the construction of the tensor product M’@pN! = ROW*N) /Q!, 

Then, clearly, 0 ,<(%i, yi) € Q’ and therefore >7,.,7;®y; =O in M'@rN’. 


Regarding the above proof, one may ask if it is really necessary to go back 
to the explicit construction of tensor products. Indeed, it must be admitted that 
this is only an ad hoc solution at this place. A more rigorous approach would 
establish the compatibility of tensor products with so-called inductive limits, as 
considered in Section 6.4. 

Alternatively, the proof of Proposition 7 (ii) can also be settled by using 
the following criterion of flatness (for a proof see 5.2/8): 


Proposition 9. An R-module N (over an arbitrary ring R) is flat if and only 
if for every inclusion a ——+ R where a is an ideal in R, the induced map 
a®p N —+ R@pN is injective. 
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Indeed, if R is a principal ideal domain, every ideal a C R is principal, say 
a = (a) with a generator a € a. If a is non-trivial, then a, as an R-module, 
admits a as a free generating system and, thus, is isomorphic to R. Looking at 
the canonical isomorphisms 


(a)@rN —~ N, raQ@ut— ra, 
ROepN ~ NN, rQxL“_—1Te2, 


of 4.1/7, it follows that the injectivity of the canonical map a®p N —+ R@RN 
is equivalent to the injectivity of the multiplication by a on N. 

Finally, let us introduce the notion of faithful flatness, which is a certain 
strengthening of flatness. 


Definition 10. An R-module N is called faithfully flat of the following condi- 
tions are satisfied: 

(i) N is flat. 

(ii) If M is an R-module such that M ®p N =0, then M =0. 

A ring homomorphism yp: R ——+ R' is called faithfully flat if R’, viewed 
as an R-module via vy, ts faithfully flat. 


In particular, condition (ii) implies that a faithfully flat module over a ring 
R #0 must be non-zero. 


Proposition 11. For an R-module N, the following conditions are equivalent: 
(i) N is faithfully flat. 

(ii) N is flat and, given a morphism of R-modules yp: M'’ —-+ M such that 
yp @idy: M’ @e N —+ M @z N is the zero morphism, then p = 0. 

(iii) A sequence of R-modules M’ —_- M M” is exact if and only if 
the sequence M' ®p N —+ M pz N —+ M" @RN obtained by tensoring over 
R with N is exact. 

(iv) N is flat and, for every maximal ideal m C R, we have mN # N. 


Proof. We will freely use the fact that, according to Corollary 5, the tensor 
product with a flat R-module N is compatible with the formation of kernels 
and images of R-module homomorphisms. Starting with the implication from 
(i) to (ii), assume that N is faithfully flat and let g: M’ —-- M be a morphism 
of R-modules. Then y = 0 is equivalent to imy = 0 and, hence, using (i), to 
im(y @ idy) = (imy) ®r N = 0, thus, to yp @ idy = 0. 

A sequence of R-module homomorphisms M’ —>+ M —’. M" is exact if 
and only if we have im(y ow) = 0 and the canonical map ker y —> ker w/imy 
is zero. Given (ii), this is equivalent to 


im((v @ idy) o (p @idy)) = im((# 0 y) ® idy) =0 
and the condition that 


ker} @z N —~+ (kery/imy) ®p N = (kery @p N)/(imy @p N) 
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is the zero map, hence to imy @p N = kerw @p N. Therefore (ii) implies 
condition (iii). 

Next assume (iii). To derive (i), observe that tensoring with N over R 
respects exact sequences then. Hence, N is flat. In order to show that N is even 
faithfully flat, consider an R-module M satisfying M @p N = 0. This implies 
that tensoring the sequence 0 ——+ M —— 0 over R with N yields an exact 
sequence 0) ——+ M ®p N ——~ 0. But then, given condition (iii), the sequence 
0 —+ M —- 0 must be exact and we get M = 0. 

Now, let us assume (i) and derive (iv). If m C R is a maximal ideal, the 
quotient R/m is non-zero. Hence, by Corollary 2, the faithful flatness of N yields 


N/mN ~ N @R R/m £0 


and therefore mN 4 N. Thus, (iv) is clear. 

It remains to establish the implication (iv) => (i). To do this, assume that 
N is flat and that N/mN ~ N ®p R/m F¥ 0 for all maximal ideals m C R. 
We will show that the tensor product M ®,p N is non-trivial for every non- 
trivial R-module M # 0. Therefore, let M be a non-trivial R-module and let 
x € M — {0}. Looking at the submodule M’ = Rx C M and the epimorphism 


R— M’, at}— ax, 


as well as the corresponding kernel a C R, we get an isomorphism of R-modules 
R/a —~+ M’. The inclusion M’ Cc M induces a monomorphism 


(R/a)@rN ~ M’' @pN—+ MORN 


since N is flat. Thus, to show that M ®p N is non-trivial, it is enough to show 
that (R/a) @p N is non-trivial. Now R/a ~ M' is non-zero by its definition. 
Hence, a C R is a proper ideal and there exists a maximal ideal m C R such 
that a C m. Considering the commutative diagram with exact rows 


(R/a) @p N — (R/m) QrN 


N/aN N/mN 


0 


0, 
where N/mN #4 0 by (iv), we get 


(R/a) @pN ~N/aN £0, 


as desired. 


We can conclude from Proposition 11 that any ring, viewed as a module 
over itself, is faithfully flat, as it is flat anyway. In particular, a free module over 
a non-zero ring is faithfully flat if and only if it is non-zero. 
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Exercises 


1. 


10. 


Let M’—*. mM —*. M” as well as N’ + N —*+ N” be morphisms of 


R-modules. Show that the resulting morphisms M’ @p N’ —+ M" @p N” given 
by (po y’) @ (po yp’) and (y @ p) o (y’ @ y’) coincide. 


. Let M be an R-module such that each finitely generated submodule of M is flat. 


Show that M is flat itself. 
Let M,N be flat R-modules. Show that M @pz N is a flat R-module. 


Let M be a module over an integral domain R such that the annihilator ideal 
{a € R; aM =0} C Ris non-zero. Show that M cannot be flat. 


Consider the polynomial ring K LX, Y ] in two variables over a field kK. Show that 
the ideals (X),(Y),(XY) C K[X,Y] are faithfully flat kK LX, Y]-modules, but 
that the ideal (X,Y) C K[X,Y’] fails to be flat. Hint: There is a canonical exact 
sequence of [X,Y ]-modules 0 —~ (XY) > (X)@(Y) > (X,Y) —— 0. 


Let (Mi)ier be a family of R-modules. Show that the direct sum Bier M; is 
faithfully flat if and only if all M; are flat and at least one of these is faithfully 
flat. 


Let y: R —~ R’ be a flat ring morphism. Show that y is faithfully flat if and 
only if the associated map Spec R’ —-> Spec R, p’ + p’/ R, is surjective. 
Let P be a projective R-module (in the sense that there exists another R-module 
P’ such that P @ P’ is free). Show that P is flat. 

Let (Mi)ier be a family of R-modules and N an R-module of finite presentation. 
Show that the canonical morphism : ([],-, Mi) @p N —+ [],e7(Mi @r N) of 
Exercise 4.1/7 is an isomorphism. 

Let 0 > M’ > M > M" + 0 be a short exact sequence of R-modules 
where M” is flat. Show that the resulting sequence 


0 —+ M' @p N —+ M ®rp N —~ M" @p N —+ 0 


is exact for all R-modules N. Hint: View N as a quotient of a free R-module 
and use diagram chase. It is not necessary to apply the theory of Tor modules, 
as done later in 5.2/9. 
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Let y: R ——+ R’ be a ring homomorphism and N’ an R’-module. Then N’ 
can be viewed as an R-module via y; just look at N’ as an additive group and 
define the scalar multiplication by rz’ = y(r)a’ for elements r € Rand wv’ € N’, 
where y(r)a’ is the product on N’ as an R’-module. We say that the R-module 
structure on N’ is obtained by restriction of coefficients with respect to y. In 
particular, R’ itself can be viewed as an R-module via y, and we see that the 
tensor product M ®p R’, for any R-module M, makes sense as an R-module. 
It is easily seen that MM ®p R’ can even be viewed as an R’-module. Indeed, let 
a’ € R’ and consider the R-bilinear map 
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M x R' —~M@pR, (z,0') + r@a, 
as well as the induced R-linear map 
M @p RP’ —~M@PR, rQ@uvr+zreal. 


Taking the latter as multiplication by a’ € R’ on M ®p R’, it is straightforward 
to see that the additive group M @p R’ becomes an R’-module this way. We 
say that M @p R’, viewed as an R’-module, is obtained from M by extension of 
coefficients with respect to y. More generally, given any R’-module N’, we can 
view the tensor product M ®pr N’ as an R’-module, just by using the map 


R' x (M @pz N') —+M @eN’, (a’,rz@y')H> re@ay, 
as scalar multiplication. 


Remark 1. Let y: R —~ R' be a ring homomorphism and M an R-module. 
(i) If (vi)ier is a generating system of M over R, then (x; ® l)ier is a 
generating system of M @p FR’ over R’. 
(ii) If (vi)icr ts a free generating system of M over R, then (4; @ l)iey is a 
free generating system of M @p R' over R’. 


Proof. Assertion (i) is verified by direct computation, whereas assertion (ii) is a 
consequence of 4.1/9. 


Remark 2. Let R ——+ R' ——~ R" be ring morphisms and M an R-module. 
Then there is a canonical isomorphism of R"-modules 


(M @p PR’) @p R" ~+ M Oz R’, (x @ a’) @a" ++ x @a'a". 
Similarly, for any R'-module N' there is a canonical isomorphism of R'-modules 


(M @p BR’) @p N’ —~+ MORN’, (x@a)@y+—-2r@ay’. 


Proof. Starting with the second assertion, fix y’ € N’ and observe that the map 
M x R'—- M @zpQN', (z,a’) -+2@a'y’, 

is R-bilinear. Thus, it induces a map 
M @r FR’ —+MerRN', r@dt—+zre@ay, 


which is R-linear, and even R’-linear. Therefore we can consider the R’-bilinear 
map 


(M@nR)xN'—-M@aN', ((e@a),y)t—~ cea, 


as well as the induced R’-linear map 
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(M @p R') @p N' —~M @RN', (x@a')@y ++ r@ay’. 
The latter is an isomorphism, since the map 
M @p N' —+ (M @R PR) OR N’, r@yt—~(t#@ljey’, 


serves as an inverse. 
Now, replacing N’ by R”, viewed as an R’-module via R’ —-+ R”, the above 
argument yields an isomorphism of R’-modules 


(M @p PR’) @p R” —~+ M @z R", (x @a') @a"t-+ r@a'a", 


and it is easily seen that the latter is even R’-linear. 


Next we want to generalize the process of localization from rings to modules. 
To do this, consider an R-module M and a multiplicative system S C R. Then 


6“ ” 


we define a relation “~ ” on M x S as follows: 


(x, 8) ~ (a’,s') <=> _ there is some t € S such that (xs’ — x’s)t = 0 
As in the case of localization of rings, one shows that “ ~ ” satisfies the condi- 
tions of an equivalence relation. Writing ¢ for the equivalence class of an element 


(x,s) € M x S and 
L 


Ms = { 
for the set of all these equivalence classes, it is easily checked that My is an 
Rs-module under the rules of fractional arithmetic. We call Mg the localization 
of M by S. Similarly as in the case of rings, we write M, instead of Mp_y if p is 
a prime ideal in R, as well as My; for the localization of M by the multiplicative 
system {1, f', f?,...} generated from a single element f € R. 


eM, sesh 
s 


Proposition 3. Let S Cc R be a multiplicative system. Then: 
(i) R —+ Reg is flat, i.e. Rg is a flat R-module via R —-~ Rg. 
(ii) For every R-module M, there is a canonical isomorphism 


M®rRs —>+ Ms, (co) = 


Proof. Let us start with assertion (ii). Since we have so far skipped the details of 
viewing Mg as an Rg-module, let us examine this structure more closely now. 
The R-bilinear map 


M x Rg —~ Ms, (7, =) =, 
Ss 


is well-defined. Indeed, any equation ¢ = 2 for elements a,a’ € Rand s,s’ € S$ 
where (as’ — a’s)t = 0 for some ¢ € S, implies (xas’ — xa’s)t = 0 and, thus, 
@ ve Therefore the above map induces an R-linear map 


8s 
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yp: M ®r Rs —— Ms, r@-hr>+ —, 


which, clearly, is even Rg-linear. In order to show that vy is an isomorphism, we 
try to define an Rg-linear inverse by 


x 1 
w: Mg —~ M @pe Rg, eo eae 


Obviously, ~ is an inverse of y, peovsed we can show that it is well-defined. 
To justify the latter, assume 7 = © for elements x, 2’ € M and s,s’ € S, say 


(xs' — x's)t = 0 for some t € S. This yields 
1 1 
(2 @--2'® <) ss't = (ts' @1— 2's @ 1)t = ((as' — sa’)t) @1 =0. 
s s 


Using the fact that M @pR Rg is an Rs-module and the product ss’t is a unit in 
Rg, we get 

1 ee 

r@--x#@—=0. 

S $s 

Hence, w is well-defined. 
It remains to justify assertion (i). To do this, let a: M’ —~ M be a mono- 

morphism of R-modules. We have to show that the map obtained by tensoring 
with Rg over R or, applying (ii), the map 


og: Mg —~ Ms, en gee 


is injective. To do this, consider elements 4 € M' and s € S where os(2) = 0 
and, hence, ote) = 0. Then there is some t € S such that o(tx) = to(x) = 0, 
and we can conclude tx = 0 since o is injective. But then we must have = = 0 
in M¢, as desired. 


As an application of the localization of modules, we want to give a local 
characterization of flatness. Such a characterization will be of special interest 
later, when dealing with flat morphisms of schemes; see for example 8.5/17. We 
begin with a simple auxiliary result. 


Lemma 4. For any R-module M the canonical map 


M—+ |[ Mn 


mespm R 


into the cartesian product of all localizations of M by maximal ideals m C R is 
injective. In particular, M =0 if My = 0 for all m © Spec R. 


Proof. Consider an element x € M whose image in My is trivial for all maximal 
ideals m C R. Then the module analogue of 1.2/4 (i) shows for every such m 
that there is an element a, € R—m satisfying ra, = 0. Since the elements dy, 
for m € Spm R generate the unit ideal in R, we must have x = 0. 
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Proposition 5. For a ring homomorphism py: R —~ R! and an R'-module N 
the following conditions are equivalent: 
(i) N is flat when viewed as an R-module via vp. 
(ii) For every maximal ideal m' C R’ the localization Nw is a flat R-module. 
(iii) For every maximal ideal mW’ C R’ the localization Nw is a flat Ry-module, 
where m = p'(m’). 
The same equivalences are valid for prime ideals p' C R' in place of maximal 
ideals. 


Proof. Let N be a flat R-module as in (i) and fix a maximal ideal (or a prime 
ideal) m’ C R’. To show that the localization Nw is a flat R-module, look at 
a monomorphism of R-modules M’ ——+ M. Then the derived morphism of 
R-modules M’ ®p N ——~ M ®p N is injective, since N is flat over R. Further- 
more, Rj, is flat over R’ by Proposition 3. Consequently, using the associativity 
of tensor products, the morphism of R-modules 


M' @r Na = M' @rpN Op fy —+ M ®rRN @pr nee, = M ®r Nw 


is injective and we see that Ny is a flat R-module. Thus, (i) implies (ii). 

Next let us show that (ii) is equivalent to (iii). Assume first that Nm is a 
flat R-module for a certain maximal ideal (resp. prime ideal) m’ C R’. Since 
y induces a ring morphism Ry ——+ R/, for m = y~!(nv), it is clear that Nw 
can be viewed as an Ry-module. Now if MM’ -—~ M is a monomorphism of 
R»-modules, the flatness of Nyy over R yields a monomorphism of R-modules 


M’ @p Nw — > M @p Ny. 


Using the fact that M’ and M are already R,,-modules, the canonical mor- 
phism M’ @p Ry ——> M' as well as the corresponding one for M in place of 
M’ are isomorphisms. Therefore, in conjunction with Remark 2, the preceding 
monomorphism can be written in the form 


M' @r, Nw = (M’ @r Rn) @r_ Naw —> (M @r Rn) @r, Nm = M Or, Nw 


and we see that Nw is a flat R»-module. Conversely, if the latter is the case, 
choose a monomorphism of R-modules M’ ——+ M. Localizing it at m yields a 
monomorphism of Rm-modules M/, —+ My and tensoring it with Nw over Rn 
yields a monomorphism 


M’ ®r Rn @Rm Ni = M, @Rm Nm’ —- Mn @Rn Nm =: M ®r Rn @Rm Nm 


if Nw is flat over R,. But then, applying Remark 2 again, the canonical mor- 
phism M’ @r Ny ——+ M @®p Ny is injective and we see that Ny is flat over 
R. 

It remains to show that (ii) implies (i). So assume that Ny is a flat R-module 
for all maximal ideals m’ C R’. Choosing a monomorphism of R-modules 
M' ——- M, there is a canonical commutative diagram 
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M' @rN M@rRN 


II (M' @r N) im —> II (M@rN)w , 


m’e€Spm R’ m’€Spm R’ 
where M’ ®p N and M ®p N are viewed as R’-modules via N and the vertical 
maps are injective by Lemma 4. Using the isomorphisms 


(M’ @rN)m &% M' @rN Op Ry M' Or Nw, m’ € Spm RF’, 


and the same ones with M’ replaced by M, we conclude that in the above 
diagram the lower horizontal map is injective. Therefore the same will be true 
for the upper one and we see that N is a flat R-module. 


Finally, let us briefly address the subject of tensor products of R-algebras. 
Recall from 1.4/3 and the explanations following it that an R-algebra may be 
defined as a ring A together with a ring homomorphism f: R ——~ A. We will 
say that A is an R-algebra via f. In particular, there is an underlying structure of 
an R-module on A. An R-algebra homomorphism between two such R-algebras 
R — A’ and R ——- A” is defined as a ring homomorphism A’ ——~ A” 
that is compatible with the structures of A’, A” as R-algebras; i.e. such that the 
diagram 


A” 
R 
is commutative. Furthermore, the tensor product A’ ®p A” of two R-algebras 


A’ and A” can be constructed in the setting of R-modules, but is also a ring 
under the multiplication 


A’ 


(a@ b)-(c@d) =ac® bd, 
which is easily seen to be well-defined. Therefore, via the canonical map 
R— A’ @p A", ath ~+a®l=1®8a, 


the tensor product A’ @p A” is an R-algebra again. 


Lemma 6. Let A’ and A” be R-algebras. Then the canonical R-algebra homo- 
morphisms 


gi A AeA" gti Sa ee. 
go”: A” A’ Qr A", ql’ 1@ a”, 


enjoy the following universal property: 

For any two R-algebra homomorphisms y': A! —+ A and y": A” —~+ A, 
there is a unique R-algebra homomorphism vy: A' ®p A” —— A such that the 
diagram 
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is commutative. 


Proof. The uniqueness of y follows from the equation 
ela’ a") = o((a' @1)-(L@a")) = la @1)-y(1ea") = (a) g"(a") 
for a’ € A’, a" € A". To show the existence of y, look at the R-bilinear map 
A’ x A” —-+ A, (a’,a”) + y'(a’) - g(a"), 
which induces an R-linear map 
yp: A! @p A” —~+ A, a’ @a" ++ y'(a’)- y"(a"). 


It is easily checked that y is an R-algebra homomorphism, making the diagram 
mentioned in the assertion commutative. 


As an application, let us discuss the extension of coefficients for polynomial 
rings. 


Proposition 7. Let R’ be an R-algebra, X a system of variables anda Cc R[X] 
an ideal. Then there are canonical isomorphisms of R'-algebras 


R[X]@p PR —~ R'[X], fedr-df, 
(R[X]/a) @p R’ —~+ R[X]/aR'[X],  f @a't—+ af. 


Proof. We see from Lemma 6 that the canonical maps 
gy’: R[X] —+ R'[X], gb": R' —+ RX] 
induce an R-algebra homomorphism 
y: R[X] @p RK —- R[X],  fedt—d'f. 
On the other hand, consider the homomorphism 
R' —+ R[X] @e PR, a t+ 1@d, 


which we extend to a ring homomorphism 
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R'[X] —— R[X] @r RP, X+—>+X@l, 


using the universal property of polynomial rings. It is easy to verify that y 
and 7 are mutually inverse isomorphisms and, in fact, isomorphisms of R- or 
R'-algebras. Alternatively, we could have based our argument on the fact that 
R'LX] satisfies the universal property of the tensor product R[X] @z R’, in the 
sense of R-algebras. 

For the second isomorphism use 4.2/2. 


Exercises 

1. If R is a coherent ring (1.5/8), show that any localization Rg is coherent as well. 

2. Let X = (Xi)ier be an infinite family of variables. Show that the polynomial ring 
K[X] over a field K is coherent (1.5/8), but not Noetherian. 

3. Show for ideals a,b C R that R/a@p R/b ~ R/(a+ 6). Deduce from this that 
Z/mZ@z Z/nZ ~ Z/gcd(m,n)Z for any integers m,n € Z. 

4, Show that Q(V2) @g Q(V3) is a field, whereas Q(V2) @g Q(V2) is not, because 
the latter Q-algebra is isomorphic to Q(vV2)[X]/(X? — 2) ~ Q(vV2) x Q(vV2). 

5. Show that a morphism of R-modules M ——+ N is injective (resp. surjective, 
resp. bijective) if and only if the induced morphism My ——~ Ny is injective 
(resp. surjective, resp. bijective) for all maximal ideals m C R or, alternatively, 
for all prime ideals m C R. 

6. Compatibility of tensor products with extension of coefficients: Given R-modules 
M,N and aring morphism R —+ R’, show that there is a canonical isomorphism 

(M @RN) ORR ~(M ORR’) Op (N ORR). 

7. For finitely generated modules M, N over a local ring R, show that M @r N = 0 
implies M =0 or N = 0. Hint: Use Exercise 6 above. 

8. Universal property of coefficient extensions: Let R ——+ R’ be a ring morphism 
and consider an R-module M as well as an R’-module N’. Write N i p for the 
R-module obtained from N’ by restricting coefficients to R and show that there 
is a canonical bijection 


Homp(M ®p R’, NN’) ~_ Homr(M, Nip). 


9. Let M,N be R-modules and S Cc R a multiplicative system. Show that there is 
a canonical morphism of R.s-modules 
(Homr(M, N)) , —+ Homr,(Ms, Ns) 
and that the latter is an isomorphism if MW is of finite presentation. Give an 
example where, indeed, the canonical morphism fails to be an isomorphism. 


10. Show for a finitely generated ideal a C R that the following conditions are equiv- 


alent: 
(a) R/a is flat over R. 
(b) a2 =a 


(c) a = (e) for some idempotent element e € R. 
Hint: Use Nakayama’s Lemma in the version of Exercise 1.4/5. 
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4.4 Faithfully Flat Descent of Module Properties 


For any ring homomorphism R —-+ R’, the process - @p R’ of tensoring with 
R’ over R can be viewed as an assignment that attaches to an R-module M 
the R’-module M ®p R’ and to a morphism of R-modules y: M' —— M the 
corresponding morphism of R’-modules vy @ id: M’ @R R’ M ®p R’. We 
talk about a so-called functor from the category of R-modules to the category of 
R’-modules. As will be seen in Section 4.6, the general problem of descent is, in 
some sense, to find an inverse to this process. As a preparation, categories and 
their functors will be discussed more extensively in Section 4.5. At this place 
we start descent theory by looking at several module properties that behave 
well when switching back and forth between R- and R’-modules by means of 
extension of coefficients via tensor products. 


Proposition 1. Let M be an R-module and R —+ R' a ring homomorphism. 

(i) If M is of finite type over R, then M pr R’ is of finite type over R’. 

(ii) If M is of finite presentation over R, then M @p R' is of finite presen- 
tation over R’. 

(iii) If M is a flat R-module, then M @p R’ is a flat R'-module. 

(iv) If M is a faithfully flat R-module, then M @p R' is a faithfully flat 
R’-module. 

(v) If R —— R’ is faithfully flat in the sense that R’ is a faithfully flat 
R-module via R —+ R’, then the reversed implications of (i)—(iv) hold as well. 


Proof. If 
R” —-+ M —-0 


or 
R™ > R > M > 0 

are exact sequences of R-modules, then the sequences obtained by tensoring 
with R’ over R are exact by 4.2/1. Using the fact that the isomorphisms 
R” @p RP ~ (R’)™ and R" @p R' ~ (R’)" furnished by 4.1/9 are, in fact, iso- 
morphisms of R’-modules, assertions (i) and (ii) are clear. 

Now let M be a flat R-module. To establish (iii), we have to show for every 
monomorphism of R’-modules E’ ——~ E that the tensorized map 


E" @p (F' @r M) —~ E @p (R’ @r M) 


is injective as well. To do this, look at the commutative diagram 


E’ @p (F' @r M) —~ E @p (R’ @r M) 


E' @rM E@rRM 


where the vertical maps are the canonical isomorphisms from 4.3/2. Since M is 
a flat R-module, the lower horizontal homomorphism is injective and the same 
holds for the upper horizontal one. 
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If E is an R’-module such that FE @y (R’ @e M) = 0, we get E ®g M =0 
from 4.3/2. Hence, E as an R-module and even as an R’-module will be trivial 
if M is faithfully flat, which settles assertion (iv). 

In order to verify (v), assume that R ——~ R’ is faithfully flat. Then, if 
M @®p R’ is of finite type over R’, there exists a finite generating system of 
M ®p R’, which we may assume to be of type 7; @ 1, fori =1,...,n. We claim 
that the elements x;, i = 1,...,n, generate M. Indeed, let M’ = S77", Ru; C M 
be the submodule of M generated by these elements and consider the canonical 
sequence M’ M —— 0. The latter is exact if and only if the tensorized 
sequence M’ ®p R’ —-+ M @p R’ —— 0 is exact, since R —— R’ is faithfully 
flat. However, the tensorized sequence is exact, due to the definition of M’. 
Hence, M being the image of the finitely generated R-module M’ will be finitely 
generated, too. 

Next assume that M @p R’ is of finite presentation over R’ and that 
R —~ R’ is faithfully flat. In particular, M @p R’ is then of finite type and the 
same is true for M, as we have just seen. Hence, there exists an exact sequence 
of type 


R”_*,. M—-+0 


and it is enough to show that ker y is finitely generated. Clearly, the tensorized 
sequence 


(Ry" =. MenR 0 


is exact and ker(y @ idz) is of finite type by 1.5/7, the same being true for 
(ker y) @r R’, due to 4.2/5. But then the reversed version of (i) shows that 
ker y is of finite type, and we see that M is of finite presentation. 

For the reversed version of (iii), assume that MM @, R’ is flat over R’, keeping 
the assumption that R ——+ R’ is faithfully flat. To see that M is flat over R, 
consider a monomorphism of R-modules E’ ——+ E and look at the tensorized 
map E’®p M —-- E®p M, which must be shown to be a monomorphism, too. 
Since R’ is flat over R, the map R' @p E’ ——~ R' @p E is injective and, since 
M ®p R’ is flat over R’, the same is true for the map 


(R' @p E’) @p (R' @z M) —~ (R' @p E) Op (FP @r M). 


Using 4.3/2 in conjunction with 4.1/7, the latter can canonically be identified 
with the map 
R' @p (E' @p M) —~ FR’ @r (E @er M) 


obtained from E’ @p M —+ E @pR M by tensoring with R’ over R. Since R’ is 
faithfully flat over R, we conclude from 4.2/11 that E’ @g M —+ E @p M is 
injective, as desired. Consequently, M is a flat R-module. 

Finally, let M@ ®p R’ be a faithfully flat R’-module. If R —— R’ is faithfully 
flat, we know already that M is flat. To show that M is even faithfully flat, 
consider an R-module E such that FE @p M = 0. Using 4.3/2 we get 


(E @p RP’) ®R (M @p R’) ~E@rR (M @p R’) a (E @r M) pr R'=0. 
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The faithful flatness of M ®p R’ as an R’-module yields FE @z R’ = 0 and the 
faithful flatness of R’ over R yields E = 0. Thus, E @g M = 0 implies E = 0 
and we see that M is faithfully flat. 


We just have seen that the properties for a module to be of finite type, of 
finite presentation, flat, or faithfully flat behave well with respect to arbitrary 
extension of coefficients, but also with respect to the reverse process of descent, 
when the coefficient extension is faithfully flat. One may ask if the same is true 
for the property of a module to be free. Of course, for a free R-module M and 
an arbitrary coefficient extension R —— R’, the resulting R’-module M @p R’ 
is free by 4.1/9. On the other hand, if M @,p R’ admits a free generating system, 
for example a finite free one, it is not necessarily true that M has the same 
property, even if R —— R’ is faithfully flat; see the example we give at the 
end of this section. A property that is better adapted to descent is the one of 
being locally free, which we want to discuss now. For the necessary details on 
localizations of rings we refer to Section 1.2. 


Definition 2. An R-module M is called locally free of finite rank if, for every 
x € Spec R, there is some f € R such that f(x) #0 and Ms = M @p Ry is a 
finite free’ Rs-module. 


Proposition 3. For an R-module M the following conditions are equivalent: 
(i) M is locally free of finite rank. 
(ii) M is flat and of finite presentation. 
(iii) M is of finite presentation and M ®p Rp is free for all maximal ideals 
mcCR. 


In particular, Proposition 3 shows for a local ring R that a flat R-module 
is free as soon as it is of finite presentation. Let us point out that this assertion 
remains true if we substitute “finite type” in place of “finite presentation”; see 
Exercise 4 below. However, for the full version of Proposition 3, it is essential 
to require the finite presentation in conditions (ii) and (iii). 


Corollary 4. Let M be an R-module and y: R —~ R’ a faithfully flat ring 
homomorphism. Then M 1s locally free of finite rank if and only if the same 
holds for M ®pr R' as an R'-module. 


Proof of Corollary 4. Use Proposition 3 in conjunction with Proposition 1. 


Proof of Proposition 3. We start with the implication (i) => (ii). Therefore let 
M be locally free of finite rank. Then, for any x € Spec R, there is an element 
fe € R such that f,(x) # 0 and My, is a finite free Ry,-module; as usual, 
My, and Ry, denote the localizations of M and R by the multiplicative system 


! A finite free module is meant as a free module admitting a finite generating system; the 
latter amounts to the fact that it admits a finite free generating system. 
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generated by f, in R. By construction, the elements f,, « € Spec R, cannot 
have a common zero on Spec R, which means that they cannot be contained in 
a single prime or maximal ideal. As a consequence, they must generate the unit 
ideal in R. But then finitely many of these, say fi,..., f, generate the unit 
ideal in R, and it follows that the canonical homomorphism 


Ri AS Rp a XB 


is faithfully flat, where R’ is considered as a ring under componentwise addition 
and multiplication. Indeed, Ry, is flat over R by 4.3/3 and R’ = [Tj_, Ry, is flat 
over R by 4.2/6 since, in terms of R-modules, it can be viewed as the direct 
sum of the Ry,. Furthermore, R’ is even faithfully flat over R, as follows from 
4.2/11. Indeed, if m C R is a maximal ideal, there exists an index 7 such that 
fi ¢ m, and this implies mRy, G Ry, by 1.2/5. Thus, indeed, R ——~ R’ is 
faithfully flat, and to show that M is flat and of finite presentation over R, it is 
enough to show that M @p R’, viewed as an R’-module, has these properties; 
cf. Proposition 1. 

We write e; for the unit element in /;,, thereby obtaining the relations 
ee; = 6; in R’, for i,j = 1,...,7, as well as ey +... +e, = 1. Then any 
R'-module E can be decomposed as E = IT: &, with A; =eb ~ E@p Ry,, 
using the canonical projection R’ ——+ Ry, in conjunction with the right exact- 
ness of tensor products 4.2/1. This way we obtain a bijective correspondence 
between R’-modules EF and families (£;);-1,., consisting of R,y,-modules £;. 
In particular, for E = M @p R’ we have E ~ [Jj_, M;,, where in this case 
E;, ~ M @r Ry, ~ My, by 4.3/2. Now My,, as a free Ry,-module, is flat, and we 
claim that then M @, R’ is flat over R’ as well. To verify this, just observe that 
the above correspondence extends in a natural way to R’-linear maps and that 


aeeey 


(R’)" —- [[@n” ~M@rR' 


i=l 


whose kernel is finitely generated. Thus, M ®p R’ is of finite presentation over 
R' and we see that (i) implies (ii). 

Next let us verify the implication (ii) => (iii). Assuming that M is flat 
and of finite presentation, choose a maximal ideal m C R and let us show 
that M ®@p Rm is a free Ry-module. We know already from Proposition 1 that 
M ®pr Rw is flat and of finite presentation over Ry. Therefore it is enough to 
show that any flat module of finite presentation over a local ring R is free. To do 
this, consider such a module M over a local ring R with maximal ideal m, and 
let 21,...,%, € M give rise to a basis of M/mM as a vector space over R/m. 
Nakayama’s Lemma 1.4/10 then yields M = >), Rx;, and we can consider the 
canonical exact sequence 


0 ie > R” >M > 0 
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that is associated to the morphism of R-modules mapping the canonical free 
generating system of R” to the chosen elements 21,...,%, € M. Then K, the 
kernel of this map, is of finite type by 1.5/7, since M is of finite presentation. 
Now, tensoring the inclusion map m ——+ R with the modules of the above 
sequence, we get a commutative diagram 


MOrk m” —+m®rpM 0 


0 >i > R” > M > 0 


with exact rows. Since M is flat, the map uz is injective, and the Snake 
Lemma 1.5/1 yields an exact sequence 


0 = ker us ——> coker uy ——> (R/m)” —~ M/mM, 


where (R/m)"” ——+ M/mM is bijective by construction. But this implies 
K/mk = cokeru; = 0 and, by Nakayama’s Lemma, K = 0. Therefore 
R” ——~ M must be an isomorphism and, hence, M is free. 

It remains to consider the implication (iii) =» (i). Thus, let M be of finite 
presentation and assume that M ®@pr Rm» is a free Rp-module for each maximal 
ideal m C R. We want to show that, given a prime ideal p C R and a maximal 
ideal m C R containing it, there is an element f © R-—m Cc R—pb such 
that My = M @p Ry is free over Ry. To do this, fix a free generating system 
1,---,%, Of My = M ®p Rm. Then there are elements y; € M, 5; ¢ R-—m 
such that 2; = “, for? = 1,...,n. Since each s; induces a unit in Ra, we may 
assume s; = 1 so that x;, for each i, admits y; as a preimage with respect to 
the canonical map 1M ——+ M,. Then look at the R-linear map y: R” ——~ M, 
sending the canonical free generating system of R” to the elements y,..., Yn, 
and consider the attached exact sequence 


(*) 0 > kery pe RE af > coker py —> 0. 


Tensoring the latter over R with R, and using the flatness of Ry over R, we 
obtain the exact sequence 


0 —+ (ker y) @2 Rm —> Re gaa M ®r Rn — (coker y) @p Rm —~ 0. 


By the definition of y, the tensorized map y@id,,, is an isomorphism. Therefore 
we must have (ker y) ®g Rm = 0 and (coker y) @g Rn = 0. 

Next we claim that, for an R-module N of finite type satisfying N®@rRmn = 0, 
there always exists an element f € R— m such that fN = 0 and, hence, 
N @pr Ry = Ny = 0. Indeed, if %,..., 2, is a generating system of N, we get 
= =O in N @z Rn = Nm, for all i. By the module analogue of 1.2/4 (i), there 
exist elements fi,...,/f, € R—m such that f;z; = 0 in N. Therefore, setting 
f=hi...f, gives fe R—mand fN =0, as claimed. 

Let us apply this fact to the above situation. The R-module coker y is finitely 
generated and satisfies (coker y) ®@g Rm = 0. Therefore we can find an element 
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f ¢€ R—m such that (coker y) @g Ry = 0. Now, using the compatibilities for 
localizations 1.2/10 and 1.2/11, we may tensor the exact sequence (*) over R 
with Ry and write R instead of Ry again. Thereby we can assume coker p = 0 
and, hence, that y is surjective. Then ker ¢ is of finite type by 1.5/7, since M 
is of finite presentation. Using the same argument as before, we conclude from 
(ker y)®@rRm = 0 that there is an element f € R—msuch that (ker p)@rRy = 0. 
Then the exact sequence 
p@idr 


® 
0 = (ker y) @p Ry —-+ Rt ——+ M ®p Rs —— (coker y) @p Ry = 0 


shows that y ® idr,: Rf ——+ M ®pr Ry is an isomorphism and, hence, that 
M ®pr Ry is free. 


Finally, we would like to give an example showing that Corollary 4 does 
not extend to finite free modules in place of locally free ones of finite rank. 
So we will construct a module M over a ring R, where M is locally free of 
finite rank, but not free, although it becomes globally free after performing a 
suitable faithfully flat coefficient extension R ——~+ R’. To do this we choose 
Ras a Noetherian normal integral domain of Krull dimension < 1; such rings 
are called Dedekind domains. Any principal ideal domain is Dedekind. But the 
most prominent examples of Dedekind domains arise from Number Theory. For 
a finite algebraic extension K/Q let R be the integral closure of Z in K. Then 
R is normal, as we can see from 3.1/7, and of Krull dimension 1 by 3.3/6. 
Furthermore, one knows that R is finite over Z and, hence, Noetherian; see 
Exercise 3.1/8 or use Atiyah-MacDonald [2], 5.17. In particular, such a ring R 
will be a Dedekind domain. 

There are Dedekind domains admitting ideals that are not principal. For 
example, we can take R = Z[/—5]. By elementary computation one can see 
that this is the integral closure of Z in Q(/—5) and therefore a Dedekind do- 
main; cf. Exercise 3.1/6. But it cannot be factorial and, hence, is not a principal 
ideal domain, since there are the following essentially different decompositions 
into irreducible factors: 


6=2-3=(1+V-—5):(1—- V-5) 


Alternatively, one can verify directly that the ideal a = (2,1+/—5) C R is not 
principal. 

Let us fix a Dedekind ring R containing some ideal a that is not principal. 
Then, for any maximal ideal m C R, the tensor product a®p Rm» defines an ideal 
in the localization Ry» of R, since the localization map R —+ Ry is flat by 4.3/3. 
Furthermore, Rm is normal by 3.1/11. Therefore, using the characterization of 
normal Noetherian local integral domains to be proved later in 9.3/4, we see 
that each localization R,», is a local principal ideal domain. In particular, the 
ideal a®@r Ry C Rm is principal and, thus, a free Ry-module of rank 1. 

Since R is Noetherian, a is an R-module of finite presentation, and we can 
conclude from Proposition 3 that a is a locally free submodule of finite rank in 
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R. Hence, there are elements f,,..., f, € R generating the unit ideal of R such 
that a®@r Fy, is a free Ry -submodule in Ry, for all 7, necessarily a principal ideal 
of R,y,. Now, as exercised in the proof of Proposition 3, we use the faithfully flat 
morphism R—-+ R’ = Ry, x ... x Ry, to extend the coefficients of a. Then 
we can observe that a ®p R’ is free, namely a principal ideal in R’, although a 
itself cannot be free, since it is not principal. 


Exercises 


1. Let M,N be R-modules, where N is faithfully flat. Show that M is flat (resp. 
faithfully flat) if and only if the same is true for M @r N. 


2. For a ring morphism R —— R’ consider a faithfully flat R’-module M’ as well 
as its restriction M i pon R, by viewing M’ as an R-module via R —+ R’. Show 
that M / pis a flat (resp. faithfully flat) R-module if and only if R ——+ R’ is flat 
(resp. faithfully flat). 


3. Consider a ring morphism R —> R’, an R'-module M’, as well as its restriction 
M / p on R, and assume that the latter is a faithfully flat R-module. Show: 


(a) For any R-module M, the canonical morphism of R-modules M —+ M@RR’, 
x t—> x @1, is injective. 


(b) Any ideal a C R satisfies aR’N R= a. 
(c) If R’ is Noetherian (resp. Artinian), the same is true for R. 


Hint: Consider the canonical morphism of R-modules / Rao M / ROR and 
its retraction Mp @p R’ —+ Mir given by x @ a t-—> az. The composition of 
these is the identity on M : p and, thus, leads to a split short exact sequence. 


4. Let M be a flat R-module of finite type. Show that all localizations M @r Rn 
at maximal ideals m C R are finite free. Hint: Reduce to the case where R is a 
local ring with maximal ideal m. Then proceed as in the proof of Proposition 3 by 
considering an exact sequence of type 0 >i > R” > M > 0 where 
K/mk = 0. For any x € K let a, C R be the ideal generated by all coordinates of 
x asa point in R”. Show ma, = a, and conclude a, = 0 by Nakayama’s Lemma. 


5. For a ring R let £(R) denote the set of isomorphism classes of locally free 
R-modules of finite rank. 


(a) Show that £(R) becomes a monoid, when the multiplication is defined by the 
tensor product. For example, £(R) = (N,-) if R is a principal ideal domain or a 
local ring. 


(b) Let Pic(R) C £(R) be the group of invertible elements; it is called the Picard 
group of R. Show that Pic(R) consists of all locally free R-modules of rank 1, i.e. 
of all M € £(R) such that Mp ~ Rm for all maximal ideals m C R. 


(c) Show that the inverse of any M € Pic(R) is given by Homr(M, R). 
Hint: For (c) use Exercise 4.3/9. 
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The language of categories and their functors is an essential tool in advanced 
Algebraic Geometry. Implicitly this concept has already appeared in earlier 
sections, mostly in the form of “universal properties”. But we need to make 
more intensive use of it, especially for the descent of modules in Section 4.6. 
Since pure category theory is not very enlightening by itself, we have chosen to 
include only basic material at this place. 


Definition 1. A category € consists of a collection? Ob(€) of so-called objects 
and, for each pair of objects X,Y € Ob(€), of a set Hom(X,Y) of so-called 
morphisms (or arrows), together with a law of composition 


Hom(Y, Z) x Hom(X,Y) —-+ Hom(X, Z), (g,f) + gof, 


for any objects X,Y, Z € Ob(€). The following conditions are required: 
(i) The composition of morphisms is associative. 
(ii) For all X € Ob(€) there is a morphism idx € Hom(X,X) such that 
idx, of = f for all f € Hom(Y,X) and f oidy = f for all f € Hom(X,Y). 
Note that idx is unique, it is called the identity morphism on X. 


Sometimes we write Home(X, Y) instead of Hom(X,Y), in order to specify 
the category € whose morphisms are to be considered. In most cases, morphisms 
between objects X,Y are indicated by arrows X ——+ Y, thereby appealing to 
the concept of a (set theoretical) map. However, since only the above conditions 
(i) and (ii) are required, morphisms can be much more general than just maps. 
A morphism f: X ——+ Y between two objects of € is called an isomorphism 
if there is a morphism g: Y ——+ X such that go f =idx and fog = idy. Let 
us consider some examples. 


(1) All sets together with maps in the usual sense as morphisms form a 
category, denoted by Set. 

(2) All groups together with group homomorphisms form a category, de- 
noted by Grp. Likewise, all rings together with ring homomorphisms form a 
category, denoted by Ring. 

(3) For a ring R, all R-modules together with R-module homomorphisms 
form a category, denoted by R-Mod. Given two objects M, N in this category, 
the set of morphisms I ——+ N is denoted by Homr(M, N), as before. This 
set can be canonically interpreted as an R-module again, using the R-module 
structure of NV. 

(4) If € is a category, we can consider the associated dual category €°, where 
Ob(€°) = Ob(€) and Homgo(X, Y) = Home(Y, X) for objects X,Y. The com- 
position of two morphisms X ——+ Y and Y —-+ Z in €° is done by composing 


? Note that a collection, like a set, groups together certain mathematical objects. However, 
it is not required that a collection respects the axioms of a set, as considered in set theory. 
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the underlying morphisms Z —+ Y and Y —+ X in €. Thus, €° is constructed 
from €, as we say, by inverting directions of arrows. Of course, dualizing €° yields 
€ again. The dual category €° is also referred to as the opposite category of € 
and denoted by €°P. 

(5) Let € be a category and S € Ob(€) an object. Then the category €g of 
relative objects over S,, also called S- objects, is defined as follows. Ob(€g) is the 
collection of all morphisms of type X ——+ S where X varies over the objects in 
€. For two S-objects X —+ S and Y —-+ S, let Hom(X —-+ 5S, Y —-+ S) 
be the set of all morphisms X ——+ Y in Home(X,Y) such that the diagram 


xX Y 
Ss 

is commutative. Such morphisms are generally referred to as S-morphisms in 
€. Usually, S-objects are denoted by symbols like X or Y again, and the set of 
S-morphisms between them by Homg(X,Y). 

(6) Switching to the dual setting and fixing an object R of a category €, we 
can define the category €* of all objects under R. Then Ob(€*) is the collection 
of all morphisms of type R ——~ X where X varies over the objects of €. For 


two such objects R —+ X and R —-+ Y, let Hom(R —-- X, R —-+ Y) be 
the set of all morphisms X ——+ Y in Home(X,Y) such that the diagram 


xX Y 
R 
is commutative. Such morphisms are referred to as morphisms under R or also 


as R-morphisms in €. A typical example of such a category is the category 
R-Alg of R-algebras under a fixed ring R. 


Definition 2. Let € be a category and S € Ob(€). Let X,Y € Ob(€g). An ob- 
ject W € €g, together with two S-morphisms p,: W —+ X and py: W —+ Y 
(referred to as projections onto the factors X,Y) is called a fiber product of X 
and Y over S' if the following universal property holds: 

Given two S-morphisms T ——+ X and T ——-+Y, there is a unique 
S-morphism T ——+ W such that the diagram 


xX 


1s commutative. 
[f it exists, the fiber product W is unique up to canonical isomorphism and 
will be denoted by X xs Y. 
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In particular, we can say that an S-object W together with two S-morphisms 
pi: W —+ X and po: W —-+ Y is a fiber product of X and Y over S if the 
map 


Homgs(T,W) ——- Homs(T,X) x Homs(T,Y), 
h [= (pi ° h, po ° h), 


is bijective for all S-objects T’. Suppressing S and replacing €g by any category 
€, the latter condition is still meaningful and defines the cartesian product of X 
and Y in €; see also 7.2/1. Thus, we can say that the fiber products over some 
object S of €, as introduced in Definition 2, are just the cartesian products in 
Cs. 

As an example, let us consider the category € = Set of all sets with maps 
between sets as morphisms. For a one-point set S, the fiber product X xs Y of 
two sets X,Y is given by the cartesian product 


XxgVY=XxY={(a,y); ce X, yeY}, 


together with the canonical projections X x Y X and X x Y ——-Y. 
More generally, for an arbitrary set S, the fiber product of two relative objects 
ox: X —~> § and oy: Y —~ S consists of the subset 


XxgY¥ ={(x,y)€X x Y; ox(z) =oy(y)} CX xy, 


together with canonical projections to X and Y, where on the left-hand side X 
and Y have to be interpreted as the relative objects ox and oy. Thus, X x5 Y 
is, indeed, a fibered product since, fiberwise over S, it is just the family of all 
cartesian products of type X(s) x Y(s) where s varies over S and X(s), Y(s) 
are the fibers of X,Y over s, i.e. the preimages of s with respect to the maps 
ox and oy. 

Switching to the dual notion of fiber products, we arrive at so-called amal- 
gamated sums. 


Definition 3. Let € be a category and R € Ob(€). Let X,Y € Ob(€*). An ob- 
ject W € €®, together with two R-morphisms 1: X ——+ W and tg: Y —+ W 
is called an amalgamated sum of X and Y under R if the following universal 
property holds: 

Given two R-morphisms X —+ T and Y ——~+T, there is a unique 
R-morphism W ——+ T such that the diagram 


is commutative. 
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[f it exists, the amalgamated sum W is unique up to canonical isomorphism 
and will be denoted by X Ur Y. 


The tensor product A, ®p Ag of two R-algebras R ——- A, and R —~ Ap 
over a ring R, together with the canonical R-algebra homomorphisms 
A, — > A; @p Ap, at > a@l, 
Az —~ A; pr Ao, bt—+ 1@b, 


is a typical example of an amalgamated sum; see 4.3/6 for the universal property. 
To illustrate the interplay between amalgamated sums and fiber products, let us 
consider the category € = Ring of all rings and its dual category €°. The latter 
plays a central role in Algebraic Geometry. Namely, for any ring R € Ob(€), one 
can consider its associated affine scheme, which is a so-called ringed space. By 
abuse of notation, this ringed space is denoted by Spec R and consists indeed, as 
main ingredient, of the set of all prime ideals in R, viewed as a topological space 
under the Zariski topology. But, in addition, it incorporates all localizations Ry 
of R by elements f € R, where the elements of Ry are interpreted as functions 
on the open set D(f) = {x € SpecR; f(x) A O}. It is crucial that the ring R 
we started with can be reconstructed from the ringed space Spec R and that 
morphisms of affine schemes Spec R ——+ Spec RF’ correspond bijectively to 
ring homomorphisms R’ ——~ R. In other words, the category of affine schemes, 
together with their morphisms, can be interpreted as the dual €° of the category 
€ of rings. For details see Chapter 5.4 and, in particular, 6.6/12. The existence 
of tensor products in € implies then the existence of fiber products in €°, in the 
sense that for R-algebras A, and Ag we have 


Spec Ay Xgpecr Spec Az = Spec(A; @p Ag). 


Next let us address the subject of functors between categories, which play 
the role of “maps” within this context. 


Definition 4. Let €,D be categories. A covariant functor F': € ——+ D is a 
rule that assigns to each object X € Ob(€) an object F(X) € Ob(®) and to 
each morphism X ——» Y in € a morphism F(X) —~+ F(Y) in D such that 
the following conditions hold: 

(ii) F(go f) = F(g)° F(f) for composable morphisms g and f in €. 

A contravariant functor € ——+ D is a covariant functor €° ——+ 9D. In 
particular, passing from € to D such a functor inverts directions of arrows. 


For example, fixing a ring homomorphism R ——+ R’, the assignments 


Mt—->M@zR, 
(f: M —~ N) t—+ (f @idg: M @p R' —+ N @e RP’) 


define a covariant functor R-Mod ——- R’-Mod. 
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If F: € —+ D and G: € ——- 9 are two (covariant) functors between 
categories € and D, we define a functorial morphism yp: F ——~ G (also known 
as a natural transformation between F and G) as a collection of morphisms 
px: F(X) —+ G(X) in D, where X varies in Ob(€), such that for any mor- 
phism f: X —— Y in € the diagram 


| 
F(Y) Gv) 


is commutative. Two functors F,G: € ——> 9 are called equivalent or isomor- 
phic if there exists a functorial isomorphism y: F' —~+ G; by the latter we mean 
a functorial morphism such that yx is an isomorphism for all X € Ob(€). Fi- 
nally, two categories €, are called equivalent if there are functors FP’: € —-+ 9 
and G: D ——+ € such that Go F is equivalent to the identity on € and FoG 
equivalent to the identity on D. 


Exercises 


1. Let F: €; —~+ € and G: €2 —~ €3 be functors between categories. Show that 
Go F: €; —~ @3 is again a functor. Taking into account that there exists the 
identity functor ide: € —~ € on any category €, can we talk about the category 
of all categories? 


2. For two categories €),€2 construct (up to set-theoretical difficulties) the cat- 
egory Hom(€,€2) of all (covariant) functors €; ——+ €2, where a morphism 
yp: F —~ G between two such functors is understood as a functorial morphism. 
In particular, show for functors F,G,H: €; ——» €2 and functorial morphisms 
yp: F ——+ G and ~: G ——+ H that the formula (#0 y)x = vx o yx for 
X € Ob(€;) can be used to define the composition of w and y. Furthermore, note 
that there is the identity functorial morphism idy on F given by (idr)x = idp(x) 
for any object X in €,. 


As an example, fix a group G and write G for the one-point category with mor- 
phisms (including their compositions) given by the group G, as well as Ab for the 
category of abelian groups. Show that Hom(G, Ab) is the category of G-modules, 
i.e. of Z-modules that are equipped with a G-action. 


3. Construct amalgamated sums in the categories of sets Set and abelian groups 
Ab. 


4. Consider a functor F’': R-Mod ——+ R-Mod on the category of modules over a 
fixed ring R by setting F(M/) = Homr(Homp»(M, R), R) for objects M of R-Mod 
and by defining F' in the obvious way on morphisms of R-Mod. Construct a 
functorial morphism idg-wmoa ——> F' between the identity functor on R-Mod 
and the functor F' which is an isomorphism when restricted to the subcategory 
of finite free R-modules in R-Mod. 


5. Define the cartesian product of two categories. Show for rings R, R’ that there is 
an equivalence of categories R-Mod x R’/-Mod —~+ (Rx R’)-Mod. 
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6. Given a category € we conclude from Exercise 2 that the functorial morphisms 
ide —— ide on the identity functor of € form a monoid. Compute this monoid 
for the categories Set, Ring, and R-Mod over a given ring R. 


4.6 Faithfully Flat Descent of Modules and of their Mor- 
phisms 


Let R and R’ be two rings and p*: R —~+ R’ a ring homomorphism. The some- 
what exotic notation p* for a ring homomorphism has been chosen with care; 
it is motivated by the algebraic-geometric background of affine schemes. As we 
have already pointed out in Section 4.5, the category of affine schemes can be 
interpreted as the dual of the category of rings and vice versa. This way, p* 
corresponds to a well-defined morphism p: Spec R’ ——~ Spec R between asso- 
ciated affine schemes, where as a map of sets on the underlying prime spectra 
p is given by 
Spec R’ > p! -— (p*)7'(p’) € Spec R. 


In fact, our notation suggests to take the morphism p as point of departure 
and to interpret p* as the associated dual. As we will see in Chapter 5.4, the 
ring homomorphism p* admits a natural interpretation as a so-called pull-back 
of functions on Spec R to functions on Spec R’, just by composition with p. In 
the same spirit we define for R-modules M, hence objects living on the level of 
Spec R, their pull-backs under p by 


pM=M @pR' 


and, likewise, for morphisms of R-modules y: M ——+ N their pull-back under 
p by 
pDyp=pSidr:: M ®p R' —~ N@RR’. 

The notations p* M and p*y have the advantage that they spell out in an explicit 
way, how to view R’ as an R-module in the occurring tensor products. For 
questions of descent, this is of essential importance, as we will see below. Also 
note that if p*: R —— R’ is decomposable into the product 1* o s* of two ring 
homomorphisms r* and s*, there is a canonical isomorphism p*M ~ r*(s*M) 
for R-modules M by 4.3/2. In the following such isomorphisms will occur as 
identifications, just writing p*M = r*(s*M). In the same way we will proceed 
with pull-backs of morphisms. 

Now let us start descent theory by discussing the descent of module mor- 
phisms. 


Proposition 1. For a faithfully flat ring homomorphism p*: R ——» R’, con- 
sider the associated homomorphisms 

pi: BR’ —~ R' ORR, a-—+a@1, 

py: R' —~ R' ORR, a |} 1@d, 
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as well as the composition 
and let R" = R' @p R'. Then, for any R-modules M,N, the diagram 


Homp,(M, N) ac aee Homp(p* M, p*N) — Home (q*M, q* N) 


Po 


is exact. 


Recall that a diagram of maps between sets 


p Pl 


B 


A 


p2 


is called exact if p induces a bijection 
A —~+ ker(pi,p2) := {b € B; pi(b) = po(b)}. 


In the case of homomorphisms between abelian groups this is equivalent to the 
exactness (in the usual sense) of the sequence 


0 Ae 


where ker(p; — po) = ker(p1, p2). In particular, these sequences are exact if and 
only if p is injective and imp equals ker(p;, po). 

To a substantial extent, the proof of Proposition 1 will be based on the 
following fact: 


Lemma 2. In the setting of Proposition 1 the diagram 


p / Pi 
R R — 


Po 


R’ 


is exact. It remains exact when tensoring over R with an arbitrary R-module 
M. 


Proof of Lemma 2. To check the exactness of the above diagram, we can use 
4.2/11 and thereby tensor it with a faithfully flat R-algebra R ——~ A. Then 
the exactness of the diagram 


A R' @pA R' @p BORA, 


respectively of the corresponding one obtained by tensoring with M over R, has 
to be checked. Let A’ = R’ @p A and set 


Al’ = A’ Ba Ay (R' @r A) Sa (R' @pR A) a R' Op R' @RA, 


where we have used 4.3/2. It follows that the preceding diagram is of the same 
type as the one mentioned in the assertion, namely of type 
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A A’ 


" 
A’, 


where R —— R' has been replaced by A —— A’. Since tensoring with M over 
R can also be interpreted as tensoring with M @p A over A, it becomes clear 
that, for the proof of the lemma, we may replace R without loss of generality 
by a faithfully flat R-algebra A. 

Doing so, apply the preceding argument to the R-algebra R ——+ A given 
by p*: R —— R’. Thereby we are reduced to the diagram 


REE eh! so 


But now p3: R’ —+ R' @p R’ admits a so-called retraction. Thereby we mean 
a homomorphism ¢*: R’ @p R’ R' such that e* op} = idgr; just consider 
the multiplication map 


e*: R' @p R' —~ R’, a @b rad’. 
Thus, replacing R by a faithfully flat R-algebra, in our case A = R’, we may 


assume for the diagram 


Py 


R (Pe Re 


Ps 


that p* admits a retraction e«*. But then pj} and p} admit retractions as well, 
namely the homomorphisms idg ®e* and ¢* ® idg, and these retractions are 
maintained when tensoring with MM over R. Now, to justify the exactness of the 
diagram 


M M @pz R' M @p PR", 


P2 
observe first that p*: M ——+ M @® p R’ is injective since this map admits a 
retraction. In addition, we have 


imp” C ker(pi, p>), 


due to the relation pjp* = p3p*. To show the opposite inclusion, choose some 
element z = >>), 2 @ aj, € ker(pi,p3), where x; € M and aj € R’. Then the 


images 
=Si a 84,81, — phlz -Yneled 
i=l 


coincide, and application of the retraction idjy ® id Rr Se” of pj yields 


:= Donel et = (Soae a) € imp" 


so that im p* = ker(p7, p3). 


Now we are able to carry out the proof of Proposition 1. To do this we 
choose R-modules M,N and look at a commutative diagram of type 
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M ———_- p* M —> FM 


a 


N ———+ p*N qN , 


where the rows are exact by Lemma 2 and where the vertical maps have still 
to be specified. We start with a morphism of R-modules y: M ——+ N and 
consider the morphism of R’-modules p*y: p*M —— p*N obtained from y by 
tensoring with R’. It makes the left-hand square commutative, and we see from 
the injectivity of N ——~ p*N that p*: Homry(M, N) ——- Home (p*M, p*N) 
is injective. Furthermore, the relation p} o p* = p3 o p* implies that the image 
im p* is contained in the kernel of 


Pt 


Home (p* M, p*N) Home (q*M,q°N). 


* 


Po 


To show the opposite inclusion, let w: p*M p’N be a morphism of 
R'-modules and consider p}w, psW as vertical maps on the right-hand side of 
the above diagram. Then the right-hand square will be commutative if, from 
the double arrows, we select just the ones pertaining to pj or, alternatively, 
to ps. Now if ~ € ker(pj,p5), the vertical maps pjw, p3u coincide, and a di- 
agram chase shows that w maps the kernel of p*M —> q*M into the kernel 
of p*N — > q*N. However, due to the exactness of the rows, this means that 
w restricts to a morphism of R-modules y: M ——+ N. Since w is uniquely 
determined by the values it takes on M, we get p*y = w, which establishes the 
remaining inclusion. 


Next we want to discuss the descent of modules. To do this, fix a faithfully 
flat ring homomorphism p*: R —— R’ and look at the functor 


p’: R-Mod —— R’-Mod 


from the category of R-modules to the category of R’-modules which assigns 
to an R-module M the R’-module p*M = M @R R’, and to a morphism of 
R-modules y: M ——+ N the morphism of R’-modules p*y = y ® idp. We 
would like to describe the “image” of this functor. In Proposition 1 we have 
already solved this problem for morphisms, but a similar reasoning has still 
to be carried out on the level of modules as the objects of our categories. We 
will prove the striking fact that p* induces an equivalence between the category 
of R-modules and the category of R’-modules, provided we enrich the latter 
modules by some additional structure, so-called descent data. 

To define descent data we consider, in addition to p*: R —— R’ and the 
homomorphisms 


pi: BR’ —~ R'@rR, aa @1, 
py: R' —~ R' ORR, a |} 1@d, 


already used above, the homomorphisms 
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Doz: R' @p R' —~ R' ORR’ ORR, a@bt+1@da @0, 
Diz: R' @p RP’ —~ R' Or R' Or R, a@btr +a @1@0, 
Dig: R’ @p R' —~ R' ORR ORR, a@bve+ad@v'el, 


where switching to the dual category of affine schemes, the latter maps can be 
interpreted as the canonical projections 
pi: Spec R' Xgpecr Spec R’ —+ Spec R’, 
pij: Spec R’ Xgpecr Spec R’ Xgpecr Spec R’ —+ Spec R' X spec r Spec R’ 


onto the factors as indicated by the indices. 
Definition 3. As before, let p*: R ——+ R’ be a faithfully flat ring homomor- 


phism and fix an R'-module M'. A descent datum on M' with respect to p* is 
an isomorphism of R"-modules 


~N 


g: piM! —~+ pM! 
such that the diagram 


x eq Pi2P ke we yt ee qt P2380 ee yet 
PoP) Mo ——> piopy>M’ == p33p| MM" ——~ p33p,M 


| e | 


* Ok Pi3P * Ok 
Pi3piM’ - % Pi3P2M’ 


is commutative (cocycle condition). 
Observing the relations 


Pio pi2=Piepi3s, —«TESP. Pg OP} = P30 Pi, 

P20 Piz = P10 P23, = TSP. yp 0 D2 = P23 Pj, 

p20 p23 = P2°Pi3, «ESP. P93 OP) = P30 Pd, 
the cocycle condition requires that the different possible pull-backs of a descent 
datum ¢ to the level of R” = R' ®p R' @z R’, namely by coefficient extension 


via the p;;, are compatible. To give a trivial example, start with an R-module 
M and set M’ = p*M. Then the canonical isomorphism 


pi M' = pip*M —~+ (pop,)*M = (po pe)*M <= pip*M = pM’ 


yields a descent datum on p*M, the so-called trivial descent datum. In this case, 
all isomorphisms entering into the cocycle condition are “canonical” so that the 
required commutativity holds for trivial reasons. 


Definition 4. Let M’, N’ be R'-modules with descent data py: pj M' —~+ pM!’ 
and w: pyN' —~+ p3N'. A morphism of R'-modules f: M’ ——- N' is called 
compatible with the descent data y and w if the diagram 
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D; M' pe p M' 


| [ns 
w 


piN’ p3N’ 


is commutative. 


For us it is of interest that the pairs of type (M’,), consisting of an 
R’-module M’ and a descent datum y with respect to p* on M’, form a category 
R'-Mod-DD if we admit as morphisms only those R’-module homomorphisms 
that are compatible with the involved descent data. 


Theorem 5 (Grothendieck). Let p*: R ——+ R’ be a faithfully flat ring homo- 
morphism. Then the functor 


@: R-Mod —— R’-Mod-DD, 
M +— p*M, 


defines an equivalence of categories. 


Note that we have already shown in Proposition 1 that the functor @ is 
faithful and, in fact, even fully faithful, which means that for all R-modules M 
and N the map 


Hompr-moa(M, N) —+ Homp-moa-pp(p" M, p*N) 


given by @ is injective, and even bijective. To prove that @ defines an equivalence 
of categories, we have to exhibit a functor YW: R’-Mod-DD ——~ R-Mod such 
that Wo@ is equivalent to the identity on R-Mod and @oW is equivalent to the 
identity on R’/-Mod-DD. To do this it is enough to show that @ is essentially 
surjective in the sense that for every object M’ in R’-Mod-DD there is an 
object M in R-Mod such that M’ is isomorphic to (4). Indeed, choosing for 
any object M’ in R'’-Mod-DD an R-module M such that M’ ~ &(M), we see 
from the fully faithfulness of ® that M’—~ M yields a well-defined functor 
WwW: R'-Mod-DD —~ R-Mod which, together with #, furnishes an equivalence 
between the two categories. 

Before we actually start the proof of Theorem 5 and show that @ is es- 
sentially surjective, let us develop an alternative description of descent data 
that will be quite handy for our purposes. Consider an R’-module M’ and an 
isomorphism of R’-modules 


y: piM! —~+ pM’. 
Then, for any morphisms of affine R-schemes t;: JT ——+ Spec R’, i = 1,2, 


or dually speaking, for any R-algebra homomorphisms t*: R’ ——+ S where 
T = Spec S, we obtain via the universal property of fiber products 
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Spec R’ 
A 


Pl 


Spec R’ 


a well-defined morphism (t),t2): T ——~ Spec R”, which corresponds to the 


product map 
R" —+ §S, a’ @ b' +-—+ tha’ - t5U’. 


Now, pulling back the isomorphism y: pj M’ —~+ p3M’ via (t1,t2) yields an 
isomorphism of S-modules y;, 4, that makes the diagram 


* Ok t,t2)* * Ok 
(t1, to)* pp M’ ——_ (t1, to)*p3.M’ 


fi =e ee 


commutative. Likewise, for any three morphisms 
t;: T ——~ Spec R’, t= 12.3; 
we can consider the canonical morphism 
(t1, te, t3): T —+ Spec R”, 
as well as associated diagrams of type 


OK ok (t it it3)* pt * Kk ok 
(t1, to, tz) Piop, M’ eae (ti, ta, ts) PioP>M’ 


tM’ mate - iM , 


thereby arriving at the following fact: 


Lemma 6. An isomorphism of R"-modules py: pj M’ —~+ p3M’ is a descent 
datum if and only if we have 


Ptits = Pte,t3 ° Pli,te 


for any three morphisms t;: T ——~ Spec R’, i = 1,2,3, where T varies over all 
affine R-schemes, i.e. over the spectra of all R-algebras. 


Proof. The relation Y4, 13 = Qi,t3 © Prt. 18 immediately clear from the above 
type of diagrams if y satisfies the cocycle condition. To show the converse, apply 


150 4. Extension of Coefficients and Descent 


the relation mentioned in the lemma to T = Spec R” and the possible three 
projections t;: T ——+ Spec R’. 


Now let us begin the proof of Theorem 5 by looking at a special case. 


Lemma 7. The assertion of Theorem 5 holds if p*: R —+ R' admits a retrac- 
tion e*: R’ —-+ R (in the sense that e* o p* = idp). 


Proof. We consider for T = Spec R’ the morphisms t,t: T —~ epee R’ given by 
the identity map id: R’ —~ R’ and the composition R’ ey; eas R’, and let 
M = «*M’, where M’ is an R’-module with descent datum y: pj} M’ —~+ p3M’. 
Then 
f = 915: M’ —~+ pte*M' = p*M 

is an isomorphism of R’-modules, and we claim that f is compatible with the 
given descent datum y on M’ and the trivial descent datum on p*M. This 
will show that the functor @ of Theorem 5 is essentially surjective and thereby 
establish the desired equivalence of categories, as we have explained above. 
Therefore we have to show that the diagram 


pi M' pM’ 
Ins Is 
pip’ M —— p3p"M 


is commutative. To achieve this, observe that the cocycle condition of y in the 
version of Lemma 6, applied to the morphisms 


D1, po, tg =eopopy=eopop, : SpecR” —+ Spec R’, 
yields 
Poi,t3 = Ppe2,t3 © Ppi,pa> 


where Yp,p. = Y since (p1,p2): Spec R” ——+ Spec R” is the identity map. 
Furthermore, writing (p;,t3) for i = 1,2 as a composition 


(pi,ts) 


Spec R” Spec R’ Xgpec re Spec R’ 


(t,t)=(id,eop) 
Spec R’ 


shows 
Dif = Di Pte = Prits- 


Therefore the above cocycle relation reads 


pif =pofoy 


and we see that, indeed, f is compatible with descent data as claimed. 
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To settle the general case of Theorem 5 by showing that the functor @ is 
essentially surjective, we need a concretion of descent data in terms of so-called 


cocartesian diagrams. Again we consider an R’-module M’ and an isomorphism 
of R”-modules 
py: piM’ —~+ pM", 

in detail 

vo: M'@pR + R'@pM’, 
where M’ @p R' and R’ ®p M' are viewed as R’ ®p R’-modules, respecting 
positions of factors. Then the canonical maps 4;: M’ ——~+ M’ @R R’ and 
tg: M' —-+- R' @pR M' yield a diagram 


M' Qr R' 


R' @r M' : 


where there is no reason for the latter to be commutative. Since tensor prod- 
ucts are significant only up to canonical isomorphism, we can view y as an 
identification, thereby arriving at the diagram 


uy 
! ! / 
M = M @RR, 
gp lous 


which is cocartesian over . 
Pp 
Ri — > PR’ @p RP’. 
Ps 
The latter property is indicated by the diagram 


M' ——> M' ®, R' 


o 


R' Pi R' QpR R' 


* 


P2 
and means the following. A diagram of type 


T 


M M" 
R' R’ 


with an R’-module M’ and an R”’-module M” is called cocartesian if the 
R’-bilinear map 
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R" x M! — M", (a,x) -— ar(zx), 


satisfies the universal property of the tensor product R” ®p M’. For a diagram 
with multiple horizontal maps, as in our case, cocartesian means that this prop- 
erty holds for all arrows at the same position upstairs and downstairs. Thus, in 
our case, cocartesian amounts to the condition that M’ ®p R’ is an R’-module 
which can be interpreted through both maps M' —> M’' @R R’ as a coeffi- 
cient extension from M’, namely with respect to the maps pj}: R’ ——+ R” and 
ps: R' —~ R". Also note that if we consider the cocartesian diagram 


M' == > =e M" 


p* 


R' 1 R" 


* 


P2 
associated to an isomorphism of R”-modules y: M’@p R’ —~> R’@pRM", this 
isomorphism can be recovered from the diagram. It corresponds to the identity 


map on M” and is given by the composition of canonical maps 
yp: M' Qr R' ~N M" ~N R' Qr M’~. 


Applying the formalism of cocartesian diagrams to descent data and using 
identifications of tensor products as discussed above, we arrive at the following 
characterization: 


Lemma 8. Descent data on M’ correspond bijectively to cocartesian diagrams 


MM’! —— M' @p RB — M Or R' @rR 


‘e 
P23 
on 


: R' Qr R' cits R' Qr R' Qr R' 


Po Pi2 


Dy 


R' 


where the morphisms of the first row satisfy relations just as the ones in the 
second row, namely 


Pi © Piz = Pr © prs, resp. Pj 0 P} = Pj3 © Pi, 
P2 ° P12 = Pi ° P23, resp. Pig ° Py = P23 ° Pi, 
P2 © p23 = p2 © pis, resp. P93 © py = Pi3 © pp. 


For an R-module M, such a descent datum is trivial on M' = M @p R’ if and 
only if the above diagram can be enlarged by adding a cocartesian diagram 


M M' 
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such that the morphisms in the first row satisfy relations just as the ones in the 
second row, namely pop, = po py and pio p* = pzop*. 


~N * 


Proof. Consider a descent datum y: pj M' —~+ pM". As explained above, we 
can identify p}M’ with pM’ via y and thereby obtain a cocartesian diagram 


M' —> M'@;, PR’ 


| oe 


Re Raph. 


* 


Be 


By a similar identification process, we construct a cocartesian diagram 


M Qr R' = M' @r R' Qr R' 


P23 
R' Qr R' z R' Qr R' @Qr R'. 


Ria 


Namely, looking at the cocycle condition satisfied by y, we observe the canonical 
identifications 


(*)  piopiM’ = pispiM", — pigp3M’ = po3piM", p39. M’ = pi3p3M' 


and use the commutativity of the diagram in Definition 3 in order to identify 
these (R’ @r R’ @pz R’)-modules via the isomorphisms pj,y, psy, and pisy. 
Thereby we obtain a cocartesian diagram over 


R' Qr / —=_ R' Qr R' Qr R’, 


which together with the previous one yields a cocartesian diagram as stated in 
the assertion. The additional relations are clear from the construction. 

Conversely, look at a cocartesian diagram as specified in the assertion. Then 
the general explanations above show that the left part of the diagram determines 
an isomorphism of (R’ @p R’)-modules y: pM’ —~+ pM’, whereas the right 
part together with the required relations implies that y satisfies the cocycle 
condition and therefore is a descent datum. Indeed, one can deduce from the 
given relations that the canonical isomorphisms (*) are compatible with the 
isomorphisms 


po3(M’' @r R’) ~ pi3(M' @r R’) ~ pio(M’ Or RF’) 


derived from the right part of the diagram. From this one easily deduces a 
commutative diagram as required for the cocycle condition in Definition 3. 

Finally, for an R-module M, a descent datum y: pjM’ —~+ p3M' on 
M' = p*M is trivial if and only if the canonical diagram 
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pip M 


Yv 
pop’ M 
is commutative. The latter amounts to the fact that in the cocartesian diagram 
M ——- M' ——: M'@rR’ 


R R R' Or R 


both compositions of the first row coincide and, thus, satisfy the relation spec- 
ified in the assertion. 


Now we have gathered all auxiliary means in order to finish the proof of 
Theorem 5. Considering a descent datum on M’, given by a cocartesian diagram 


M’! —— M' ®p RP’ — M' @pR' @rR' 


R’ R' @p R' — R' ORR ORR’, 


we know from Lemma 2 that the diagram 


Pt 


R p* R 


: R' Qr R' 


Ds 


remains exact, when we tensor it over R with some R-module M. Thus, if the 
above descent datum is induced from an R-module M, then M is necessarily 
isomorphic to the kernel K = ker(M’ => M' @p R’). On the other hand, it is 
enough for the proof of Theorem 5 to show that the diagram 


K M' ——> M' @p PR’ 


R in R' Or R 


is cocartesian. To check the latter condition, we can use 4.2/11 and thereby 
are allowed to apply a faithfully flat coefficient extension to the diagram. For 
example, taking p*: R —— R’ as a coefficient extension, we are reduced to the 
case where p*: R ——+ R’ admits a retraction. But then, by Lemma 7, there 
exists an R-module M that we might insert instead of K in the above diagram 
such that the resulting diagram 
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M M' ———> M' @epR 
R R' R' @pR' 


is cocartesian. It follows that M is canonically identified with K and that the 
diagram involving K is cocartesian. 


As a corollary of Theorem 5, one can work out the technique of faithfully 
flat descent for algebras as well. One only has to require that the descent data 
under consideration are compatible with the algebra structure; see Exercise 3 
below. Also let us mention that the classical form of Galois descent can be 
viewed as a special case of the faithfully flat descent for modules considered 
here; see Exercise 5 below. 


Exercises 


1. Let R ——+ R’ be an extension of degree > 1 of fields. Show that the functor 
R-Mod ——~ R’-Mod, M —— M @®z RF’, is faithful, essentially surjective, but 
not fully faithful. 


2. Let p*: R —— R’ be a faithfully flat morphism of rings. Assume there exists 
a non-free R-module M such that M’ = M @p R’ is finite free, say with free 
generators 11,...,2n. Show that the morphism of R’-modules 


yp: piM' = M' @p R' —+ R' ®pM' =p5M’, 


obtained by R”-linear extension from x; @ 1 ++ 1 @ 2; for i = 1,...,n, de- 
fines a descent datum on M’ and that (M’,y) as object in R/-Mod-DD is not 
isomorphic to the canonical object p*M. 


3. Generalize descent theory from modules to algebras. In more precise terms, let 
p*: R —~ R' be a faithfully flat morphism of rings and consider the category 
R-Alg of R-algebras, as well as the category R’-Alg-DD of R’-algebras with 
descent data. Adapting the notation of Definition 3, a descent datum on an 
R’-algebra A’ is an isomorphism of R’-algebras y: pj A’ —~+ p3A’ satisfying the 
cocycle condition. Show that the functor A }—+ p*A gives rise to an equivalence 
of categories R-Alg ——+ R’'-Alg-DD. Hint: Do not rebuild the whole descent 


theory. Use Theorem 5 in conjunction with Proposition 1 instead. 


4. Gluing as an example of descent: Consider elements fi,..., fn of a ring R that 
generate the unit ideal. Set R’ = [Jj_, Ry, and show: 
(a) The canonical morphism R —~+ R’ is faithfully flat. 
(b) The category R’-Mod of R’-modules is equivalent to the cartesian product 
TTL, Rp,-Mod; see also Exercise 4.5/5. Roughly speaking this means that any 
R’-module is a cartesian product [J}_, M; with M; being an Ry,-module for each 7 
and, likewise, that morphisms of R’-modules are cartesian products of morphisms 
of Rz,-modules. 
(c) The category R-Mod is equivalent to the category R’-Mod-G defined as 
follows. Its objects are families (M;)j=1,.... where each M; is an Ry,-module, 
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together with so-called gluing data (see also 7.1/1), by which we mean isomor- 
phisms yij: Mi @p Re, “> Mj @pR Ry, of Ry,¢,-modules satisfying the cocycle 
condition 

vik @r Ry, = (Vir @r Ry.) o (Vij On Ky,) 


for all indices 7, 7,k; view the occurring maps as morphisms of FR, ¢; ;,-modules. 
Furthermore, a morphism (M;) ——~ (N;) between two objects of R’-Mod-G 
with gluing data (yij) and (7j;) consists of a family of Rs,-module morphisms 
Ay: M; —~ N;,i =1,...,n, that is compatible with the gluing data in the sense 
that for all indices 7,7 the diagram 


M; @p Ry, ~* Mj @r Ry, 
M@Rs, | Aj@Re, 


Ni @r Ry, ua Nj @p Ry, 


is commutative. 


. Galois descent: Let R —— R' be a finite Galois extension of fields, write I” for 


the attached Galois group, and fix an R’-vector space M’. Consider actions of I” 
on M’ such that 7(a@- x) = y(a)- y(x) for elements y € I, coefficients a € R’, 
and vectors x € M’. Show: 

(a) Actions of this type correspond bijectively to descent data on M’ with respect 
to R—+ R’. 

(b) The fixed part M = {a € M'; 7(x) = « for all y € I'} of M’ is an R-vector 
space such that the canonical R’-linear map M @R R’ —+ M' is an isomorphism. 


Hint: If necessary, consult [5], Example 6.2/B, and dualize the arguments. 


® 


Check for 
updates 


5. Homological Methods: Ext and Tor 


Background and Overview 


Consider a short exact sequence 


(x) O-—- i sa 


of modules over some ring R and fix an additional R-module £. Then it fol- 
lows from the right exactness of tensor products 4.2/1 that the corresponding 
sequence 


0—_+ M'@p FE 22 Ma, E222 M" ORE 


0 


obtained by tensoring with E over R is right exact, but maybe not exact in 
terms of a short exact sequence. Indeed, unless E is flat over R (see 4.2/3), the 
map y ® idg might have a non-trivial kernel. For example, let us look at an 
exact sequence of type 


(*x) 0 —+ R—“- R—-~+ R/(a) —- 0 


it ” 


where “-a” indicates multiplication by some element a € R that is not a zero 
divisor in R. Tensoring with F over R and identifying R@z E with E produces 
the right exact sequence 


a 


0+ E—“*. E —- E/aE —- 0, 


” 


where similarly as before the map “ -a 
ular, we get 


is multiplication by a on E. In partic- 


ker(E —+ E) = {x € E; ax =0}, 


the latter being called the submodule of a-torsion in E. Clearly, this torsion 
module can be non-trivial, as the example EF = R/(a) shows. 

Returning to the general case of a short exact sequence (*) as above, one 
might ask if there is a natural way to characterize the kernel of the morphism 


yp ® idg: M' @p E— M @p EL. 


Of course, keeping F fixed for a moment, ker(y ® idg) will be determined by 
y and thereby depends on both, M’ and M. This dependence is most naturally 
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clarified by the so-called long exact Tor sequence 5.2/2. Indeed, the striking 
fact we will discuss in 5.1/10 and 5.2/1 is that there exist so-called left derived 
functors Tori*(-,E) of the tensor product - @z E. These are functors on the 
category of R-modules such that any short exact sequence (+) will canonically 
lead to an infinite exact sequence of R-modules 


Tor? (M", E) 


Tor? (M’, E) Tort?(M, E) Tor? (M", E) 


0. 


M@pE ——+ M@pE ——+ M"@rE 


The latter sequence behaves functorially in any reasonable way, namely for exact 
sequences of type (*) on the level of the first variable, but also for morphisms 
on the level of the second variable. In particular, there is an isomorphism 


coker (Tor;’(M, E) —~ Tor}'(M”, E)) ~ ker(M' @p E —~ M @z E). 


In the special case of a short exact sequence (**) where M = M’' = R and 
M" = R/(a) it follows from 5.2/6 that Tor??(R, E) is trivial, since R is flat over 
R. Hence, 


Torf'(M", 8) = Torf!(R/(a), B) ~ ker(E —*+ B) 


is the submodule of a-torsion in E. This is the historical reason for introduc- 
ing the terminology of Tor functors for the left derived functors of the tensor 
product. 

The construction of Tor functors follows a quite universal recipe from ho- 
mological algebra. The same methods will be met again in 7.7, where we deal 
with Grothendieck cohomology. Let fF’: R-Mod ——+ R-Mod be a covariant 
functor on the category of modules over a certain ring R, where F is assumed to 
be additive in the sense that it respects the addition of morphisms. Then, given 
any R-module M, choose a so-called homological resolution M, of M. Thereby 
we mean an exact sequence of R-modules 


dn41 dn f 
» — Mana — M, — Mr-1 ee + Mo > M > 0, 


where in more strict terms, M,, is just the sequence 


do 


dn41 dn 
. —> Maa “> M, > Mp1 eee > Mo > 0. 


Then M, is exact at all positions except at Mp, unless M is trivial. However, in 
any case, M, is a complex, which means that the composition of two subsequent 
morphisms is always zero. Applying F' to the resolution M,, we conclude from 
the additivity of F that F'(M,) is still a complex and we can try to define the 
nth left derived functor F;, of F’ by 


F,,(M) = ker(F(d,)) /im(F(dn41)), neN. 


In particular, we get Fo = F if F is right exact. 
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However, such a procedure can only be useful if the resulting modules F;, (1/7) 
are independent of the chosen homological resolution M, of M. And, indeed, 
the latter is the case if all members M,, of the resolution M, satisfy certain nice 
properties, such as being projective. Every free module is projective (see 5.1/7). 
Therefore the existence of projective homological resolutions is a triviality. Using 
such resolutions, we will explain the general construction of left derived functors 
in 5.1, while the particular case of tensor products will be dealt with in 5.2. 

For a given covariant additive functor F: R-Mod —— R-Mod, the right 
derived functors F” can be constructed similarly as the left derived functors. One 
only has to pass to the “dual” or cohomological situation where all arrows have 
been reversed. So for any R-module M we consider a cohomological resolution 
M* of M given by an exact sequence of R-modules 


ae ea (eee ae gE 5 tig) fc ee eS 


and set 
F"(M) = ker(F(d"))/im(F(d"")), — n EN. 


Again, for F'” to be well-defined, we have to assume that the members of the 
resolution M™* are suitably chosen, for example, to be injective, which is the 
cohomological counterpart of projective. Although the transfer from homologi- 
cal to cohomological resolutions is a purely formal procedure reversing arrows, 
the existence of injective cohomological resolutions is a non-trivial result that 
requires a laborious proof; see 5.3. Finally, for a contravariant additive functor 
F: R-Mod ——~ R-Mod its derived functors are constructed viewing it as a 
covariant additive functor on the category opposite to the one of R-modules. 
Thus, in this case, the left derived functors of F’ are obtained using cohomo- 
logical resolutions, whereas the right derived functors of F’ use homological 
resolutions. As an example, we study in 5.4 the right derived functors of the 
Hom functor, namely the so-called Ext functors. 


5.1 Complexes, Homology, and Cohomology 


Let R be a ring. In the following we will consider R-modules and homomor- 
phisms between these, indicating the latter by arrows, as usual. We have already 
mentioned in Section 1.5 that a complex, or as we like to say, chain complex of 
R-modules is a sequence of R-module homomorphisms 


dn4i dn 
= n+1 Pe n ig n-1 Poeee 


satisfying d, 0 d,4, = 0 when n varies over Z. One calls 
Zn = ker(M,, ees M,-1) Ce M, 


the submodule of n-cycles, 
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B, = im(Mn+1 is M,) cM, 
the submodule of n-boundaries, and 
Ff, = Zn| Bn 


the nth homology or the nth homology module of the complex. We will use the 
notation M, for such a chain complex and write more specifically H,(M.) for 
its homology. In many cases, complexes will satisfy M,, = 0 for all n < 0. 

Viewing M, as a direct sum @,,<7 Mn, we can combine the homomorphisms 
dn: M, ——> M,-1, also known as boundary maps, to yield an R-module ho- 
momorphism d: M, ——+ M,. The latter is said to be of degree —1 since its 
application lowers the index of each direct summand by 1. In most cases, we 
will just write d instead of dy. 

Passing to the dual notion of a chain complex, we arrive at the notion of a 
cochain complex M*. It is of type 


dr-i d™ 
SME EM Se MO ae 


where its n-cocycles are given by 
Z* = ker(M? > M™) c M™, 
its n-coboundaries by 
1 ant 
B” = im(M"~* —+ M") cM", 
and its nth cohomology module by 
AH" (M*) = Z"/B". 


A homomorphism f: M, ——+ N, (of degree 0) between chain complexes 
M, and N, is defined as an R-module homomorphism M, ——~ N,, of degree 
0, in other words, as a family of R-module homomorphisms f,,: M, ——> Ny 
where the diagram 


M, ae Mn-1 


| fn | fn-1 


d 
Nn ar Nn-1 


is commutative for all n € Z. In particular, we can consider sequences of complex 
homomorphisms of type 


Ok A Se 0: 


calling such a sequence exact if, for each level n € Z, the sequence 


Os a 


is exact. 
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Proposition 1. Every exact sequence of chain complexes 


0 ~ MM! ie M, 2+ M" -0 
gives in a canonical way rise to a so-called long exact homology sequence 


ay MS _Fn(f) (M,) 22. (Mt) 


Proof. Let us start by a preliminary remark and exemplarily consider the com- 
plex M,, which we write in more precise terms as 


dn4i d. 


5M a i ON iS 


Then, using imd,., C kerd, and imd, C kerd,_1, the sequence induces a 
homomorphism 


dy: coker dn4, ——> ker dy_1 C Mn-1, 
where apparently 
ker d, = ker dn/imdnis = An(M.), 
coker d, = ker dy—1/imdy = Hy-1(M,). 
Now let us verify the assertion of the proposition, which basically is a gener- 


alization of the Snake Lemma 1.5/1. Using this lemma, we arrive at the following 
commutative diagram with exact rows and columns: 


0 0 0 
Y Y Y 
0 —____+ ker’, —___> ker d, ker d! 
" f Y Y 
gn 
0 ae ee - Mt -0 
d, dn dy 
Mi f Y Y 
n-1 Jn-1 
0 ~ Mi, AM rs | 
Yv Yv Yy 
coker d}, ———+ coker d,, ———> coker d, ————_+ 0) 
Y Y Y 
0 0 0 


Applying the above remark to M{, M,, and M”’ yields a diagram 
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0 0 0 


bf Y 


4 
H,(M,) ——+ H,(Mx) ——+ Hn(M2/) 


Yv Yv ¥ 
1 HW 
coker d,,,, ——> coker dn41 ——> coker d,,, ————> 0 


qr, dn, ar, 
Y Yv Y 
Ui Ua 
Q ———_+ ker d,_, ——+ ker d,,_; —— ker d”_, 


Y Y Y 


Ay,-1(M,) — ee A,-1(M,) — n—1(Mv’) 


Y Y a 


0 0 0 
where the columns are exact and the same is true for the second and the third 
rows. But then the Snake Lemma yields the assertion of the proposition. 


Of course, there is a similar assertion for cochain complexes. Moreover, we 
can easily derive the following fact from Proposition 1. 


Corollary 2. Let 
0 ~M f. M. + M" -0 


be an exact sequence of chain complezes. If the homology of two of the complexes 
Mi, M,, M!' is trivial, the same holds for the third complex as well. 


As an example of a long homology sequence, we will study in Section 5.2 the 
so-called long exact Tor sequence associated to an exact sequence of R-modules 


—— re) eer eres 


and a further R-module E. Due to the right exactness of tensor products (see 
4.2/1), such a sequence leads to an exact sequence 


M' @p E—+> M @®p E —+ M" @p E —~ 0 
and, as we will see, the latter can be enlarged to an exact sequence of type 
——+ Tor®(M’, E) ——+ Tor®(M,E) ——+ Tor?(M", E) 


ad Tor 


(M', E) ——> Tor®_,(M, E) ——> Tor®_,(M”, E) 


——+ Tor!’(M’, E) ——> Tor?(M,E) ——+ Tor?(M", E) 
—+ M'®pE —+ M®pE —+ M"@pE ——-0, 
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which turns out to be a long exact homology sequence in the setting of Propo- 
sition 1. 


We have already seen in Proposition 1 and its proof that a complex ho- 
momorphism f: M, ——~ N, induces a family H,(f): Hp(d.) ——+ H,(N,) 
of homomorphisms on the level of homology. Given two such homomorphisms 
fog: M, + Nx, one is interested in conditions assuring H,,(f) = H,,(g) for all 
n. Sufficient for this, but in general not necessary, is the existence of a so-called 
homotopy between f and g. 


Definition 3. Let f,g: M, —~ N, be two homomorphisms of chain complexes. 
A homotopy between f and g is a module homomorphism M, ——~ N, of degree 
1, in other words, a system of R-module homomorphisms hn: Mn — Nn+1, 
such that the maps of the diagram 


EN | ee ee | er ae a re 
An+1 hn Rn-1 hn—2 
f-g f-g 
~ > Nasi > Nn e LVn—1 Pons 


satisfy the relation f —g=hod+doh. We will call f and g homotopic in this 
case. 


The following fact is immediately clear by the relation characterizing a 
homotopy: 


Remark 4. Any two homomorphisms of chain complexes f,g: M, —~+ N, 
which are homotopic induce the same homomorphisms 


AA (f), An(g): A, (M,) —— A, (Nx); neéZ, 


on the level of homology. 


Definition 5. Let M be an R-module. A homological resolution of M is an 
exact sequence of R-modules 


Soe a Aye ae pp = ari 


where the latter is to be interpreted as a homomorphism of chain complexes 
M, —~ M or, in more explicit notation, 


> Mo > MVM, + Mo > 0 
a a 
> 0 +0 > M > 0, 


inducing an isomorphism on the level of homology. 
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Let F: R-Mod ——~ R-Mod be a covariant functor which is additive in 
the sense that, for any R-modules M and N, the map 


Homay(M, N) —+ Homp(F(M), F(N)) 


is a group homomorphism. In most cases we will assume that, in addition, 
F is right exact, which means that application of F to an exact sequence of 
R-modules 

M' > M > iM" + 0 


produces an exact sequence of R-modules 
F(M') —+ F(M) —~ F(M") —-0 
again. As an example we may look at the functor 
F:M+t—+M @r£, 


for a fixed R-module E; see 4.2/1. In the following we will construct the so- 
called left derived functors of F’, the Tor functors in the case of the example. 
The process is quite simple. Given an R-module M, resolve it by R-modules 
behaving well with respect to F’ in a certain sense, apply the functor F’ to the 
resolution and consider the homology modules of the resulting complex. For 
this to work well, we need projective resolutions; i.e. resolutions by projective 
modules, which are defined as follows. 


Definition 6. An R-module P is called projective if for every epimorphism 
yp: M —+ M” the map Homry(P, MW) —+ Homp(P, M"), f +— vo f, derived 
from p is surjective: 

P 


7 


7 


’ 


M —*+ M” —_- 0 


Proposition 7. Every free module is projective. More precisely, an R-module P 
is projective if and only if it 1s a direct summand of a free one, in other words, 
if and only if there is an R-module P’ such that the direct sum P ® P' is free. 


Proof. Clearly, a free R-module F is projective since homomorphisms &' —+ M 
to an arbitrary R-module M can be uniquely constructed by selecting values for 
the images of a free generating system of F’. In particular, if P’ is an R-module 
such that P@ P’ is free, P ® P’ will be projective. Then consider a morphism of 
R-modules g: P ——+ M” and an epimorphism y: MM ——~ M”. Composing g 
with the projection P&P’ ——+ P onto the first factor, this map factors through 
yp: M —~ M" via a morphism f: P @ P’ —~ M and f|p is a factorization of 
g through y. Hence, P is projective. 

Conversely, assume that P is projective and consider a free module F' to- 
gether with an epimorphism y: & ——~ P. Then the short exact sequence 
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0 —— kery Py P + 0 


is split. Indeed, due to the projectivity of P, the identity map idp: P ——+ P 
factors through F’ and, thus, admits a section. Therefore F' is isomorphic to the 
direct sum P @ ker y and we see that P is a direct summand of a free module. 


Let us add that an R-module M is projective and of finite type if and only 
if it is locally free of finite rank in the sense of 4.4/2; see Exercise 5 below. Thus, 
in 4.4/3, one may add as a fourth equivalent condition M to be projective of 
finite type. 


Proposition 8. Every R-module M admits a free and, hence, projective homo- 
logical resolution. 


Proof. Choose a generating system (2;);cer of M and let My = R™. Then the 
homomorphism My) ——+ M mapping the canonical free generating system of 
Mp onto the system (2;)er is surjective and the construction may be repeated 
for the kernel of this map. Continuing this way, we arrive at a free homological 
resolution of M. 


We need to know in which way different projective homological resolutions 
of an R-module M might differ. 


Lemma 9. Let M, ——~ M and N, —— N be projective resolutions of two 
R-modules M and N and let p: M ——+ N be an R-module homomorphism. 
Then: 

(i) There exists a complex homomorphism f: M, ——~ N, such that the 


diagram 
M, ———~ M 


N, ——~ N 
is commutative. 


(ii) If f, f’: M. ——~ N, are compler homomorphisms as in (i), they are 
homotopic. 


Proof. Starting with assertion (i), we have to construct a complex homomor- 
phism f: M, — + N, such that the diagram 


~ Mp ~M, + Mo > M +0 
Ee is | |. 
> No > Ny, > No > N > 0 


is commutative. To obtain fo, look at the composition pod: My —— N and lift 
it to a homomorphism fo: Mp ——~ No, using the projectivity of Mo. Next, to 
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define f;, we proceed similarly and consider the composition food: M, ——> No, 
whose image is contained in the kernel ker(No ——+ N). Since the latter coincides 
with the image im(V; ——+ No), we can apply the projectivity of M1 in order 
to lift fo od to a homomorphism f;: M,; —— N). Continuing this way, we can 
inductively construct homomorphisms f;: Md; ——~ N; satisfying the required 
commutativity conditions. 

Turning to assertion (ii), let f, f’: MM, —- N, be complex homomorphisms 
as in (i) and set g = f — f’. We look at the diagram 


a Mp > M, > Mo > M > 0 
ie g2 % gq ie go a 0 
Vs No > N, > No = N =. 0 


where the maps h,; are obtained as follows. Start by defining h_1: IM ——~ No as 
the zero map. Then we use the projectivity of Mp to construct ho: Mp ——> Ny, 
with 

go =dohjb =doho+h_10od, 
observing that im go C ker(No ——> N) = im(.N, ——~ No). Next we have to 
define h,: M, —— Np such that g; = doh, + hg od. Using the projectivity of 
M,, it is enough to show that 


m(qi = ho ° d) Cc ker(Ny ——- No) = im(N»2 — N). 
However, the latter is clear since we have d? = 0 and, thus, 


dog,—dohjod=dog —(g,—h_1od)od=dog,—god=0. 


Continuing this way, we can construct the required maps h; by induction. 


If M@, ——+- M and M! ——- M are two projective homological resolutions 
of some R-module M, then applying Lemma 9 we obtain two complex homo- 
morphisms f: M, —+ Mi and g: M! —— M,, which are compatible with the 
identity on M. Furthermore, it follows that go f and fog are homotopic to the 
identity on M,, respectively M{. We will refer to such a setting by saying that 
f: M, —~ Mi and g: M! ——- M, define a homotopy equivalence between M, 
and Mi. 

Next let us consider a covariant functor 


F': R-Mod ——~ R-Mod 


on the category of R-modules that is additive. As we have seen the latter means 
that, for any R-modules M and N, the map 


Homay(M, N) —+ Hompy(F(M), F(N)) 
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given by F is additive in the sense of being a group homomorphism. Then F' 
respects direct sums, since a direct sum of type A ® B can be characterized by 
a diagram 
P J 
Ax ~ ASB —B 
o q 


where 
poti=idy, qoj =idg, 
qot=0, poj=0, 
iop+joq=idaop. 
As an example, let us point out that the functor F' = - ®pr LE, for a fixed 


R-module E, is additive. 

Given any sequence M, of R-module homomorphisms, we can apply the 
functor F' to it, thereby obtaining a sequence of R-module homomorphisms 
again; the latter will be denoted by F'(M.). If M, admits the complex property 
and F' is additive, F(M,) will be a complex as well. However, in general, F’ will 
not preserve resolutions, even if F’ is additive. 


Proposition and Definition 10. As before, let F be an additive covariant 
functor on the category of R-modules. For an arbitrary R-module M, define 
R-modules F,,(M),n € N, as follows: choose a projective homological resolution 
M, —— M and set 


F,(M) = H,(F(M,)) fornéN. 


Then F,, is canonically a well-defined functor on the category of R-modules, the 
so-called nth left derived functor associated to F. 


Proof. Fix R-modules M,N, as well as projective homological resolutions 
M, ——+ M and N, ——~+ N. Then, applying Lemma 9 (i), we can asso- 
ciate to any module homomorphism y: MM ——~ N a complex homomorphism 
f: M, —-+ N, such that the diagram 


M,, ———- M 


/ | 
N, —— N 


is commutative. It follows from Lemma 9 (ii) that f is uniquely determined by 
this diagram, up to homotopy. Thus, if f’: MM, ——+ N, is a second complex 
homomorphism making the above diagram commutative, there is a homotopy 
between f and f’ in the sense of Definition 3. 

Since F is additive, the images F'(M/,) and F(N,) will still have the complex 
property and, moreover, F' will transform the homotopy between f and f’ into 
a homotopy between F(f) and F(f’). Thus, using Remark 4, the resulting 
homomorphism 
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H,(F(f)): Hn(F(M.)) —* Hn(F(N.)) 


will be independent of the choice of f. Furthermore, we see for M = N that 
two projective homological resolutions of one and the same R-module M are 
homotopy equivalent and that such an equivalence is respected by the functor 
F, due to its additivity. Therefore the complexes F'(M,) and F(N,) are ho- 
motopy equivalent and the homology modules H,,(£'(M,)) and H,,(F(N,)) can 
canonically be identified. 


In general, we will assume that the functor F’, besides being covariant and 
additive, is right exact. 


Remark 11. Let F' be a covariant additive functor with left derived functors 
F,, n EN, on the category of R-modules. Then: 

(i) If F is right exact, Fo = F. 

(ii) If M is a projective R-module, F,(M) =0 for n> 1. 


Proof. Let F be right exact and let M be an R-module with a projective reso- 
lution M, —— M, say, given by the exact sequence 


SS) eee) caer 
Then applying F’ yields the exact sequence 
PM) Po) M0 
and therefore an isomorphism Fo(M) —~+ F(M). On the other hand, if M is 


projective, we can take M, = (... > 0 —+ 0 —+ Mp —~+ 0) with Mp = M 
as a projective resolution of M, thus, showing F,,(M) = 0 for n > 1. 


Proposition 12 (Long exact homology sequence). Let F' be a covariant additive 
functor with left derived functors F,,n € N, on the category of R-modules. Then 
every exact sequence of R-modules 


— rr) re (eet 


induces canonically a long homology sequence 
5 EMT uF) eee ME 


an) A) > RU) “0 


Proof. We start out from projective homological resolutions MM! ——+ M’ and 
Mt ——+ M" and construct a commutative diagram 
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dz 
Y Y Y 
0 > M; > M; M/ > M! > 0 
dy 
Y Y Y 
0 > Ms > Ms My ~My > 0 
é € et 
Y Y vy 
0 ~ M' ~M ~ M" -0 
Y Y Y 
0 0 0 


with exact rows and columns where the left and right columns are given by 
the resolutions M/ ——- M’ and M! —_~ M”. The bottom row consists of the 
given exact sequence involving the modules M’, M, M” and the rows at positions 
above the bottom row are the canonical short exact sequences associated to the 
direct sums M/ @ M/", It remains to specify the maps of the central column. 


We want to construct them in such a way that we get a projective resolution 
e! 


of M. To define ¢, consider the composition 0’: Mj ——- M' ——- M and lift 
e”: Mf + M” to a homomorphism o”: Mf ——+ M, using the projectivity 
of Mj. Then the map 


e: Mj ® Mj —— M, a Ga" ++ o'(a’) +0" (a"), 


is an epimorphism making the two lower squares commutative. Furthermore, 
the Snake Lemma 1.5/1 shows that the sequence 


0 —— kere’ ——> kere —— kere” —~ 0 


induced by the row above the last one is exact. Departing from this sequence 
and proceeding similarly as we have done with ¢, we can construct a map 
d,: Mi @ M/ + Mj ® Mj with image kere, making the squares adjacent to 
d, commutative. Continuing this way, the central column becomes, indeed, a 
homological resolution M, of M which, in addition, is projective, due to the fact 
that M! and M”’ and, hence, M! 6 M” are projective. Thus, we have obtained 
from the exact sequence 


(x) 04. I 0 


an exact sequence 


0 —+ M! —~ M, —+ M” —-0 


of associated projective resolutions. 
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Now applying the functor F yields the sequence 
(+) OPM) ae FM) eM) 8 


of complexes which remains exact, since F' is additive and, hence, respects direct 
sums in the sense that, for all n € N, it transforms the canonical exact sequence 


0 > M! > M!' @ Mr > Mr + 0 


into the canonical exact sequence 
Oe FM) = PM) 2 FM) (M0 


Finally, applying Proposition 1 to the exact sequence (**) yields the claimed 
long exact homology sequence. As shown in Remark 13 below, the latter depends 
naturally on the exact sequence (+). 


Remark 13. In the situation of Proposition 12, the construction of the long 
exact homology sequence depends functorially on the exact sequence 


0 > M' > M > M" > 0. 


More precisely, a commutative diagram of R-modules 


0 ~ M’ -~M - M" - 0 
0 - N’ ~N ~N" -0 


with exact rows canonically yields a commutative diagram 


Fusi(M") —+ F,(M!) —+ F,(M) —+ F,(M") — Fya(’) 


ae cae ee eee 


Fusi(N") —+ F,(N!) —+ F,(N) —+ Fy(N") — Fua(W’) 


between associated long exact homology sequences such that the properties of a 
functor (from the category of short exact sequences of R-modules to the category 
of long exact sequences of R-modules) are satisfied. 


Proof. It follows from Lemma 9 that the vertical maps between the two long 
exact homology sequences are unique and depend canonically on the maps be- 
tween the modules M’, M, M” and N’, N, N”. To show that the squares of the 
diagram of the long exact homology sequences are commutative, we must know 
that the maps occurring in the Snake Lemma 1.5/1 depend in a functorial way 
on the involved modules and homomorphisms. However, the latter is clear, since 
the formation of the kernels ker and cokernels coker of module homomorphisms 
is functorial. 
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Exercises 


1. Give an example of two complex homomorphisms f,g: M, —-+ N,. that are not 
homotopic although they induce the same morphisms H,(f) = Hn(g), n € Z, on 
the level of homology. 


2. Show that any direct sum of projective R-modules is projective. 
3. Show that every projective R-module is flat. Is the converse of this true as well? 


4. Let M be a projective R-module and let S C R be a multiplicative subset. Show 
that the localization M ®p Rg is a projective Rg-module. 


5. Show that an R-module M is projective of finite type if and only if it is locally 
free of finite rank. 


Hints: First assume that M is projective of finite type. Deduce that M is a direct 
factor of a finite free R-module and conclude that M is of finite presentation. 
Now use 4.4/3 (ii) in conjunction with Exercise 3 above to see that M is locally 
free of finite rank. 


Conversely, consider elements f1,..., f- € R generating the unit ideal in R such 
that M @r Ry, is finite free for all 1. Writing R’ = Ry, x ... x Ry, show that 
M ®p R’ is projective. Finally, use that the canonical morphism R —-~ R’ is 
faithfully flat (as in the proof of 4.4/3) and conclude that M is projective of finite 
type. 

For further details see Bourbaki [6], II.5.2, Thm. 1 and, in particular, [6], 11.3.6, 
Prop. 12. 


6. The projective dimension pd(M) of any R-module M is defined as the minimum of 
all integers d such that there exists a projective resolution M, ——> M satisfying 
M,, = 0 for all n > d. If no such resolution exists, we put pd(JZ) = oo. Show for 
R-modules M, N that pd(M @ N) = max(pd(M), pd(V)). 


7. Let F: R-CMod —+ R-Mod be acovariant functor on the category of R-modules 
that is additive and right exact. Show that F is exact if and only if the left derived 
functors Fy, n > 0, are trivial. The latter is equivalent to the fact that F) is trivial. 


For example, consider a multiplicative subset S C R and let F’ be the functor 
that associates to any R-module M its localization Mg, viewed as an R-module. 
Determine the left derived functors of F’. 


8. Computing homology via acyclic resolutions: As before, let F be a covariant ad- 
ditive and right exact functor on the category of R-modules. Let Fo, fi,... be 
its left derived functors. An R-module A is called F-acyclic if F,(A) = 0 for all 
n > 0. Likewise, a homological resolution A, —+ M of some R-module M is 
called F-acyclic if all R-modules A, are F-acyclic. For such a resolution, show 
that there are canonical isomorphisms F,(M) —“+ H,(F(A.)),n €N, and that 
these are functorial in M/. Hence, the left derived functors of F’ can be computed 
using F’-acyclic homological resolutions. 


Hints: Consider a projective resolution P, ——+ M and generalize Lemma 9 
by showing that there exists a complex homomorphism f: P, ——> A,, unique 
up to homotopy, such that Ho(f) equals the identity on M. Constructing the 
fn: Pn ——~ An step by step and adapting the P,, if necessary, the f, can be 
assumed to be surjective. Then, defining K, as the “kernel” of f, one gets a 
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short exact sequence of complexes (*): 0 > K, > P, > Ay > 0. 
Note that, due to the F-acyclicity of A,, the sequence of complexes F(x) ob- 
tained from (*) by applying F' remains exact. Furthermore, show that kK, —+ 0 
is an F-acyclic resolution of the zero module and, by induction on n, that all 
kernels ker(Ky41 ——+ K,) are F-acyclic. Deduce from this that the complex 
F'(K,) is exact. Now use the long exact homology sequence (Proposition 1) at- 
tached to the exact sequence F'(*) to conclude that the canonical homomorphisms 
H,(F(P,)) —>+ Hp(F(A,)), 2 € N, are isomorphisms. 


For more details see the cohomological version in Lang [17], Thm. XX.6.2. 


5.2 The Tor Modules 


In the following we want to apply the constructions of Section 5.1 in order to 
study the functor 


-@pE: R-Mod —+ R-Mod, M+t—~+M@gB, 


for a fixed R-module FE. Note that this is a covariant additive functor which is 
right exact due to 4.2/1. 


Definition 1. The nth left derived functor of -@p E is denoted by Tor®(-, E). 
Thus, if M, —+ M is a projective homological resolution of an R-module M, 
we have 


Tor®(M, E) = H,(M, @r E), neéeN, 


and the latter is called the nth Tor module, associated to M and E. In particular, 
Torf(M, E) = M @p E by 5.1/11. 


Rewriting 5.1/12 in our special setting, we arrive at the following fact: 


Proposition 2 (First long exact Tor sequence). Let E’ be an R-module. Then 
every short exact sequence of R-modules 


—— rn) en Leer 


induces a long exact sequence 
Tor} (M", E) 


Tor?’ (M’, E) Tor??(M, E) 


Tor?’ (M", E) 


+ M'@rE M®rpE —- M" @RE 0. 
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By its construction, Tor? (M, E) is a functor in M, but apparently also in EF, 
since any morphism of R-modules EF’ ——+ E gives rise to a functorial morphism 


-@p Eb’ —~ -@pRrE. 


We say that Tor! is a bifunctor on the category of R-modules. On the other 
hand, to define Tor#(M, £), we could just as well interchange the roles of M 
and FE, by choosing a projective homological resolution FE, ——+ EF of E and 
setting 


Tor®(M, E) = H,(M @p E,). 


In the following we want to show that H,,(M, ®pr E) and H,(M ®p E,) are 
canonically isomorphic and, hence, that both possible definitions are equivalent. 
To achieve this, we need some preparations. 

Let M, and E, be complexes satisfying M, = E, = 0 for n < 0. Then we 
arrange the tensor products M, @p Eq as a double complex 


¥. , Yv 

0 Mz ®p Eq ~— Mo ®p Ey ~— Me ®pR Ed 

d' 

Y a Y Y 

0 M, ®p Eo ~— M, @pR FE, ~— M, @R En 
Yy Y v 

0 Mo ®r Eo ~— Mo ®r Ey ~— Mo SR Er 
Y Y vy 
0 0 0 


and look at the associated single compler M, ®r E., which is given by 


(M, @r Ex)n = B My ®pr Ey , neéZ, 
ptq=n 


together with the boundary maps 
dn = d' + d’: (M, SR Ex) n ——> (M, QR Ex) n—1; 


where d” = (—1)?d" on the row with index p of the double complex. To show 
that we really get a complex, imagine replacing d" by d” in the above diagram. 
Then the squares become anticommutative in the sense that d’od"” +d” od' =0 
and we observe that dod = 0, as claimed. 
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Any complex homomorphisms M/ —- M, and E! —~ E, induce canonical 
complex homomorphisms 


M! OR EF —=- M, OR Fy and M, OR Et = M, OR EF, 
between single complexes, as introduced above. In particular, we will need such 


homomorphisms in cases where M/ ——+ M, or E/,—— E, are homological 
resolutions of given R-modules M and E. 


Proposition 3. Let M,—~- M and E, ——~ E be projective homological 
resolutions of two R-modules M and E. Then the canonical complez homomor- 
phisms 

M, ®r EE, —~ M, ®r LE, M, @p E, —+ M Sp EL, 


induce canonical isomorphisms 


H,(M, @pE) ~~— H,(M.@pE.) “+ Ha(M@rE.), neéN. 


Corollary 4. The Tor functors can be interpreted as left derived functors of 
the tensor product, regardless of the type of functors -®@pE or M @R- we use. 
Consequently, the modules Tor? (M, E),n €N, for R-modules M,E can be 
defined via the above homology modules. 


Interpreting Tor? (M ,-) as the ith left derived functor of the functor M @p-, 
we can deduce a second Tor sequence from 5.1/12: 


Corollary 5 (Second long exact Tor sequence). Let M be an R-module. Then 
every short exact sequence of R-modules 


= NN 0 


induces a long exact sequence 
Tor?’ (M, N”) 


Tor??(M, N’) Tor??(M, N) Torf’(M, N”) 


——-» M@y_pN’ ——+- M@p,N  —— > Mea NY ——_+ 0. 


Proof of Proposition 3. We restrict ourselves to looking at the complex homo- 
morphism M, @r EF, — + M ®p E,. As the tensor product is symmetric in its 
factors, the morphism M, ®p FE, ——~ M, ®p E can be dealt with in the same 
way. Let us start out from the following diagram 
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Y Y Yv 

0 Mz @p Eq ~— Mo Rp Ey ~— Me ®pR Ed 

d' 

Y a Y Y 

0 M, ®p Eo ~— M, @R FE, ~— M, @pR Eg 
Y Y v 

0 Mo ®r Eo ~— Mo ®r Ey ~— Mo SR Er 
¥. Y z 

0 M ®r Eo M rk, M ®r £2 
Yy Y v 
0 0 0 


where the bottom row is the complex M ®z E, and the upper part coincides 
with the double complex associated to M, and E,, as discussed above. Since a 
projective module, as a direct summand of a free module, is flat by 4.2/6, we 
get from 4.2/4 exactness properties in the diagram as follows: 

(i) All rows are exact at positions with column index q > 0, except for the 
bottom row. 

(ii) All columns are exact. 

Now look at the complex homomorphism M, ®r E, —+ M ®p E, and the 
induced homomorphisms 


On: Hy(M, @p E.) —~ H,(M @p E.), neN. 


We claim that these, in fact, are isomorphisms. To show that a, is surjective, 
start with an element % € H,(M @p E,) and choose a representative 


rE Zn(M rR E,) CM @r Ey. 
We want to construct an element in 


Zn(M, rR Ex) C B My ®rR Ey 
ptq=n 


which represents a preimage of . Therefore choose a preimage 2%, € Mo ®r En 
of x. In general, the latter will not belong to Z,,(Mo ®r E,), but we can find an 
element 21-1 € M) ®pr Ep-1 such that 


@' (£1 n-1) + (—1)°d" (ton) = 0. 


This is possible since x € Z,,(M ®p E,) implies that the image of xo, under 
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d": My ®p En —+ Mo @r En-1 
is contained in 
ker(Mp @p Ey—-1 —+ M @p En-1) = im(M, @p Ey_1 <> My @p En-1)- 
In the same way we can construct %on-2 € Mz ®pr En—2 such that 
d'(Xon-2) + (-1)'d" (a1 n_1) = 0 


and so on. The process ends with some element 2,9 € Mn ®pr Eo and we see 
that, by our construction, 


Lon @.--P In € Zn(M, @p E,). 


Then it is easily checked that this element represents a preimage of % with 
respect to o,: H,(M, @p E,.) —+ H,(M @pr E,). Hence, oy, is surjective. 
To show that o, is injective, consider an element 


(*) Lon ®-..PLno € Zr(M, Or Ex), Lpq € Mp @r Ey, 


whose image x in M @ x E,, belongs to B,(M @pR E,). Then z is just the image 
of Zon under the map My ®z E, —+ M @p E,. To show 


Lon ®...Plno € Br(M. @p Es), 


choose a preimage of x in M@prE,,4, and, again, a preimage Yon+1 € Mo®rEni 
of the latter. Then 
on — (—1)°d"(Yon41) 


belongs to the kernel of Mp®pE, —+ M®pE, and therefore admits a preimage 
Yin © Mi @pr E,. Using (*), we can compute 


d (21n-1 = (—1)'d" (yin) = d'(%1n-1) +r (—1)°d"d' (yin) 


= d'(21n-1) + (-1)°d" (Zon — (—1)°d"(Yon+1)) 
= d'(2ip-1) + (-1)"a" (zon) = 0 


and we see that 21-1 — (—1)'d"(y1n) admits a preimage yon—1 € Mo @r En-1. 
Repeating this construction, we finally arrive at an element 


Yon+1 © .-- © Yn+1,0 S (M,. QR Ex) n41 


such that 


A(Yon+1 tee Yn-+1,0) = XO.n Bi rn0 
and it follows ton ®...PXno € By(M. @pr E,), which justifies our claim. 


Let us point out that there is a more convenient way of proving Proposition 3 
by using the advanced technical tool of so-called spectral sequences, namely 
the spectral sequence associated to the double complex under consideration. 
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However, as we will not touch this subject, our proof of the proposition had to 
be done “by hand”. 

Next we want to give a characterization of flatness in terms of Tor modules. 
To begin with, observe the following fact. 


Remark 6. Let M and N be R-modules and assume that one of them is pro- 
jective or, more generally, flat. Then Tor®(M, N)=0 forn>1. 


Proof. If one of the modules is projective, we may use 5.1/11 in conjunction 
with Corollary 4. If N is just known to be flat, the functor - @p N is exact. 
Therefore, if 1, ——+ M is a projective homological resolution of M, we see 
that M, Sn N —+ M @pz N is still a homological resolution of M ®pg N, and 
we get Tor? *(M, N) = 0 for n > 1. Using Corollary 4, the same follows if MW is 
flat. 


Proposition 7. For an R-module M the following conditions are equivalent: 
(i) M is flat. 
(ii) Tor? (M,N) =0 for all n >1 and all R-modules N. 
(iii) Tory (M, N) =0 for all R-modules N of finite type. 
(vi) Tor}?(M,R/a) = 0 for all finitely generated ideals a C R. 


Proof. The implication (i) == (ii) is a consequence of Remark 6 and the impli- 
cations (ii) => (iii) => (iv) are trivial. 

Next assume condition (iv). In order to derive (iii), consider an R-module 
N of finite type, say with a set of generators of length s > 1. We show by 
induction on s that Torj'(M, N) = 0. If s = 1, there is an element « € N such 
that N = Ra. Then the map 


R—-N, at— an, 


is surjective and its kernel yields an ideal a C R such that N ~ R/a. We claim 
that Tor{?(M, N) = Tor!’(M, R/a) = 0. 

If a is finitely generated, we know Torj’(M, N) = 0 from (iv). Otherwise we 
look at the long exact Tor sequence 


. Tor}'(M, R) —+ Tort’(M, R/a) — M @pa—+M@rR=M— .... 


Since R, as an R-module, is free, we have Tor?’ (M, R) = 0 due to Remark 6, 
thereby obtaining an isomorphism 


Tor}'(M,R/a) “+ ker(M @pa—+ M). 
For every finitely generated ideal a’ C a the composition of canonical maps 
M ®pa’ —~+ M @®pa—~ M 


is injective, since we have Tor;’(M, R/a’) = 0 by (iv). Now if z = S77_, m @ aj 
is an element of the kernel of M @z a —— M, let a’ = (a,,...,a,) C R be the 
ideal which is generated by the elements a;. Then 
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, 
Zs y M; ® Aj 
j=l 


makes sense as an element of M @aa’. Clearly, z’ is a preimage of z and therefore 
belongs to the kernel of M ®@pr a’ ——+ M. But then we must have z’ = 0 and, 
hence, z = 0. In other words, M ®ga M is injective and we see that 
Tor}’(M, N) = Tort’(M, R/a) = 0, as claimed. 

Now assume s > 1, say N = 7%_, Ra;. Then let N’ = S7*} Re; and 
consider the exact sequence 


0 > N' > N > N" > 0, 


where N” ~ WN/N' is generated by a single element, namely the residue 
class of as. By induction hypothesis we can assume Torf’(M,N’) = 0 and 
Tor??(M, N”) = 0 so that the long exact Tor sequence 


= Por! (MN) 6 Tor (MN) —— es Tor) 


shows Torj'(M, N) = 0, as desired. 
To pass from condition (iii) to (i), let N’ —-- N be an injective homomor- 
phism of R-modules and look at the associated exact sequence 


= NN 0 


where N” = N/N’. In order to see that M is flat, we must show that the 
tensorized map M ®p N’ —+ M @, N is injective. To do this, assume for a 
moment that N is finitely generated. Then N” is finitely generated as well and 
we have Tort'(M, N”) = 0 if condition (iii) is satisfied. Therefore the long Tor 
sequence 


. — > Tor?(M, N") —~ M @p N' —+ M @g N —~ M @p N" —- 0 
shows that the sequence 
0 —~+ M ®R N' —+ M @p N —~+ M @p N” —- 0 


is exact. In particular, M @p N’ —~ M ®p N is injective. 

If N is not necessarily finitely generated, fix any element z = )>)_, m; @ nj 
belonging to the kernel of M @p N’ —-+ M @p N. To prove z = 0, we may 
replace N’ by the submodule generated by n,,...,n,. Furthermore, we know 
from 4.2/8 that there is a finitely generated submodule N CN containing N’ 
such that the image of z is trivial in M @g N. Thus z belongs to the kernel of 
M ®p N' —~ M ®z N and it follows from the special case dealt with above 
that z is trivial. Therefore WM ®p N’ —+ M @ pz N is injective and, thus, M is 
flat. 


It is easy now to verify the criterion 4.2/9, which we had mentioned without 
giving a proof. 
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Corollary 8. An R-module M is flat if and only if for every finitely generated 
ideal a C R the canonical map a @r M —+ M is injective. 


Proof. Assume first that M is a flat R-module. Then, of course, the canonical 
map d@r M M derived from the injection a ——~ R remains injective 
for all ideals a C R. Conversely, assume this condition for all finitely generated 
ideals a C R. Fixing such an ideal, look at the short exact sequence 


0 —~+ a —+ R—~+ R/a —~+ 0 


and the associated long exact Tor sequence 


Tor;*(M, R) 
M 


Tor}'(M, R/a) 


a®rM 


M/aM ——-0. 


We have Tor/’(M, R) = 0 by Remark 6 since R, as an R-module, is free. There- 
fore, if a@zM —+ M is injective, we must have Tor{’(M, R/a) = 0. However, 
if the latter is satisfied for all finitely generated ideals a C R, Proposition 7 says 
that M is flat. 


Proposition 9. For an R-module M" the following conditions are equivalent: 
(i) M” is flat. 
(ii) For every short exact sequence 


OS i 


and every R-module N, the tensorized sequence 
0 ——+ M’ @p N —~> M ®p N — M” @p N —- 0 
1s exact. 
Proof. Let 0 > MM’ >M > MM" > 0 be a short exact sequence 


and assume that M” is flat. Then Remark 6 yields Torj'(M”, N) = 0 for any 
R-module N and the long exact Tor sequence 


Tort?(M", N) —+ M’ @p N —+ M ®g N —~+ M" @z N —~0 


shows that condition (i) implies (ii). 
Conversely, assume condition (ii) and look at an exact sequence 


on er eer fees) 


where M is free. Then the sequence 
0 ——+ M’' @®rp N —~ M ®p N —~ M" pz N —- 0 


is exact for arbitrary R-modules N. Since Tor}’(M, N) = 0 by Remark 6, as M 
was assumed to be free, the long exact Tor sequence 
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Tor}'(M, N) — Torj’(M", N) — M'’®pN — M@pN — M" @pN —0 


shows Torj'(M”, N) = 0 so that we get (i) using Proposition 7. 
Proposition 10. Let 


—e er corns. emer 


be a short exact sequence of R-Modules where M" is flat. Then M' is flat if and 
only if M is flat. 


Proof. Given an arbitrary R-module N, we can look at the following part of the 
long exact Tor sequence 


Tor3'(M”, N) —+ Tori’(M’, N) —+ Torj’(M, N) —— Torf’(M”,N), 


where Tor'(M", N) = 0 = Tor}'(M”, N) by Remark 6 since M” is flat. There- 
fore the sequence yields an isomorphism 


Tor?’(M’, N) —~+ Tor?’(M, N) 


and we see from Proposition 7 that ’ is flat if and only if M is flat. 


Exercises 


1. For non-zero integers p,q € Z show that Tor?(Z/(p),Z/(q)) ~ Z/(gcd(p, q)). 


2. Let M,N be modules over a principal ideal domain R. 
(a) Show that Tor®(M, N) = 0 for n > 2. 
(b) Determine Tor!’(R/(a),.M) for any element a € R. 
(c) Determine Tor?’(Q(R)/R, M) for the field of fractions Q(R) of R. 


3. Let R be a local ring with maximal ideal m and M an R-module of finite presen- 
tation. Show that M is free if and only if Tor#(M, R/m) = 0. 


4. The formation of Tor modules is compatible with flat coefficient extension: For a 
flat ring morphism R —-+ R’ and R-modules M, N show that there are canonical 
isomorphisms of R’-modules Tor®(M,N)@pR’ “+ Tor®’ (M@pR’,N@RR), 
n €N. In particular, for any prime ideal p C R, there are canonical isomorphisms 
Tor®(M,N),) “+ Torn? (M,, Np), n EN. 

5. Group homology: The group ring Z[G] of a group G is defined as the free 
Z-module generated by the elements of G, i.e. Z[G] = Byec Z-g, with multipli- 
cation given by (digeg 4q° 9) * neg bn? h) = Ua neg dgbn: gh. Every Z-module 
M can trivially be viewed as a Z[G]-module by setting g-x« = x for allg EG 
andxe M. 

Given any Z[G]-module M, the nth homology group, n € N, of G with values 
in M is defined by H,(G, M) = Tora"l(z, M). Compute H,(G, M) for a cyclic 
group G. 
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6. Bourbaki’s Criterion of flatness: Consider an R-module M and an ideal 3 C R. 
Assume either that 3 is nilpotent in the sense that 3” = 0 for a certain expo- 
nent r > 0, or that R is Noetherian and M ideally separated; the latter means 
Qnen 3"(a ®R M) =0 for every finitely generated ideal a C R. Show that the 
following conditions are equivalent: 


(a) M is a flat R-module. 

(b) Tor}’(M, N) = 0 for every R-module N satisfying JN = 0. 
(c) M/3M is a flat R/3-module and Tor/*(M, R/3) = 0. 

(d) M/3"M is a flat R/3"-module for all n > 1. 

Hint: See Bourbaki [6], III, §5.3. 


5.3 Injective Resolutions 


Let M and N be R-modules. Then we can look at the covariant additive functor 
Hompr(M,-): R-Mod —-~ R-Mod, 
E}—» Homer(M, £), 
(fe ae) ~(pr— foy, y € Homa(M, £)), 


which is easily seen to be left exact in the sense that it transforms exact se- 


quences of type 
0 > E! > EF > BE" 


into exact sequences 
0 —+ Homp,(M, EL’) —-- Homp(M, FE) —-- Homp(M, E"). 
On the other hand, Hom can be viewed as a functor in the first variable as well, 


Homp(-, VN): R-Mod —-- R-Mod, 
E}—+ Homp(£,N), 
(f: E’ —+ E)-—~ (yt — vof, » € Homa(E,N)), 


and we see that Homp,(-, NV) is an additive, in this case contravariant functor, 
which is left exact in the sense that it transforms exact sequences of type 


E’ > > EN" > 0 
into exact sequences 
0 —+ Hompr(E",N) —+ Homr(E,N) —+ Home(E", N); 


just use the Fundamental Theorem on Homomorphisms 1.4/6. 
We already know from Section 5.1 that an R-module P is called projective 
if for each surjective morphism of R-modules # ——+ E” the associated map 
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Homp,(P, E) —+ Homp(P, E”) is surjective, a property which is characterized 
by the following diagram: 


P 
a ‘ 
E > B” > 0 
Passing to the “dual” diagram 
I 
A 
E+ E’ « 0 


we obtain the notion of an injective R-module. 


Definition 1. An R-module I is called injective if for every injective morphism 
of R-modules E’ ——~ E and a given morphism of R-modules Ek’ ——~ I, the 
latter can always be extended to a morphism E ——+ I, in other words, if any 
injection E’ —_» E induces a surjection Homr(E£, 1) —-+ Homp(E’, 1). 


Calling an additive functor exact if it is left and right exact and, thus, 
preserves short exact sequences, we see: 


Remark 2. (i) An R-module P is projective if and only if the functor 
Homp(P,-) is exact. 
(ii) An R-module I is injective if and only if the functor Homp,(-, 1) is exact. 


Also note that an additive functor preserves general exact sequences as soon 
as it preserves short exact ones. This is seen just as in the proof of 4.2/4. 

Clearly, the zero module over any ring R is projective, as well as injective. 
Also we know that any free module is projective. Just as any direct sum of 
projective modules is projective, any cartesian product of injective modules is 
injective; cf. Exercise 1 below. Any vector space over a field is projective since it 
is free. But it is injective as well because any subspace of a vector space admits 
a direct complement. Furthermore, one knows that Q is an injective Z-module 
and that any Q-vector space is injective when viewed as a Z-module, which is 
a little bit more laborious to prove; see Proposition 5 below. There are further 
examples of injective modules; we will explain some of the possible constructions 
in a moment. 

For additive covariant functors, their left derived functors were defined using 
projective homological resolutions. For contravariant functors we need to dualize 
this concept. A cohomological resolution of a given R-module M is an exact 
sequence of type 
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Qe Se TE ee ype, 


? 


which we interpret, similarly as for homological resolutions, as a complex ho- 
momorphism 


M 0 ~M -0 +0 ag 
bof | 
M* 0 > M° > VM! > M? ae 


which induces an isomorphism on the level of cohomology modules. The reso- 
lution is called injective if all modules M” are injective. 

Every R-module admits a projective homological resolution (see 5.1/8), 
which is easy to prove. However, the analogue for injective cohomological reso- 
lutions is much more demanding and we will spend the remainder of the present 
section to establish this result. 


Proposition 3. Every R-module M admits an injective cohomological resolu- 
tion M —+ M*. 


Lemma 4. For every R-module M, there exists an injection M —+ I into an 
injective R-module I. 


The proof of Proposition 3 is an easy consequence of the assertion of the 
lemma. Indeed, start with an injection M—+ M° of M into an injective 
R-module M°. Then choose an injection M°/M <—+ M! into an injective 
R-module M! so that we get the exact sequence 


0 > M ~ M° ~ M!. 


Embedding the cokernel of the map M° ——+ M? into an injective R-module 
M? and continuing this way, we obtain step by step an injective cohomological 
resolution of M. 


To carry out the proof of Lemma 4, we need some preparations. 


Proposition 5. For an R-module I the following conditions are equivalent: 
(i) I is injective. 
(ii) Given an ideal a C R, every R-linear map a—— I extends to an 
R-linear map R —~ I. 
Moreover, if R is a principal ideal domain, conditions (i) and (ii) are equiv- 
alent to 
(iii) I is divisible in the sense that for a € R—{0} and x € I there is always 
an element x' € I such that x = az". 


Proof. The assertion (i) ==> (ii) is trivial; just apply the defining property of 
injective modules to the injection a —— R. 
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Conversely, assume (ii) and consider an injection of R-modules M’ —-~ M 
as well as an R-linear map f’: M’ —— I. In order to extend f’ to M, look at 
the set of all pairs (M, f) where M C M is a submodule containing M’ and 
where f: MM —+ J is an R-linear extension of f’. Applying Zorn’s Lemma, this 
set contains a maximal element (IM, f) and we claim that M = M. To justify 
this we proceed indirectly and assume there is an element y € M — M. Then 
consider the set 

a={reR;ryeM}, 


which apparently is an ideal in R satisfying 
MN Ry = ay. 
Now, using (ii), the R-linear map 
a—+ TI, rt-— firy), 


admits an extension g: R —+ I. Writing x = g(1), we have f(ry) = g(r) = rz 
for all r € a. In particular, if there is some r € R such that ry = 0, then r € a 
because 0 € M and, thus, rz = 0. Therefore we see that 


g: Ry —T, TY > Th, 


is a well-defined R-linear map coinciding with f on MM Ry = ay. 
From this we conclude that f: M ——+ I can be extended to an R-linear 
map 
f:M+Ry—+I, 9 zt+ryt—+ f(z) +o(ry). 


Indeed, f is well-defined, since z,z’ € M and r,r’ € R with z+ ry = 2’ +r'y 
imply z— 2’ = (r'—r)y € MN Ry and, thus, 


(f(z) + 9(ry)) — F(z’) + o(r'y)) = Fle— 2) —a((r' — ry) = 0. 


However, M ¢ M + Ry contradicts the maximality of (MV, f). Hence, we must 
have M = M and f: M —~ J is an extension of f’: M’ ——~ I. It follows that 
I is injective. 

Finally, if R is a principal ideal domain, let us show that conditions (ii) and 
(iii) are equivalent. Indeed, for elements a € R— {0} and x € J consider the 
R-linear map 


f': (a) — TI, ra t— rau; 


the latter is well-defined since R is an integral domain. If condition (ii) is given, 
f’ admits an R-linear extension f: R ——+ I and the image f(1) of the unit 
element in R yields an element x’ € J satisfying x = az’. Conversely, consider 
an ideal a C R, say a = (a), and look at an R-linear map f’: (a) —— I; the 
latter is of type rat—> ra for r € R and some wz € I. To extend f’ to an 
R-linear map R ——+ I, we may assume a ¥ 0. Then, if J is divisible in the 
sense of (iii), there is an element x’ € J such that x = az’ and the R-linear map 
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f:R—]I, rr ra’, 


extends f’. This shows that condition (ii) is satisfied. 


As an application, we repeat that Q, as a divisible Z-module, is injective in 
contrast to Z, which is not divisible. Moreover, we can immediately conclude 
from Proposition 5: 


Corollary 6. As a divisible Z-module, Q/Z is injective. Likewise, Z-modules of 
type (Q/Z)* are injective for arbitrary index sets X. 


Corollary 7. Every Z-module M can be embedded into an injective Z-module. 


Proof. We may assume M # 0, since the zero module is injective itself. Then, 
for any y € M — {0}, consider the submodule Zy C M and choose a Z-linear 
map 
Zy —>+ Q/Z, zy -— zu, 

where u € Q/Z is the residue class of + if Zy ~ Z/nZ with n > 0 and where 
u # 0 can be chosen arbitrarily if Zy ~ Z. Then extend Zy ——+ Q/Z to a 
Z-module homomorphism y,: M —— Q/Z using the injectivity of Q/Z and 
look at the Z-linear map 


M—_- II Q/Z, zp (eu(2)) year—foy? 
yeM—{0} 


which is injective by its construction. 


In particular, the assertion of Lemma 4 is now already clear for Z-modules 
and it remains to generalize our argument to the case of arbitrary rings R in 
place of Z. In the following, let Z be a module over a ring R and let G be 
an abelian group, which we will view as a Z-module. Then Homz(M,G) is an 
R-module if we define the product ay for a € R and » € Homz(M,G) by 
(ayp)(y) = play) where y € M. 


Lemma 8. The canonical map 
®: Homr(M, Homz(R, G)) —+ Homz(M,G), 
gpt— (yt— (~(y))(1)), 


is an isomorphism of abelian groups. 


Proof. By its definition, @ is additive. To exhibit an inverse of ®, look at the 
additive map 


W: Homz(M,G) —+ Homry(M, Homz(R,G)), 
br— (yt— (ar—+ Y(ay))). 
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The composition W o @ is given by 


pr— (yt— (y(y))(1)) 


because we have (y(ay))(1) = (ay(y))(1) = v(y)(a- 1). Since the composition 
@ oW is given by 


wv 


wy r— (y + (at—+ ¥(ay))) 
+ (y+ Wy) = 4, 


we see that ® and W are mutually inverse to each other. 


Lemma 9. Let G be an abelian group which in terms of Z-modules is injective. 
Then E = Homz(R,G) is an injective R-module. 


Proof. Let M’ ——+ M be an injection of R-modules and f: M’ ——+ E an 
R-linear map. Then, by the above lemma, f corresponds to a Z-linear map 
f': M' —- G. Using the injectivity of G, the latter extends to a Z-linear map 
f': M ——- G which, again by the lemma, corresponds to an R-linear map 
f: M —~ E. Since f’ is an extension of f’, we see that f is an extension of f 
and it follows that E is injective. 


Now we can easily finish the proof of Lemma 4. Let M be an R-module. As 
in the proof of Corollary 7, we choose a non-trivial Z-linear map Zy —-+ Q/Z 
for each y € M — {0} and extend it to a Z-linear map M ——+ Q/Z, using 
Corollary 6. Furthermore, applying Lemma 8 to these maps yields R-linear 
maps y,: MM ——+ Homz(R,Q/Z) that satisfy y,(y) 4 0 for all y € M — {0}. 
But then 


M — Il Homz(R, Q/Z), yr (40) yem—toy? 
yeM—{0} 


is an injective R-linear map into an injective R-module. Indeed, the factors 
Homz(R,Q/Z) on the right-hand side are all injective, due to Lemma 9, since 
Q/Z as a Zmodule is injective. 


Exercises 


1. Show that any cartesian product of injective R-modules is injective. 


2. For a Noetherian ring R show that any direct sum of injective R-modules is 
injective. Is this true as well without the Noetherian hypothesis? 


3. Let M be an R-module. Show that every injective submodule of M is a direct 
summand of M. 
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4. Let M,N be Z-modules, where M is injective and N is a torsion module in the 
sense that for every x € N there is an integer n € Z — {0} satisfying na = 0. 
Show that M @z N =0. 

5. Consider the so-called p-quasi-cyclic group Z(p~) = Z[p~!]/Z for a prime num- 
ber p. Show that it is divisible and, hence, injective as a Z-module. 

6. Let M be a flat and N an injective R-module. Show that Homr(M,N) is an 
injective R-module. 


5.4 The Ext Modules 


In the following we want to introduce Ext functors as right derived functors of 
the Hom functor. To do this, let M/, N be two R-modules. Choosing a projective 
homological resolution M,—+ M of M, we can apply the functor Homa(-, V) 
to it. Since the functor is contravariant and additive, it transforms M, into a 
cochain complex 


Homr(M,,N): 0 —+ Homr(Mo, N) —~ Homp(M;, N) —— ... 
and we can define 
Ext’,(M, N) = H”(Homr(M,, N)), neéN, 


as the nth Ext module associated to M and N. Of course, we have to check 
that Ext,(M, NV) is well-defined. Proceeding as in the proof of 5.1/10, consider 
a second projective homological resolution M/ ——+ M of M. Then we conclude 
from 5.1/9 that the chain complexes M, and M/ are homotopy equivalent. 
As an additive functor, Hom,(-, V) transfers this equivalence into a homotopy 
equivalence between Hompr(M,, N) and Hompy(M{, N). Indeed, as the latter 
complexes are cochain complexes, we adapt the definition of a homotopy, known 
from 5.1/3 for chain complexes, to our situation as follows: 


Definition 1. Let f,g: C* —— D* be homomorphisms of cochain complexes. 
A homotopy between f and g is a module homomorphism C* ——+ D* of degree 
—1, in other words, a system of R-module homomorphisms h": C™ —+ D"—!, 
such that the maps of the diagram 


d 4 
ee Cea ee Cn ee 


Ar-t hn Arti hr-2 


f-g f-g 


: d 
ere D1 » D” a ptt sii 


satisfy the relation f —g = hod+doh. Just as in the setting of chain complezes, 
f and g will be called homotopic in this case. 


Notice that the above diagram coincides with the one given in 5.1/3, except 
for the fact that in chain complexes passing through arrows of boundary maps 
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decreases module indices, whereas the contrary is the case in cochain complexes. 
In any case, we thereby see that the Ext modules are well-defined. In particular, 
we have 


Ext?,(M, N) = Homr(M, N) 


since Homp(-, V) is left exact. 
Alternatively, we can take an injective cohomological resolution N ——+ N* 
of N and consider the cohomology modules 


Ext’ (M,N) = H"(Home(M,N*)), neéN. 


Also in this case, we must check that these modules are well-defined. This can 
be done similarly as for projective homological resolutions. First we need to 
prove an analogue of 5.1/9 for homomorphisms of cochain complexes show- 
ing that two injective cohomological resolutions N ——+ N* and N —— N” 
of N are homotopy equivalent; this is achieved by “dualizing” the arguments 
used in the proof of 5.1/9. Then we use the fact that the covariant additive 
functor Hom,(M,-) transfers such an equivalence into a homotopy equivalence 
between Hompr(M, N*) and Homr(M, N”). Thus, indeed, the cohomology mod- 
ules Ext’ (IM, N) are well-defined. 

In a next step we can compare the modules Ext',(M, N) and Ext’ %(M, N). 
To do this, we set up the double complex induced from M, M and 
N —+ N* as follows: 


0 Homa(M2, N°) —- Homey(M2, N') —- Homg(M2, N*) ——-... 
A A A 
d’ 

0 Homa(M;, N°) “+ Home(My, N*) — Homa(Mi, N?) ——.... 
A A A 

0 


Hompy(Mo, N°) —- Home(Mo, N') —- Home(Mo, N*) ——... 
A A A 


The associated single complex Hompy(M,, N*) is given by 


(Homr(M.,N*)), = GB Home(M,,N),  néN, 
p+q=n 
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together with boundary maps d” = d' +d", where d" differs from d” by the sign 
(—1)? on the row with index p. Then we see: 


Proposition 2. The canonical complex homomorphisms 
Hompr(M,, N) —~ Hompr(M., N*) «— Hompr(M, N*) 
induce isomorphisms 
HA" (Homp(M,, N)) ~ HA" (Homp(M,, N*)) —— HA" (Homp(M, N*)) 


for all n EN. In particular, Ext%(M, N) can be defined by any of these coho- 
mology modules. 


The proof is done in analogy to the proof of 5.2/3, by “dualizing” arguments. 


Remark 3. Let M,N be R-modules. Then: 
(i) Ext(M, N) = Homa(M, N). 
(ii) ExtR(, N) =0 for n> 0 if M is projective or N is injective. 


Proof. The first assertion has already been mentioned; it follows from the left 
exactness of the Hom functor. To verify the second one, we just note that M, 
given by 0 ——+ M ——~- 0 yields a projective resolution MM, ——+ M if M is 
projective and that, likewise, N* given by 0 ——+ N ——+ 0 yields an injective 
resolution N ——+ N* if N is injective. Then, applying Proposition 2, we are 
done. 


Next, let us discuss the so-called long exact Ext sequences. 


Proposition 4 (Long exact Ext sequences). Let M, N be R-modules. Then 
every short exact sequence of R-modules 


0 ~ MM’ > M ~M" > 0 
induces a long exact Ext sequence 
0 —— Hom,y(M", N) ——~- Homp(M, N) ——~ Homp(M’, N) 
—? . Exth(M",N) ——- Ext)(M,N) —— 


and every short exact sequence of R-modules 


0 > N’ > N > N” > 0 
a long exact Ext sequence 
0 ——+ Homp(M, N’) ——~ Homp(M, N) ——+ Homp(M, N") 
—?.. Exth(M, N’) —— Extl(M,N) —— 
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Proof. The first Ext sequence can be constructed as explained in the proof of 
5.1/12, by setting up suitable projective resolutions for M’, M, M”, applying the 
functor Homa(-, NV), and using 5.1/1. For the second Ext sequence we proceed 
in a similar way, replacing projective by injective resolutions and “dualizing” 
the arguments given in the proof of 5.1/12. 


There are two essentially different long exact Ext sequences. This corre- 
sponds to the fact that Ext can be viewed as a contravariant functor in the first 
and as a covariant functor in the second variable of the Hom functor. In prin- 
ciple, a similar situation is faced when dealing with tensor products. However, 
in contrast to Hom, the tensor product functor is covariant in both variables 
and, furthermore, is symmetric in the sense that the functors -®pg E and E@p:- 
are canonically equivalent for any R-module EF. This is why the long exact Tor 
sequences, as mentioned in 5.2/2 and 5.2/5, are essentially the same. 


Corollary 5. For an R-module P the following conditions are equivalent: 
(i) P is projective. 
(ii) Ext%(P, N) =0 for n> 0 and all R-modules N. 
(iii) Extp(P, N) =0 for all R-modules N. 


Proof. The implication (i) => (ii) follows from Remark 3, whereas (ii) ==> (iii) 
is trivial. 
To verify (iii) => (i), consider an exact sequence of R-modules 


0 > N’ > N > N" +0, 
as well as the associated long exact Ext sequence 
0 ——+ Homp,(P, N’) ——~ Homp(P, N) ——+ Hom,(P, N”) 


—? , Exth(P, N’) Ext),(P,N) —— 


Then, using (iii), the functor Hom,(P,-) is exact and we see that P is projective 
according to 5.3/2 (i). 


Corollary 6. For an R-module I the following conditions are equivalent: 
(i) I is injective. 
(ii) Ext%(, 1) =0 for n> 0 and all R-modules M. 
(iii) Extp(M, 1) =0 for all R-modules M. 


Proof. We use the same arguments as in the proof of Corollary 5, although 
from the “dual” point of view. Again, the implication (i) => (ii) follows from 
Remark 3 and (ii) ==> (iii) is trivial. 

To verify (iii) => (i) consider an exact sequence of R-modules 


— | sy ey cemeen 


and the associated long exact Ext sequence 
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0 ——+ Homr(M”", 1) ——~ Homag(M, 1) ——+ Homp(M"’, 1) 
=". Bethy ——* Bath 1) == 


Using (iii), we see that the functor Homa(., J) is exact. Therefore J is injective, 
due to 5.3/2 (ii). 


Exercises 


1. Show 
Ext,(@ M,, N) ~ Tf exta(Mi..N), Ext, (u, Il Nj) ~ T[ BxtR(, Ny) 
tel tel jet jEed 
for R-modules M, M; and N, Nj. 
2. Let M,N be modules over a principal ideal domain R. 
(a) Show that Ext%(M, N) = 0 for n > 2. 
(b) Determine Ext’,(R/(a),M) for any element a € R. 


3. Let M,N be R-modules. Show: 
(a) If Ext,(M, N) =0 for all R-modules M, then N is injective. 
(b) If Extp(M, N) = 0 for all R-modules N, then M is projective. 
4. Let M,N be R-modules where R is Noetherian and M is of finite type. Show 


for any multiplicative subset S C R that there are canonical isomorphisms 
Exth(M, N)s ~ Exth, (Ms, Ns), n € N. Hint: Use Exercise 4.3/9. 


5. Group cohomology: Let G be a group and M a Z[G]-module (see Exercise 5.2/5). 
For n € N the nth cohomology group of G with values in M is defined by 
H"(G,M) = Ext?) (Z, M). Compute H”(G, Z) for a cyclic group G. 


6. Ext and extensions of modules: Let M,N be R-modules. An extension of M 
by N is an exact sequence of R-modules 0 > N +B > M > 0, 
simply denoted by EL. Two such extensions L, E’ are called isomorphic if there is 
a commutative diagram 


0 ~N —+ B—+ = 0 
0 N= — lt ie 


where £ ——+ E’ is necessarily an isomorphism. Let Ext(M,N) be the set of 
isomorphism classes of such extensions. 
Show that there is a bijection Ext(M,N) —~+ Ext(M, N) as follows. Choose 


L 


any exact sequence 0 >i > P > M > 0 with P being projective 
(or free). Then there is a commutative diagram of type 


L 


0 >i > P > M > 0 


aD | 


0 ~N—» F— + M ~0, 
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where o exists by the projectivity of P and 7 is induced from a. Now look at 
the long exact Ext sequence associated to the upper row and the module N. It 
contains a morphism of R-modules Hom(K, N) ——+ Extp(M, N); the latter is 
surjective as Extp(P, N) = 0, due to the projectivity of P. Show that associating 
to E € Ext(M,N) the image of r € Hom(K, N) in Exth(M, N) yields a well- 
defined map Ext(M,N) —~+ Ext}(M,N). 

Conversely, starting with an element « € Extp(M,N), choose a preimage 
7 € Hom(K,N) with respect to Hom(K, N) Extp(M, N) and let E be 
the “amalgamated sum” of P and N over K, namely the quotient (P @ N)/K, 
where K is the image of the mapping K > P@N, «+ u(x) — r(x). Then 
we get a commutative diagram 


0 >i > P > WM > 0 


0 > N—+ (P@N)/K —+M ~0, 


where the lower row usually is referred to as the push-out under 7 of the upper 
one. In any case, show that associating to ¢ € Ext(M, N) the lower row yields 
a well-defined map Extp(M,N) —+ Ext(M, N). 

Show that both maps above are mutually inverse to each other and, thus, define 
a bijection Ext(M,N) —~+ Extp(M,N). Does this bijection depend on the 
choice of the exact sequence 0 >i > P > M > 0? 


Give a construction on the level of extensions of M by N that corresponds to the 
addition of elements in Ext(M, N). 


Part B 


Algebraic Geometry 


Introduction 


Let k be a field (or, more generally, a ring that is commutative and admits a 


unit element 1) and &[ti,...,tm] the polynomial ring in m variables t),...,tm 
over k. Given any polynomials f1,...,f, € k[ti,...,tm], we are interested in 
the “solution set” V of the system of equations 

(*) icaiontn p=l,...,7, 


where we still have to make precise the type of objects V should contain. In any 
case, the investigation of such solution sets is a central objective in Algebraic 
Geometry. 

It is natural to start looking for solutions x € k™”. Then 


Vikh= {rer fa) =0, paisa 


is called the set of k-valued points of V. Similarly, for a ring extension k C k’ 
or, more generally, for a ring homomorphism y: k ——+ k’, we can consider the 
set 


VS eee eee 0, p = lea or} 
of k’-valued points of V, where k’ is viewed as a k-algebra and, hence, as a 


relative object under k. Note that f? is defined as the image of f,, with respect 
to the canonical map 


k{t] She [¢], S- Qyt” -— S- play)t”, 


given by the transport of coefficients by means of y; usually we will write f, 
again instead of f?. 

The terminology can be made more precise if we view the “solution set” of 
the system (*) as the family of all sets V(k’) where k’ varies over all k-algebras. 
However, when doing so, a little bit of care is necessary, as the collection of 
all such k-algebras is not in accordance with the strict requirements of a set. 
Therefore it is better to view V as a covariant functor 
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V: k-Alg —-+ Sets 


from the category of k-algebras to the category of sets, associating to a k-algebra 
k’ the set V(k’) and to a morphism of k-algebras h: k’ ——+ k” the canonical 
map 


V(b): V(k) —* V(k"), (aay. + 4m) H— (h(a), h(am)); 


see Section 4.5 for the definition of functors and their morphisms. Using a 
provisional terminology, let us call V the solution functor of the system of 
equations (*) above. In the sequel we will see how to interpret such functors as 
geometric objects, namely so-called affine k-schemes (of finite presentation). 

To give an alternative description of the solution functor V, we look at the 
residue k-algebra 


EV ee tig tog A ieee Te: 
Its elements give rise to functions on V, namely on the different sets V(k’), 


where k’ varies over all k-algebras. To explain this in more detail, fix a point 
x € (k’)™ and consider the substitution homomorphism 


GLK lt cagty, | = Ke, ae bo Soa 


Then x satisfies the equations (*) if and only if (fi,..., f-) C kero or, in other 
words, if and only if a, factors through a well-defined morphism of k-algebras 


Ge: [(V) =k[ti,..-,tm]/(fi,---, fe) —> Fk’. 
In particular, there is a canonical bijection 
V(k') + Hom (I(V),k’), = & + on, 


between the set of k’-valued points of V and the set of k-algebra morphisms 
from I'(V) to k’. Obviously, the latter bijection is functorial in k’ so that we 
get an equivalence of functors 


(x) Vi as Hom, (I'(V), -) ' 
Furthermore, setting 
fee) =a hh} for fEel(v), cev(k’), 


any element f € I'(V) gives rise to a map V(k’) ——~ k’ and we can interpret 
o,: [(V) —~ k’ as the evaluation map of functions f € '(V) at the point x. 

In order to compare two solution functors of the type just described, we 
need to define “maps” between them. Let us consider two systems of polynomial 
equations 
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given by polynomials f, € k[t),...,tm] and g, € k[w,...,u,]. Furthermore, 
let V and W be the corresponding solution functors, as well as [(V) and I'(W) 
the attached algebras of functions. Then a “map” y: V —-+ W should be given 
by functions on V and, therefore, should consist of a family of maps 


p(k’): V(k') —+ W(k’), a (yi (2), sad Pule)) 


where k’ varies over all k-algebras and where ¢j,...,¢, € ['(V). As anything 
else would be unnatural, let us assume that all maps y(k’) are given by the same 
functions y1,...,n € ['(V). Only in this case can we be sure that a morphism 
of k-algebras h: k’ —— k” will lead to a diagram 


V(k) 2&2 wee 
vay W(h) 
V(k") glk’) W(k") 


that is commutative. Therefore a “map” V ——+ W of the desired type is seen 
to be a functorial morphism ~: V ——+ W induced from certain functions 
P1,-+-,Pn€ I(Vv). 

On the other hand, it is not hard to see that every functorial morphism 
yp: V —~ W is induced from suitable functions y1,...,¢, € ['(V). To justify 
this, we use the characterization (**) of the solution functors V and W in terms 
of the functors Hom(I’(V), - ) and Hom(I’(W), - ). Thereby any functorial 
morphism y: V —-+ W can be interpreted as a functorial morphism 


F: Hom(I(V), - ) —+ Hom,(I(W), - ) 


so that a Yoneda argument of the type used in the proof of 6.9/1 becomes 
applicable. Indeed, set k’ = I'(V) and fix a second k-algebra k” together with 
a k-valued point x of V, where the latter is interpreted as the evaluation map 
Tz: k’ = P(V) —~ k”. By the functorial property of F’, there is a canonical 
commutative diagram 


F(k’) 


Hom (I’(V), k’) Hom, (I'(W), k’) 


Hom, (I'(V),oz) Hom; (I'(W),ax) 


F(k’) 


Hom, (I'(V), k”) Hom, (I'(W), k”) , 


where the vertical maps are induced from o,. Now use the so-called universal 
point ¢ = (t1,..-,tm) € V(k’), whose components are given by the residue 
classes of the variables t;,..., tm, in 


ki = I(V) =k[th,-.- tm] /(fts---9 fr) 
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Its associated evaluation map @; is simply the identity map ’(V) —— k’ and 
the latter is mapped vertically in the above diagram to the evaluation map @;. 
Horizontally, g¢ is mapped to a morphism of k-algebras 


yp*: [(W) —~ kK’ =T(V); 
let »; = y*(U;), for 7 = 1,...,n, where UW; is the residue class of the variable u,; 


" PW) = kl diss. , tal on 5 90): 


Furthermore, y* is mapped vertically to the composition G, o y* and, since 
Tx(~;) = y; (x), the latter corresponds to the k”-valued point (y1(x),..., Gn(x)) 
of W. Thereby we see that the lower row of the above diagram maps x to the 
tuple (yi(%),.--,n(a)) and it follows that the functor y: V —+ W is induced 
from the functions y1,...,~n € I'(V). This justifies our claim. As a corollary 
we can deduce that the correspondence y +—~> y* defines a bijection between 
functorial morphisms V —-- W and morphisms of k-algebras [(W) —+ I'(V). 
Even better, we thereby see: 


The category of solution functors of systems of equations of type 


f(x) = 9, pHl,...5", 


for a finite number of polynomials f, € k{ti,...,tm] in finitely many variables 
ty,.-.,tm, as considered before, is equivalent to the opposite of the category of 
k-algebras of finite presentation, i.e. of type k[ti,...,tm]/(fi,---, fr)- 


It is easily seen that the ideas discussed above can be generalized to the case 
of not necessarily finite systems of polynomial equations in arbitrarily many 
variables. 

So far we have looked only at affine situations, namely solutions of polyno- 
mial equations in affine m-spaces like k™ or (k’)™ for k-algebras k’. In a similar 
way we might consider homogeneous polynomials and ask for solutions in projec- 
tive spaces. Doing so we will discover immediately that the above methods will 
fail to work, even if k is a field. Nevertheless, solutions of homogeneous polyno- 
mial equations can be quite meaningful, as is seen from Complex Analysis. For 
example, any compact Riemann surface X can be realized as a curve defined by 
a set of homogeneous polynomials in some projective m-space P” over C. As 
there do not live any non-constant analytic functions on X, it is clear that in 
this case algebras of global functions will be useless and that local methods have 
to be applied instead. Translated to the situation in Algebraic Geometry, this 
means that in order to leave the affine context of solution functors for polyno- 
mial equations, topological patching methods as known for manifolds will come 
into play. In particular, the affine solution functor V attached to a system of 
polynomial equations (*) as considered above should be equipped with a certain 
topological structure allowing the gluing of such functors in a reasonable way. 
Indeed, such a topological structure on V can be defined by using subfunctors 
of type V(f~!) CV for f € I'(V), given by 
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Vf): Bi {2 VR); fle) AO}. 


It is important to observe that V(f~'), which is viewed as a “basic open subset” 
in V, can be viewed as a solution functor of a system of polynomial equations as 
well: use the original system (*) for V and add the equation ft —1=0, where 
f is a free polynomial representing f and where t is an additional new variable. 
Then the “open subsets” of V are given as “unions” of the “basic open subsets” 
given by the functors of type V(f7'). 

However, dealing with topologies on a purely functorial level is not very in- 
structive. Instead we will use the notion of schemes and their morphisms, as in- 
vented by Grothendieck and worked out in the series of articles on “Eléments de 
Géométrie Algébrique” (EGA) [11], [12], [13], [14], later continued as “Séminaire 
de Géométrie Algébrique” (SGA). A scheme X consists of an underlying topo- 
logical space and a so-called structural sheaf Ox of rings on it. The latter may 
be interpreted as data providing for every open subset U C X a ring Ox(U), 
together with so-called restriction morphisms 


Ox(U) —+ Ox(U’), ft flu, 


for open subsets U’ Cc U Cc X. Although applying to quite general situations, 
the terminology alludes to the special case where the elements of Ox(U) can 
be interpreted as a certain type of “allowed functions” on U and where the 
restriction morphism Ox (U) —+ Ox(U’) is, indeed, restriction of functions on 
U to U’. Also note that the term sheaf requires two additional things. First, 
an element f € Ox(U) is trivial as soon as every point x € U admits an 
open neighborhood U’ c U such that fly is trivial. Second, given functions 
fi € Ox(U;) for an open covering U = Uj, U; such that the f; coincide on all 
overlaps, there is a function f € Ox(U) (automatically unique by the first 
condition) such that flu, = f; for all 7. 

A topological space X together with a structural sheaf Ox of rings is called 
a ringed space. To make it a scheme, X must admit an open covering by certain 
prototypes, so-called affine schemes. These are of type Spec A for a ring A. 
Their construction will be the first objective in the present part on Algebraic 
Geometry; see Chapter 5.4. In short, the underlying topological space of Spec A 
is the prime spectrum of A, i.e. the set of all prime ideals p C A. Let us write 
f(p) = 0 for f € Aif f € p and f(p) 4 0 otherwise. Then it is seen that 
the sets of type D(f) = {p € SpecA; f(p) 4 0} for f € A form a basis of 
a well-defined topology on Spec A, the so-called Zariski topology. Furthermore, 
setting Ogpec a(D(f)) = Ay, the localization of A by f, we get a sheaf on a basis 
of the topology of Spec A and then, by canonical extension, on all of Spec A. 
It is a non-trivial fact that we really get a sheaf this way; see 6.6/2 and 6.6/3. 
At the end it turns out that the category of affine schemes is equivalent to the 
opposite of the category of rings (see 6.6/12). This provides the link to the 
solution functors of systems of polynomial equations (*) as considered at the 
beginning of this introduction. Indeed, using 6.6/9, the solution functor V of a 
system (*) is naturally equivalent to the functor 
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k’ +—+ Hom, (I'(V), k’) = Hom, (Spec k’, Spec I'(V)) 


on k-algebras k’. Consequently, the category of all solution functors V is equiv- 
alent to the category of relative schemes Spec A that are of finite presentation 
over k, either by Yoneda’s Lemma 6.9/1, or by the explicit Yoneda argument 
given above. 

Let us add that the interpretation of schemes in terms of functors was 
advanced most notably by A. Grothendieck; see EGA [13], 0, § 8, for the basic 
facts, as well as [10] for more advanced applications. The functorial point of view 
is exceptionally well suited to motivate basic constructions in scheme theory 
because here the simple idea of solving polynomial equations, although pushed 
to its limits, is used as point of departure. Of course, the same ideas, in a 
substantially less radical way though, served as guidance for earlier approaches 
to Algebraic Geometry. 

The most recent approach before Grothendieck is due to A. Weil, as laid 
down in his “Foundations of Algebraic Geometry” [26]. Recalling the system of 
equations (*) above, 


(*) ftn=, Fee Rtas stalls p=1,...,7, 


Weil assumes that the coefficient domain & is a field. Furthermore, he only 
admits solutions with values in a fixed universal domain K, i.e. in an alge- 
braically closed field of infinite transcendence degree over k. Other restrictions 
apply: there must exist a so-called generic point ¢ in the set V(K) of K-valued 
solutions of (*). Such a point is characterized by the fact that the evaluation 
map o¢: [(V) —— K is injective, where ['(V) = k[th,...,tm]/(fi,---, fr); 
as before. In particular, ['(V) will be an integral domain. In addition, it is 
required that all tensor products '(V) ®, k’ for fields k’ over k are integral do- 
mains, amounting to the technical condition that the field of fractions Q(I'(V)) 
is a regular field extension of k. The solution set V(/<) together with its ring 
of functions ['(V) and its rational function field Q(I'(V)) is called an affine 
algebraic variety. Furthermore, so-called abstract algebraic varieties are con- 
structed by gluing affine ones, a process that is more difficult to describe. But, 
at the end, there is a close correspondence between Weil’s algebraic varieties 
and Grothendieck’s schemes: Weil’s category of algebraic varieties’ over k is 
equivalent to the category of those schemes of finite type over & that are re- 
duced and irreducible and keep these properties under any extension of fields 
k’'/k. This equivalence remains valid if we add the separatedness condition on 
both sides. Also let us mention that in Weil’s approach kernels of evaluation 
maps 0,: ['(V) ——~+ K for K-valued points « € V(Jx) vary over all prime 
ideals in I'(V), although usually a given prime ideal in '(V) will occur as the 
kernel of a multitude of different evaluation maps. Thus, in a certain sense, the 
situation is not too far from Grothendieck’s schemes, whose underlying topolog- 
ical spaces are built from prime spectra of rings. On the other hand, Algebraic 


! Actually, we should better talk about pre-varieties here, as we do not require the sepa- 
ratedness condition that usually is part of the definition of a variety. 
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Geometry before Weil relied entirely on Hilbert’s Nullstellensatz 3.2/6, restrict- 
ing points to those with values in an algebraic closure of the field k. This led 
to maximal ideals in I’(V) as kernels of evaluation maps. In any case, the step 
by Grothendieck to generalize coefficient domains from fields to arbitrary rings, 
and even further to so-called base schemes, made it possible to do Algebraic 
Geometry over Z or more general rings of integral algebraic numbers, thereby 
paving the way for the application of geometric methods to problems in Number 
Theory. 

Introductory books on Algebraic Geometry usually start with a chapter 
on classical algebraic varieties in pre-Weil style, even if their main attention 
is directed towards scheme theory later; see for example the early books of 
Mumford [20] or Hartshorne [15], or the more recent one by Gértz and Wedhorn 
[8]. The purpose is to make visible some of the geometric intuition that is 
behind algebraic objects like varieties and, eventually, schemes. However, we 
have chosen not to follow this recipe, as we do not want to mix the two different 
lines of approach. Also we think that the functorial point of view as indicated 
above provides a very natural bridge to schemes. Anyway, Algebraic Geometry is 
a rather vast field and to enter it, it is recommended to consult several different 
treatments. We cannot mention all of them, but let us add to the above list of 
excellent books that of Liu [18], which like ours, accesses Grothendieck’s schemes 
in a rather direct way, although its ultimate goal is the study of curves. 


® 
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6. Affine Schemes and Basic Constructions 


Background and Overview 


The first step in scheme theory is to explain the construction of affine schemes, 
namely schemes of type Spec A for a ring A. Such schemes serve as the local 
parts from which more general global schemes are obtained via a gluing process. 
As we have pointed out already in the introductory section above, Spec A is a 
ringed space, i.e. a topological space with a sheaf of rings on it. Let us first 
discuss Spec A as a topological space. The underlying point set consists of the 
prime spectrum of A, the set of all prime ideals in A. Furthermore, a subset 
Y Cc Spec A is said to be closed if there exists an ideal a C A such that 


Y = V(a) := {p € SpecA; ac p}, 


and open if its complement is closed in Spec A. We will show in 6.1/1 and 6.1/2 
that the open (resp. closed) subsets really define a topology on Spec A, namely 
the so-called Zariski topology. For example, taking A = Z, every prime ideal 
p # 0 in Z is maximal and therefore gives rise to a closed subset {p} C Spec Z. 
More generally, a subset Y C Spec Z is closed if and only if it equals Spec Z or 
consists of (at most) finitely many closed points. Hence, we can conclude that 
the intersection UM U' of two non-empty open subsets in Spec Z will never be 
empty. This shows that the Zariski topology on a prime spectrum Spec A does 
not satisfy the Hausdorff separation axiom, except for some more or less trivial 
cases. However, it is easily seen that Spec A is a Kolmogorov space: given two 
different points x, y € Spec A, at least one of them admits an open neighborhood 
not containing the other; see 6.1/8. 

The topology of such a Kolmogorov space X = Spec A can be quite patho- 
logical. To mention a particular phenomenon that will occur, consider an open 
subset U C X and a closed point x € U in the sense that {x} C U is a closed 
subset with respect to the topology induced from X on U. So x could be called 
a locally closed point of X. If X would satisfy the Hausdorff separation axiom, 
such a point would automatically be closed in X, since all points of a Hausdorff 
space are closed. However, in our case, where X is just a Kolmogorov space, it 
can happen, indeed, that x is not closed in X. For example, consider a discrete 
valuation ring in the sense of 9.3/3 such as the ring A = Zy, the localization of 
Z at a non-zero prime ideal p C Z. Then X = Spec Z, contains just two points, 
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namely the generic point 7 given by the zero ideal 0 C Z, and the special point 
s given by the maximal ideal pZ, C Z,. Since s is closed in X, we see that 
U = {n} will be open in X. Furthermore, 7 € U is closed in U, but clearly not 
closed in X, since the closure of {7} is all of X. However, such a phenomenon 
cannot happen if A is of finite type over a field, i.e. a quotient by some ideal of 
a polynomial ring in finitely many variables over a field; see 8.3/6. 

Returning to the case of a general ring A, consider an ideal a C A generated 
by a family (f;);cr of elements in A. Then the associated Zariski closed subset 
V(a) C Spec A satisfies V(a) = (),-,;V(fi). In particular, passing to comple- 
ments in Spec A, we see that any open subset in Spec A is a union of sets of 
type D(f) =Spec A— V(f) for f € A. Therefore the latter sets form a basis of 
the Zariski topology on Spec A and are referred to as the basic open subsets in 
Spec A. 

Now fix an element f € A and let Ay be the localization of A by the 
multiplicative system that is generated by f. Then we know from 1.2/6 that 
the canonical morphism A —- Ay, gives rise to a bijection 


Spec Ar —~“+ D(f) C Spec A, qt qna. 


Furthermore, it is not hard to see that this bijection is, in fact, a homeomorphism 
with respect to Zariski topologies when the open set D(f) is equipped with the 
restriction of the Zariski topology on Spec A; see 6.2/8. In particular, D(f) 
can canonically be identified with Spec Ay and this fundamental fact makes it 
possible to interpret Ay as the ring of “functions” on D(f), just as A is the ring 
of “functions” on Spec A. The canonical morphism A —- A, from A into its 
localization A, plays the role of a restriction morphism, restricting functions on 
Spec A to D(f). More generally, using the universal property of localizations, 
any inclusion D(g) C D(f) gives rise to a well-defined restriction morphism 
A; —» Ag, since the restriction of f € A to D(g) is seen to be invertible. 
Proceeding like this, a little bit of care is necessary, since a basic open set 
D(f) does not determine its defining element f uniquely. For example, we would 
have D(f) = D(ef”) for any unit e € A and any exponent n > 0. However, 
on the level of localizations, the problem does not persist any more. Indeed, if 
D(f) = D(f'), we will see in 6.3, example (4), that the localizations Ay and 
Ay are canonically isomorphic. Furthermore, we show that functions on Spec A 
can be defined locally with respect to any open covering of Spec A by basic 
open subsets D(f;) C Spec A, i € J. More precisely, given elements h; € Ay, on 
D(f;) that coincide on all overlaps D(f;)  D(f;) = D(fif;), there is a unique 
element h € A restricting to h; on D(f;) for all « € I. In other words, the 
functor D(f) +—+ Ar satisfies the properties of a sheaf. All this is dealt with in 
Section 6.6, where we extend the functor D(f) +—» A; to a sheaf with respect 
to the Zariski topology on Spec A, its so-called structure sheaf, and thereby 
construct Spec A as a ringed space, called the affine scheme associated to A. 
For the convenience of the reader, the necessary technical tools such as inductive 
and projective limits as well as the technique of sheafification are included in 6.4 
and 6.5. Needless to say, the notion of affine schemes allows a straightforward 
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globalization: a scheme is a ringed space such that each of its points admits an 
open neighborhood looking like an affine scheme. 

Finally, the notion of a morphism of schemes needs some special atten- 
tion. Roughly speaking, one admits only those morphisms of ringed spaces 
yy: X ——+ Y such that the inherent pull-back of functions from Y to X takes 
a local function vanishing at a point y(x) € Y to a local function vanishing at 
x € X; see 6.6/8 and 6.6/11. Proceeding like this, we show in 6.6/9 that the 
set of morphisms Spec A ——+ Spec B between two affine schemes corresponds 
bijectively to the set of ring morphisms B ——- A, a result that is quite essential 
from the viewpoint of solutions of polynomial equations, as we have explained 
in the introductory section above. 

There is some additional material in the present chapter. Namely, we gen- 
eralize the construction of the structure sheaf on affine schemes Spec A to 
A-modules replacing the ring A, thereby arriving at the notion of quasi-coherent 
modules on schemes. Furthermore, the basics of direct and inverse images of 
module sheaves are explained in 6.9, including the result 6.9/9 on the quasi- 
coherence of direct images. 


6.1 The Spectrum of a Ring 


Let A be a ring; as before, all rings are assumed to be commutative and to admit 
a unit element 1. In Section 1.1 we have already considered the set Spec A of 
all prime ideals in A; the latter is called the spectrum or, in more precise terms, 
the prime spectrum of A. For the purposes of geometry, the spectrum of a ring 
is viewed as a point set and, to underline this point of view, notations like 
x € Spec A are used for the elements of spectra. However, in situations where it 
is more advisable to imagine such points as prime ideals and, thereby, as subsets 
in A, it is common practice to use an ideal-like notation such as p, instead of 
x. Thus, given any point x € Spec A, we will use p, as a second notation, when 
we would like to go back to the original meaning of x being an ideal in A. 

For any x € Spec A, the localization A, = Ay, is a local ring with maximal 
ideal m, = p,A,; see 1.2/7. It is called the local ring of A at x. Furthermore, 
the field of fractions k(x) = Q(A/p.), which coincides with A,/m, (see Ex- 
ercise 1.2/5), is called the residue field of A at x; it is related to A via the 
canonical maps A —-+ A/p, —~ k(2). 

Recall that the elements of A can be interpreted as functions on the spec- 
trum Spec A. Just define f(x) for f € A and x € Spec A as the residue class of 
f in A/p, C k(x). Thereby every f € A determines a map 


Spec A —+ al A/pz C al K(x), 


ae€Spec A w€Spec A 


where f(x) = 0, for some x € Spec A, is equivalent to f € p, and, likewise, 
f(x) #0 to f Z p,. Since p, is a prime ideal, an equation (fg)(x) = 0 for two 
functions f,g € A and a point x € Spec A is equivalent to f(x) = 0 or g(x) = 0. 
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Next consider a subset E C A and the associated ideal a = (E) C A 
generated by E in A. Then 
rad(£) = rad(a) = {f € A; f” € a for some n € N} 
is called the nilradical of a or E; cf. 1.3/5. Moreover we set 
V(E) = {x € Spec A; f(x) =0 for all f € E} 
= {xe SpecA; ECp,} 


and call this the zero set of E; it is also referred to as the variety of E, which 
explains the usage of the letter V. For f € A we will apply the notations 


= {x € Spec A; o y=}, 
Eee ac = {x € Spec A; f(x) #0} 


for the zero set of f and its eine in Spec A. The latter is also known as 
the domain of f, which explains the usage of the letter D. If we want to keep 
track of the ambient spectrum X = Spec A, we write more specifically Dx(f) 
instead of D(f). 


Proposition 1. Consider subsets E, E’, and a family of subsets (Ey)ye, of a 
ring A. Then: 

(i) V(O) =Spec A, V(1) =9. 

(ii) ECE’ = V(£)D V(E’). 


) 
(iit) V(Qen Ba) = VX eal Ba) = Mea VA). 
(iv) V(EE") =V(E)UV(E"), where EE’ ={ff'; fe, fle BE}. 
(v) V(E) = V(rad(£)). 


Proof. Assertions (i) and (ii) are more or less obvious. Next, the set V(U,.4 Ey) 
in (iii) consists of all points 2 € Spec A where U\<, Ly C Pz, hence, where 
E) C pz for all \ € A, and therefore coincides with (],., V (Ey). Since lee, Ey 
is contained in p, for some x € Spec A if and only if the ideal $>\.,(£y) 
generated by U\<, £y is contained in p,, we see that, in addition, V(U<4 Ey) 
coincides with V(}¢\<,4(,)). 

Turning to assertion (iv), look at a point « € Spec A such that « ¢ V(E) 
and x ¢ V(E"). Then we have EF ¢ p, and E’ ¢ p,, and there are elements 
f € E and f' € E’ such that f, f’ ¢ px. But then ff’ ¢ p, since p, is a prime 
ideal, and therefore « ¢ V(EE") so that V(EE’) C V(E) UV(E’). To show the 
reverse inclusion, look at a point « € V(E), hence, satisfying EF C p,. Then, 
clearly, EE’ C p, and therefore x € V(EE"’). This proves V(E) C V(LE’) and, 
likewise, V(E’) C V(EE’). 

Finally, assertion (v) is easy to verify. Indeed, E C p, is equivalent to 
rad(E) C p,, due to the fact that p, is a prime ideal. 


Corollary 2. Let A be a ring and X = SpecA its spectrum. There exists a 
unique topology on X, the so-called Zariski topology, whose closed sets consist 
precisely of the subsets of type V(E) C X for some subset EC A. 
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Furthermore: 

(i) The sets of type D(f) for f € A are open and satisfy the intersection 
relation D(f)N D(f’) = D( ff’) for f, fi € A. 

(ii) Every open subset of X is a union of sets of type D(f). In particular, 
the latter form a basis of the Zariski topology on X (which is the reason why 
the sets of type D(f) are referred to as the basic open subsets of X). 


Before giving some indications on the proof of the corollary, let us recall the 
definition of a topology. 


Definition 3. Let X be a set. A topology on X consists of a set T of subsets 
in X such that: 
Gi) OX eT. 
(ii) If Uy)aea ts a family of elements in T, then ye, Ua € T. 
(iii) If (Ua)aea is a finite family of elements in T, then ()\e, Uy € T. 


In the situation of the definition, the elements of T are called the open 
subsets of X. Furthermore, a subset V C X is called closed if its complement 
X — V is open. Thus, passing to the complements of open sets, a topology can 
alternatively be characterized by the properties of its closed subsets. Doing so, 
one has to consider a set T’ of subsets of X such that: 


(i) X,0eET". 
(ii’) If (Vy)aea is a family of elements in T', then (\\e, Va € T". 
(Vy)aea ts @ finite family of elements in T’, then Uje,Vx € T". 


After these explanations, the proof of Corollary 2 can be achieved quite 
easily. The assertions (i), (iii), and (iv) of Proposition 1 yield the characterizing 
properties for the closed sets of a topology, assuming that we generalize (iv) 
by induction to finite unions of sets of type V(E). The sets of type D(f) for 
functions f € A, being complements of the sets of type V(f), are open and 
satisfy the claimed intersection property due to Proposition 1 (iv). Finally, an 
arbitrary open subset U C X = Spec A is the complement of a closed set of 
type V(E) for a subset E C A. Therefore 


V(E) = () V(f) 


feck 


and, hence, 


U= D(f), 


feck 


which says that every open subset in X is a union of subsets of type D(f). 


Let us consider some examples. The zero ring 0 does not contain any prime 
ideal. Therefore its spectrum is empty. 
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Next, let A be a principal ideal domain, for example A = Z or A = K[E] 
where K is a field and t a variable. Then the spectrum X = Spec A consists of 
the zero ideal 0 Cc A and of all principal ideals (p) C A that are generated by 
prime elements p € A. Furthermore, the closed subsets of X are of type V(a), 
for elements a € A. In particular, V(a) = X for a = 0 and V(a) = 0 if ais a unit 
in A. In all other cases a admits a non-trivial prime factorization a = epi... py 
with pairwise coprime prime factors p;, exponents v; > 0, and a unit « € A*. 
A prime ideal (p) C A belongs to V(a) if and only if (a) C (p), ie. if and 
only if the prime element p divides a. However, the latter can only be the case 
if p is associated to one of the prime factors p,...,p,. In particular, all prime 
ideals which are generated by prime elements or, equivalently, all non-zero prime 
ideals, give rise to closed points in X = Spec A. Furthermore, the consideration 
shows that a subset V C Spec A is closed if and only if it coincides with X or 9, 
or if it consists of finitely many closed points, the latter corresponding to prime 
elements in A. Therefore the zero ideal 0 C A yields a dense point in X, in the 
sense that its closure {0} coincides with X. In particular, if A is not a field and, 
hence, X 4 {0}, the point 0 € X cannot be closed. 

Switching to complements, we obtain @ and X as open sets in X, as well as 
the sets of type X — {21,...,x,}, for finitely many closed points 71,...,2, € X. 
Thus, any non-empty open subset of X will contain the point given by the zero 
ideal 0 Cc A, and we thereby see that the Zariski topology on X = Spec A 
cannot satisfy the Hausdorff separation axiom, unless A is a field. 


Now let us work again with the spectrum X = Spec A of an arbitrary ring 
A. So far we have looked at zero sets in X of type V(E) for a subset EF C A, 
or V(a) for an ideal a C A. We want to introduce another construction, which 
in a certain sense is an inverse of the mapping V(-). Doing so, we associate to 
a subset Y C X the ideal 


IY) ={f € A; fly) =0 for allye Y} =) py 


yeY 


of all functions in A vanishing on Y; notice that f € p, is equivalent to f(y) = 0 
and that this implies /({y}) = p, for all y € X. 


Remark 4. Let A be a ring. 
(i) Let Y CY’ C Spec A be subsets. Then I(Y) D I(Y’). 
(ii) T(Uyen Ya) = Myer L(Y) for any family (Ya)axea of subsets in Spec A. 


Proof. The assertions follow immediately from the definition of the mapping 


I(-). 


Proposition 5. Let A be a ring. 
(i) I(V(E)) = rad(E) for any subset E C A. In particular, I(V(a)) = a for 
ideals a C A satisfying a = rad(a). 
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(ii) Let Y C Spec A be a subset. Then V(I(Y)) coincides with the closure 
Y of Y with respect to the Zariski topology on Spec A. In particular, we have 
Y =V(I(Y)) for closed subsets Y C A. 


Proof. In the situation of (i), let a be the ideal generated by E. Then 


I(V(E))= () w= 1) p= fb 


yeV(E) peSpec A peSpec A 
Ecp acp 


and, furthermore, 
() p =rad(a) = rad(£) 
peSpec A 
acp 
by 1.3/6. 

To justify (ii), observe first that Y C V(I(Y)), since the ideal [(Y) of all 
functions vanishing on Y admits a zero set which must contain Y. In particular, 
the closure Y of Y in Spec A will satisfy Y C V(I(Y)), since Y is defined as the 
smallest closed subset in Spec A containing Y, i.e. as the intersection of all sets 
of type V(E) C Spec A such that Y C V(E). To show Y = V(I(Y)) it remains 
to check that Y C V(E) implies V(I(Y)) C V(E). Indeed, from Y C V(E) we 
conclude f(y) = 0 for all y € Y and all f € E and, hence, E Cc I(Y). Then 
Proposition 1 (ii) yields V(I(Y)) C V(E), as desired. 


Corollary 6. Let A be a ring and X = Spec A its spectrum. 

(i) For x € X we have {2} = V(p,). Therefore the closure of a point « € X 
consists of all points y © X such that Pz C Py. 

(ii) A point « € X is closed in X if and only if the ideal p, is maximal in 


Corollary 7. Let A be a ring and X = Spec A its spectrum. Then the mappings 
closed I ideals ac A 
subsets in X V satisfying a = rad(a) J’ 
Y +#——- I(Y), 


V(a) +———— a, 


are inclusion-reversing, bijective, and mutually inverse to each other. Further- 


more, (U %) _ a 1(Y), n(@ Ys) = 108 1(¥%)) 


NEA NEA NEA 
for a family (Y\)xea of subsets in X, where for the second equation the subsets 
Y, are required to be closed in X. 


Proof. In view of Proposition 5, all assertions can easily be derived, except 
possibly for the second equation, which we will justify in more detail. Since 
Y, = V(I(Y,)) by Proposition 5 (ii), we get from Proposition 1 (iii) 
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K= v(> 1(¥s)) 


AEA AEA 


1 Ys) = rad (> 1(¥s)) 


AEA AEA 


and therefore 


by Proposition 5 (i). 


The Zariski topology on the spectrum Spec A of aring A does not necessarily 
satisfy the Hausdorff separation axiom, as we have seen above by looking at 
principal domains A. However, a weaker version of this axiom holds. 


Remark 8. The Zariski topology on X = Spec A yields a Kolmogorov space, 
i.e. a topological space satisfying the following separation axiom: 

Given two different points x,y € X, there exists an open neighborhood U of 
x such that y g U or an open neighborhood U' of y such that x ¢ U'. 


Proof. Note that x and y being different means p, 4 p,, and this is equivalent 
top, Z py or py F Px. In the first case we have y ¢ V(p,) = {x}. Then X — {x} 
is an open neighborhood of y which does not contain x. 


We have already seen in Corollary 2 that the subsets of type D(f) C X 
for elements f € A form a basis of the Zariski topology on X. Furthermore, 
the equation D(f)M D(f') = D(f f') shows that this class is closed under finite 
intersection. Of course, a function f € A is not uniquely determined by the 
subset D(f) C X it defines, except for some rare cases. But we know from 
Proposition 5 that V(f) = V(f’) is equivalent to rad(f) = rad(f’). Thereby we 
see: 


Remark 9. The following conditions are equivalent for functions f, f' € A: 
(i) Df) = D(f). 
(ii) rad(f) = rad(f’). 


Proposition 10. Let A be a ring and X = SpecA its spectrum. Then, for 
any g € A, the associated subset D(g) C X is quasi-compact. In particular, 
X = D(1) is quasi-compact. 


Proof. We will see later in 6.2/8 that D(g) with its topology induced from X is 
canonically homeomorphic to Spec A,, the spectrum of the localization of A by 
g. Therefore it would be enough to restrict ourselves to the case where g = 1. 
However, as this does not really make things easier, we will not proceed like this 
and work with a general g instead. Also recall that the notion of quasi-compact 
means compact, but without the Hausdorff separation axiom. Therefore a subset 
U of a topological space X is called quasi-compact if every open covering of U 
admits a finite subcover. 
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Keeping in mind that the sets of type D(f) form a basis of the Zariski 
topology on X, it is enough to show that every covering of D(g) by means of sets 
of type D(f) admits a finite subcover. To check this, consider a family (f)),ea 
of elements in A such that D(g) C Uye, D(fx). Switching to complements in 
X yields 

V(9) > (Vf) = Va), 
NEA 
where a C A is the ideal generated by the elements f,. From this we obtain 
rad(g) C rad(a) by Proposition 5 and there is some integer n € N such that 
g” € a. Since a is generated by the elements fy, there are indices A,,...,A; € A 
as well as coefficients a),,...,@), € A such that g” = ae ay, f,- This implies 
(9") Cc (Duis ents fa,.); hence 


V(g) =V(9") DV (Pas Pe) 


and therefore 


Thus, the covering (D(f,))yea of D(g) admits a finite subcover, as claimed. 


Proposition 11. Let A be a ring, a C A an ideal, and 7: A —+ A/a the 
canonical surjection. Then the map 


“x: Spec A/a —+ Spec A, pr— 7 "(p), 


induces a homeomorphism of topological spaces Spec A/a —~“+ V(a), where 
V(a) is equipped with the subspace topology obtained from the Zariski topology 
of Spec A. 


Corollary 12. For a ring A its spectrum and the spectrum of its reduction 
A/rad(A) are canonically homeomorphic. 


Proof of Corollary 12. Recall that rad(A), the nilradical of A, is defined as the 
nilradical of the zero ideal 0 C A. Therefore V(rad(A)) = V(0) = Spec.A, and 
Proposition 11 applies. 


Proof of Proposition 11. First observe that the map “7 defines a bijection be- 
tween Spec A/a and the subset of Spec A consisting of all prime ideals containing 
a, hence a bijection Spec A/a —~+ V(a). Taking this map as an identification, 
we obtain 

Spec A D D(f) NV(a) = D(x(f)) C Spec A/a 


for elements f € A. Since 7 is surjective, the sets of type D(f) C Spec A/a for 
f € A/a correspond bijectively to the restrictions V(a)M D(f) C Spec A for 
f € A, and this justifies the assertion. 
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Finally, let us consider decompositions of spectra into certain closed subsets. 


Definition 13. A topological space X is called irreducible if: 

(i) X40 

(ii) Given any decomposition X = X,U Xo into closed subsets X,, X2, then 
Xi = X or Xo =X 

Furthermore, a subset Y of a topological space X is called irreducible if Y 
is irreducible under the topology induced from X on Y. 


Lemma 14. For a non-empty topological space X the following conditions are 
equivalent: 

(i) X is irreducible. 

(ii) If U,,U2 C X are open and non-empty, then U, A U2 is non-empty. 

(iii) If U C X is open and non-empty, then U is dense in X, i.e. the closure 
U of U in X coincides with X. 

(iv) If U CX is open, it is connected, i.e. U is not a disjoint union of two 
non-empty open subsets of X. 


Proof. Let us assume condition (i) and derive (ii). Consider U;,U2 C X open 
and non-empty. Then, if U; M Uz were empty, we would get the decomposition 
X = (X —U,) U(X — U2) into the proper closed subsets X — U;, X —U, ¢ X. 
However, this contradicts (i). 

Next assume condition (ii) and let U C X be open and non-empty. Then 
U and X — U are disjoint open subsets in X, which however is only possible if 
X —U = 0 and, hence, X = U. Therefore we get (iii). 

Assuming (iii), let U C X be open. If U is not connected, it is a disjoint 
union of two non-empty open subsets U,,U, Cc U. Then U; N Uz = 9 implies 
U,c X-—U, ¢ X , as X — U2 is a closed subset in X containing U;. However, 
U,; should be dense in X by (iii). Therefore U must be connected, as claimed in 
(iv). 

Finally, assume (iv). To derive (i), consider a decomposition X = XU X2 
into closed subsets X,, X2. Then we obtain the decomposition 


Ka) Se) 
of the open set X — (XM X2) into the disjoint open sets X — X, and X — Xo. 


Since X — (X; MX) is connected according to (iv), we get X — X; = or 
X — X=, hence, X; = X or X_ = X and, thus, (i). 


Proposition 15. Let A be a ring and X = Spec A its spectrum. The following 
conditions are equivalent: 
(i) X is irreducible as a topological space under the Zariski topology. 
(ii) A/rad(A) is an integral domain. 
(iii) rad(A) is a prime ideal. 
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Proof. Using Corollary 12, we may replace A by its reduction A/rad(A) and 
thereby assume rad(A) = 0. Now let X be irreducible as in (i) and consider 
elements f,g € A such that fg = 0. The latter yields the decomposition 


X =V(0) =V(fg) =V(f)UV(g) 


into the closed subsets V(f),V(g) C X. But X irreducible implies V(f) = X or 
V(g) = X. Furthermore, from V(f) = X = V(0) we can conclude that rad(f) 
coincides with rad(0) = rad(A) = 0 by Proposition 5 and, hence, that f = 0. 
Likewise we get g = 0 from V(g) = X and it follows that A is an integral 
domain, as claimed in (ii). 

The equivalence between (ii) and (iii) being trivial, assume that A is an 
integral domain and let X = X,U X_q be a decomposition of X into proper 
closed subsets X,, X2 ¢ X. Then Proposition 5 yields 


O= 1X) =10G) 01x); I(X1) #0 A 1(X2). 


Choosing f; € I(X;) — {0}, i = 1,2, we get fifo = 0, in contradiction to the 
fact that A was assumed to be an ince domain. Therefore we see that X 
must be irreducible, as claimed in (i). 


Corollary 16. Let X = SpecA be the spectrum of a ring A and Y C X a 
closed subset. Then Y is irreducible if and only if I(Y) is a prime ideal in A. 


Proof. Writing a = I(Y), we have Y = V(a) and a = rad(a) so that we can 
use the homeomorphism Spec A/a —~+ Y of Proposition 11. Therefore Y is 
irreducible if and only if Spec A/a is irreducible, hence, using Proposition 15, 
if and only if A/a is an integral domain. However, the latter is the case if and 
only if a is a prime ideal in A. 


Corollary 17. Let A be a ring and X = Spec A its spectrum. Then the mappings 
I and V of Corollary 7 yield mutually inverse and inclusion-reversing bijections 


irreducible closed 
subsets of X 


I 
} {prime ideals in al = Spec A, 
V 


Y ———- I(Y), 


{y} + Py, 


Proof. Given Corollary 7, the assertion is an immediate consequence of Corol- 
lary 16, using the fact that V(p,) = {y} by Corollary 6. 


Thereby we see that every irreducible closed subset Y C Spec A contains 
a unique point y such that Y = {y}. This point is known as the generic point 
of Y, whereas the points of its closure {y} are referred to as specializations 
of y. More precisely, a point x € Spec A is called a specialization of a point 
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y € SpecA if x € {y}. The latter is equivalent to p, C p,. For example, it 
follows from Proposition 15 that Spec A for an integral domain A is irreducible 
and therefore admits a unique generic point. The latter corresponds to the zero 
ideal in A. 


Exercises 


1. Show for a ring A that every non-empty closed subset V C Spec A contains a 
closed point. Deduce that an open subset U C Spec A containing all closed points 
of Spec A must coincide with Spec A. 


2. For an algebraically closed field K consider the polynomial ring K[¢] in one 
variable t. Show that the set of closed points in Spec K[t] can be identified with 
kK and that there is precisely one non-closed point in Spec K[¢], namely the 
generic point. 


3. For an algebraically closed field K consider the polynomial ring K [t1, tg] in vari- 
ables t1, tg and set X = Spec K[t1, te]. Show: 
(a) The set of closed points in X can canonically be identified with K?. 
(b) The non-closed points of X that are different from the generic point are given 
by the ideals of type (f) C K[ti,te] where f € K[t1, te] is irreducible. 
(c) The closure {y} of a point y as in (b) consists of y itself as the generic point 
and of the “curve” {x € K?; f(x) = 0}. 

4. Let X be a topological space which is irreducible. Show that every non-empty 
open subset U C X is irreducible. 


5. Show that there is a canonical bijection Spec[]j_, A; —“+ [[}_, Spec Ai for 
given rings A;,..., An; see also Exercise 1.1/6. 


6. Let A be an algebra of finite type over a field and consider a closed subset 
Y Cc Spec A. Show that the closed points are dense in Y. Does this remain true 
if we replace A by a localization of it? 


7. Let A be an algebra of finite type over a field. Show that Spec A is finite if and 
only if A is of finite vector space dimension over K. Hint: A is Noetherian and, 
hence, by 2.1/12, contains only finitely many minimal prime ideals. Use this to 
reduce the assertion to the case where A is an integral domain. Then apply results 
on integral dependence. 


8. Let A be an algebra of finite type over a field F’. Provide the spectrum Spm A 
of maximal ideals in A with the topology induced from the Zariski topology on 
Spec A. Thus, a subset Y C Spm A is open (resp. closed) if and only if it is of type 
Y Spm A for some open (resp. closed) subset Y c Spec A. Show that Spm A 
satisfies the Hausdorff separation axiom if F is a finite field. Is the same true 
without the assumption of F' being finite? 


6.2 Functorial Properties of Spectra 


Let g: A —~ A’ be aring homomorphism. Then ¢ induces for any ideal p C A’ 
a monomorphism A/y~!(p) ——+ A’/p. If p is a prime ideal, A’/p is an integral 
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domain and the same is true for A/y~'(p). Therefore it follows that y~'(p) is 
a prime ideal as well and we can state: 


Proposition 1. Every ring homomorphism y: A ——+ A’ induces a map 
“py: Spec A’ —+ Spec A, Paz -— oO (Pe); 
between associated spectra. 
We can be a bit more precise on this fact: 
Lemma 2. In the situation of Proposition 1, there is the commutative diagram 


Aa il 


| | 


Alo” (be) + A'/ pe 


k(“p(x)) + k(2) 


for any x € Spec A’. In particular, for f € A and «x € Spec A’ we have 


ve(f(°9(2))) = o(f)(2), 


which in a simplified way, can be read as fo*p = y(f). Therefore ~ might be 
interpreted as the map of composing functions f € A with “y. 


Proof. Implicitly, the upper part of the diagram was used for the construction 
of the map “y: Spec A’ —— Spec A in Proposition 1, whereas the lower part 
is the canonical extension to residue fields, as introduced at the beginning of 
Section 6.1. 


Proposition 3. As before, consider a ring homomorphism yp: A ——~ A’ and 
its associated map “py: Spec A’ ——> Spec A on spectra. 
(i) Let EC A be a subset. Then (*y)-1(V(E)) = V(y(E)). 


(ii) If a’ C A’ is an ideal, then *p(V(a')) = V(p"1(a’)). 


Proof. We start with assertion (i). The relation x € (*y)~'(V(E)) for points 
x € Spec A’ is equivalent to “y(a) € V(E) and, hence, to f(*p(x)) = 0 for all 
f € E. Furthermore, it follows from Lemma 2 that f(“y(«)) = 0 is equivalent 
to p(f)(x) = 0. Thus, x € (“y)~(V(E)) is equivalent to x € V(p(E)). 

In the situation of (ii) we apply 6.1/5 (ii) and thereby get “y(V(a’)) = V(a) 
for the ideal a = I(“y(V(a’))) C A. Now f € a for elements f € A is equivalent 
to f vanishing on “y(V(a’)), or, by Lemma 2, to y(f) vanishing on V(a’) and, 
thus, by 6.1/5 (i), to y(f) € rad(a’). Therefore we have a = y™'(rad(a’)), 
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and it is easily checked that y7'(rad(a’)) = rad(y7'(a’)). But then we have 
V(a) = V(e"'(a’)) and, hence, *p(V(a’)) = V(p"*(a’)). 


Corollary 4. In the situation of Proposition 3, let f € A. Then 


Proof. We have (“y)~'(V(f)) = V(v(f)) by Proposition 3 (i). Since the forma- 
tion of preimages with respect to “vy is compatible with passing to complements, 
the assertion follows. 


As a direct consequence, we obtain the following fact: 


Corollary 5. The map “yp: Spec A’ —~ Spec A associated to a ring homomor- 
phism py: A —-+ A’ is continuous with respect to Zariski topologies on Spec A 
and Spec A’. Thereby we mean that the preimage of any open (resp. closed) 
subset in Spec A is open (resp. closed) in Spec A’. 


Next we want to study ring homomorphisms y: A ——+ A’ where the map 
*: Spec A’ ——+ Spec A is injective and induces a homeomorphism between 
Spec A’ and im “y. 


Proposition 6. Let y: A —— A’ be a ring homomorphism such that every 
element f' € A’ is of type f’ = y(f)-h with an element f € A and a unit 
h € A™. Then the map “py: Spec A‘ ——~ Spec A is injective and defines a 
homeomorphism Spec A! —~+ im%yp C Spec A, where Spec A and Spec A’ 
are equipped with their Zariski topologies and im®p with the subspace topology 


induced from the Zariski topology on Spec A. 


Proof. We start by looking at the injectivity of “y. Let x,y € Spec A’ satisfy 
“p(x) = “y(y) and, hence, y~'(px) = y'(py). We claim that then p, = py and, 
thus, x = y. Indeed, given f’ € p,, there exist f € A and h € A” such that 
f' = 9(f)-h. Then y(f) = f’- h7! € py and, hence, f € p*(pe) = Y7"(Py)- 
This implies y(f) € p, and therefore f’ = y(f)-h € py so that py C py. 
Interchanging the roles of x and y, we get pz = p, and, hence, x = y. 
Recalling the definition of the subspace topology, a subset Y C im“ is 
closed (resp. open) with respect to the subspace topology of im“%y if and only 
if there is a closed (resp. open) set Vie Spec A such that Y = Yn im “yp. 
Since the map “y: Spec A’ ——+ Spec A is continuous, it is immediately clear 
that the induced bijection Spec A’ ——+ im“y is continuous as well. To verify 
that the latter map is, indeed, a homeomorphism, it is enough to show that, 
for any closed subset Y’ C Spec A’, there is a closed subset Y C Spec A such 
that Y’ = (“~)1(Y). Such a Y is easy to construct. Indeed, if Y’ = V(E’) for 
some subset E’ Cc A’, the elements of E’ can be adjusted by suitable units in 
A” in such a way that we may assume E’ C (A). For E’ = »(£) with a subset 
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E C A we get from Proposition 3 (i) 
¥' = V(E) = V(9(E)) = Cv) (V(B)) = Ca) ) 
with Y = V(E), as desired. 


There are two typical examples of ring homomorphisms y: A ——~ A’ where 
the assumption of Proposition 6 is fulfilled, namely surjections and localizations. 
We will discuss both cases separately. 


Corollary 7. Let A be a ring andacC A an ideal. Then the map 
“x: Spec A/a —+ Spec A 
associated to the projection 1: A —+ A/a defines a homeomorphism 
Spec A/a —~+ V(a) C Spec A. 


In this case, *x is called a closed immersion of spectra. 


Proof. The assertion was already shown in 6.1/11. Using ima = V(a) it can 
alternatively be derived from Proposition 6. 


Corollary 8. Let A be a ring and S C A a multiplicative system. Then the 
canonical homomorphism T: A —+ Ag induces a homeomorphism 


°r: SpecAg —“+ () D(f) C Spec A. 
fes 


If im“r is open in Spec A, we call “7 an open immersion of spectra. For example, 
the latter is the case if S' is generated by finitely many elements fi,..., f, € A, 
since then (\reg D(f) = D(fi----+ fr). 


Proof. Applying Proposition 6 it remains only to determine the image im “7. 
To do this, we rely on the fact that taking inverse images with respect to 
7: A ——+ Ag yields a bijective correspondence between all prime ideals in 
Ag and the prime ideals p C A satisfying pM S = @; see 1.2/6. However, we 
have SO p, = @ for a point x € Spec A if and only if x € yes P(f) so that 


im?T = res D(f). 


Exercises 


1. Let 6: X —-+ Y be a continuous map between topological spaces. Show for any 
irreducible subset V C X that its image #(V) as well as the closure @(V) are 
irreducible in Y. 


2. For a morphism of rings y: A ——+ A’ consider the associated map between 
spectra “yp: Spec A’ ——+ Spec A. Assume that Spec A’ is irreducible and let x 
be its generic point. Show that “y(x) is the generic point of the closure im %y. 
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Let y: A —— A’ be a morphism of algebras over a field K and consider the 
associated map of spectra “yp: Spec A’ —-+ Spec A. Show that the image of any 
closed point x € Spec A’ is closed in Spec A, when A’ is of finite type over K. Is 
the latter assumption necessary? 


. Let y: A ——+ A’ be an integral morphism of rings. Show that the associated 


map of spectra “y: Spec A’ —-+ Spec A is closed in the sense that it maps closed 
subsets of Spec A’ onto closed subsets of Spec A. 


. For a ring R consider R[t], the polynomial ring in a variable t over R. The 


spectrum Ah = Spec R[t] is referred to as the affine line over R. The latter is 
viewed as a relative object over Spec R via the “projection” 7: Ak —> Spec R 
derived from the canonical injection R —- R[t]. Assuming that R is a principal 
ideal domain, determine the fibers of the map 7. In particular, show: 


(a) Given a point s € Spec R, the fiber ~!(s) is canonically homeomorphic to 
the affine line Ais): where k(s) is the residue field of s. 


(b) If s corresponds to a prime ideal in R that is generated by a prime element 
p € R, the fiber 7~1(s) consists of all ideals in R[t] that are of type (p) or 
(p, f), where f is a monic polynomial in R[t] whose residue class in (R/pR)[t] 
is irreducible. 

(c) For the generic point s € Spec R the fiber 7~!(s) consists of the zero ideal 
in R[t] and of all ideals of type (f) where f is primitive in R[t] and irreducible 
in k(s)[t]. Note that the residue field k(s) coincides with the field of fractions 
of R and that a polynomial f € R[t] is called primitive if the greatest common 
divisor of its coefficients is 1. 


. Neile’s parabola: For a field K and variables t,t ,,t2 consider the morphism of 
K-algebras 
yo: K[t,te]/(3-8) — K[, three’, bee. 


Show that the associated map between spectra “y is a homeomorphism, although 
y is injective, but not surjective. Hint: Localizing y by the multiplicative system 
generated from the residue class ¢1 yields an isomorphism of K-algebras. Also note 
that the plane curve with equation a a ae has been considered by W. Neile; it 
is referred to as the semicubical or Neile’s parabola. 


6.3 Presheaves and Sheaves 


It is convenient to use the language of categories and functors, as introduced in 
Sect. 4.5, when dealing with sheaves and presheaves. 


For a topological space X, let us consider the category Opn(X) of all open 


subsets of X, defined as follows. The objects of Opn(X) are, indeed, the open 
subsets of X, whereas morphisms U ——-+ V between two such subsets U,V Cc X 


are 


given by 


0 fU CV 


Hew(t.v) = 
se eee mapUc—+V} ifUCV 
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Definition 1. Let X be a topological space. A presheaf of sets (resp. groups, 
rings, modules over a fixed ring R,...) on X is a contravariant functor 


F: Opn(X) —~ Set 
into the category of sets (resp. groups, rings, modules over a fied ring R, ...). 


Thus a presheaf F on X, say of sets, consists of the following data: 


(a) sets F(U), where U varies over all open subsets of X, 
(b) morphisms pj;: F(V) ——+ F(U), where the pair (U,V) varies over all 
inclusions U C V of open subsets in X. 


The following conditions are required: 


(i) pt: F(U) —-+ F(U) is the identity map for all open subsets U CX, 
(ii) pl o pW = pl for open subsets U CV CW CX. 


If X’ is an open subset of X, the functor F: Opn(X) ——~ Set can be 
restricted to the category Opn(X’) of open subsets contained in X’. Thereby 
we obtain a presheaf again, the latter being denoted by F|x:. 

Sometimes it is convenient to imagine the elements of F(U) as functions 
on U and, likewise, the maps pj;: F(V) ——+ F(U) for inclusions U C V as 
restrictions of functions on V to functions on U. This is why these maps are 
usually referred to as restriction morphisms, using the suggestive notation 


py: FV) —+ FU), ft flu. 


However, in many cases the elements of F(U) will not be given as functions on 
U in the strict sense of the word. Consequently, we cannot argue in terms of 
ordinary functions when dealing with general presheaves. 

Concerning presheaves of modules, there exists a slight variant of the sit- 
uation covered in Definition 1. Let O be a presheaf of rings on a topological 
space X and ¥ a presheaf of abelian groups on X. Then the cartesian product 
O x F is defined as the functor that associates to an open subset U C X the 
cartesian product O(U) x F(U) and to an inclusion U C V of open subsets 
in X the cartesian product of the restriction morphisms O(V) —+ O(U) and 
F(V) —+ F(U). Then a law of composition O x # ——~ F is meant as a func- 
torial morphism and, thus, consists of maps O(U) x F(U) —+ F(U) for U Cc X 
open that are compatible with restriction morphisms. Using such a terminology, 
an O-module is defined as a presheaf of abelian groups F together with a law of 
composition pp: O x F —-+ F such that, for any open subset U C X, the map 
p(U): OU) x F(U) —+ F(U) defines an O(U)-module structure on F(U). 


Definition 2. A presheaf F on a topological space X is called a sheaf if for 
every open subset U C X and every covering U = Use, Ua by open subsets 
U, C X the following hold: 
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(i) If f,g€ FU) satisfy flu, = glu, for all X € A, then f = g. 

(ii) If fr E F(Uy), AEA, satisfy frluynuy, = fw lu,avy, for all X, NE A, 
there exists f € F(U) such that flu. = fy for all X € A. (Note that f will be 
unique by (i).) 


Clearly, if F is a sheaf on a topological space X, its restriction F|x, to any 
open subset X’ C X is a presheaf that is a sheaf again. 

Alternatively, we can require in place of conditions (i) and (ii) above that 
the diagram 


F(U) — ][Fu)— J] Fanny) 


AEA OA )EAxK A 


is exact, where the map on the left-hand side is given by f +—> (flu,)yea and 
the ones on the right-hand side by 


(frx)aca -— (frloynty )aryerx > 


(fv) wea — (frluynuy Jaaweax - 


Also recall that a diagram of type 


Aa 3B 


is called exact if y is injective and its image im ~ coincides with 


ker(y1, p2) := {b € B; yi(b) = yo(b)}, 


where the latter set is called the kernel of (y1, y2). For example, if A, B,C are 
abelian groups and ¥, Yi, %2 are group homomorphisms, the above diagram is 
exact if and only if the sequence of abelian groups 


0 eA P +B Ld ey 


is exact. 
We will use the remainder of the present section in order to discuss some 
examples of presheaves and sheaves. 


(0) The zero or trivial sheaf (of abelian groups, rings, or modules) on a 
topological space X is obtained by assigning to each open subset in X the zero 
group, ring, or module. 


(1) The continuous (resp. differentiable) R-valued functions on R yield a 
presheaf of rings and, in fact, a sheaf, since the condition “continuous” (resp. 
“differentiable” ) is tested locally. To be a bit more explicit, consider X = R as 
a topological space with the usual topology and let F(U) for U C R open be 
the ring of all continuous (resp. differentiable) R-valued functions on U. Define 
restriction morphisms as usual by restriction of functions. 
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(2) Let X be a topological space and G a group. Similarly as before, the 
constant G-valued functions on X define a presheaf of groups. However, since the 
condition of a function to be constant cannot be tested locally (on disconnected 
sets), this presheaf is not a sheaf in general. On the other hand, the locally 
constant G-valued functions on X define a presheaf which is a sheaf. 


(3) Let X be a set which is considered as a topological space under the 
discrete topology. (This means that every subset U C X is open.) We can 
define a presheaf F on X by 


Z ifU=X 
F(U) = 
ve i ifU CX, 


and by taking the identity on Z as well as the zero maps as restriction mor- 
phisms. Then F is not a sheaf if X consists of at least two elements. 


(4) Let A be a ring and X = Spec A. Restricting to basic open subsets of X, 
consider the category D(X) of all open subsets of type D(f) C X as objects, 
where f varies in A, with inclusions D(f) C D(g) as morphisms. As a variant 
we may also look at the category D*(X), which differs from D(X) in so far 
as two objects D(f) and D(g) are viewed as different as soon as the functions 
f and g are different, even if D(f) and D(g) coincide as subsets of X. Thus, 
strictly speaking, the objects of D(X ) are given by the elements f € A and 
the morphisms by the inclusions of type D(f) C D(g). In particular, mapping 
f € A to the corresponding subset D(f) C X yields a well-defined “forgetful” 
functor F: D(X) —+ D(X). On the other hand, we can consider a “section” 
of F, namely a functor G: D(X) —+ D*(X) by selecting for each basic open 
subset U C X an element f € A such that U = D(f). Then it is immediately 
clear that F and G define an equivalence between D#(X) and D(X). 

There is a natural contravariant functor 


O.: DX) —+ Ring, 


f) —- Af, 
D(f) c D(g) pee Ag Ay, 


so to say a presheaf on the family (D(f)) rea of all basic Zariski open subsets 
in X, which, in more detail, is defined as follows. Assign to an object D(f) 
of D#(X) the localization Ay of A by the multiplicative system {1, f1, f?,...}. 
Then any inclusion D(f) C D(g) gives rise to a well-defined ring homomorphism 
A, ——~ Ay. Indeed, D(f) C D(g) is equivalent to V(f) > V(g) and, using 
6.1/5 (i), to rad(f) C rad(g), hence, to the existence of elements n € N and 
a € A such that f" = ag. Looking at the canonical map t;: A —— Ar, we 
see that t/(f)"” = Ts(a)T¢(g) and, hence, t’(g) are units in Ay. Thus, by the 
universal property of the localization map 7,: A ——+ Ag, there is a unique 
factorization 
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A i - As 


by a homomorphism TF : A, —— Ay. The latter is the map we want to assign 


to the inclusion D(f) C D(g) by means of the functor OF: To check that OF 
really is a functor, observe first that ee As ——~ Ay, for any f € A is the 
identity map. Furthermore, for any chain of inclusions D(f) C D(g) Cc D(h), 
the composition 


ch 7d 


Ap, —* + A, —— Ay 


coincides with Ty : A, ——> Ay. This follows immediately from the commutative 
diagram 


ts 


> Ay 


using the universal property of the localization map 7: A —~ Aj. Thus, oe 
is a functor, indeed. 

Now we want to construct a functor Ox: D(X) —— Ring such that its 
composition with the forgetful functor F: D#(X) ——- D(X) is isomorphic to 
Oe Proceeding in a non-canonical way, we could select for each basic open 
subset U C X a describing function f € A such that U = D(f), thereby 
obtaining a “section” G: D(X) —+ D*(X) of F. Then Ox could be defined 
as the composition OF o G. Since Go F is isomorphic to the identity functor 
on D#(X), it would follow that Ox o F is isomorphic to O%. 

However, there is a more satisfying definition of Ox, which does not involve 
any choices and, thus, is completely natural. For each f € A set 


S(f) = {9 € A; Df) C D(g)}- 


Then the equation D(g- g’) = D(g) M D(g’) for elements g,g’ € A (see 6.1/2) 
shows that S(f) is a multiplicative system in A containing all powers of f. 
In particular, the universal property of localizations yields a canonical homo- 
morphism v¢: Ay ——+ Ag). We claim that the latter is actually an isomor- 
phism. Indeed, we know from the discussion of the functor OF above that, 
for any g € A, its image T;(g) with respect to the canonical homomorphism 
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Tp: A—— Ay is a unit if D(f) C D(g). From this we conclude that Tt; maps 
S(f) into the group of units in Ay and, thus, that 1 must be an isomorphism. 

Since D(f) C D(g) implies and, actually, is equivalent to S(f) D S(g), the 
theory of localizations yields 


Ox: D(X) —+ Ring, 
f) ks Asif), 
D(f) c D(g) = Agig) —> Asc), 


as a well-defined functor from D(X) to the category of rings. Furthermore, the 
isomorphisms of type vs: Af —~+ Agv,) for f € A show that the composition 
Ox o F with the forgetful functor F: D#(X) ——+ D(X) is isomorphic to the 
above considered functor oF. Alluding to this fact, we will ignore the difference 
between A, and Ag,,) in the following by writing Ay instead of Ag;p) in most 
cases. Later in 6.6/2 we see that the functor Ox, which is viewed as a presheaf 
on (the basic open sets of) X, is even a sheaf. 


Exercises 


1. Saturation of multiplicative systems: Let S be a multiplicative system of a ring 
A. Define the saturation of S as the set S’ of all elements in A that are divided 
by an element of S. Show: 

(a) S’ is a multiplicative system in A. 
(b) If S is the multiplicative system consisting of all powers of some element 


f ¢ A, then its saturation S’ coincides with the multiplicative system S(f) as 
considered above. 


(c) The canonical morphism Ag ——+ Ag is an isomorphism. 


2. Give an example of a presheaf F on a topological space X such that F satisfies 
the sheaf condition (i) of Definition 2, but not condition (ii). In the same way, 
show that condition (i) is not a consequence of condition (ii). 


3. The empty set: For a given topological space X and a set (resp. abelian group, 
resp. ring) FE, construct a presheaf F of sets (resp. abelian groups, resp. rings) 
on X such that F(9) = E. Show for a sheaf F of sets (resp. abelian groups, resp. 
rings) on X that F(Q) is a terminal object in the corresponding category, thus, a 
one-point set (resp. the zero group, resp. the zero ring). Hint: A terminal object 
of a category € is an object Z such that Home(Y, Z) is a one-point set for every 
object Y in €. Note that, by convention, the cartesian product over the empty 
family of objects in F is given by a terminal object of € if the latter exists. 


4. Consider the spectrum X = Spec R of a principal ideal domain R. Show that 
every open subset in X is basic open and that the presheaf Ox defined above is a 
sheaf. Hint: Use factoriality arguments in principal ideal domains. Furthermore, 
see 6.6/2 for a generalization to arbitrary rings R. 


5. Let A be an integral domain and K its field of fractions. For any point x 
in X = Spec A, write A, for the localization of A by the corresponding prime 
ideal p, C A and view A, as a subring of K. Furthermore, consider the functor 
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O: Opn(X) —— Ring that is given by O(U) = (),¢y Ax on any open sub- 
set U C X and that, to any inclusion of open sets U C V C X associates the 
canonical inclusion morphism O(V) —+ O(U). Show that O is a sheaf and that 
the above constructed presheaf Ox can be interpreted as the restriction of the 
functor O: Opn(X) —~+ Ring to the subcategory D(X) of Opn(X). 


6.4 Inductive and Projective Limits 


To define inductive limits, we need an index set J equipped with a preorder, i.e. 
with a binary relation < such that 


(i) i<iforallie€ J, 
(ii) «<j and j <k implies i < k for i,j,k € I. 


In order to keep things simple, we assume that I is non-empty and, in 
addition, directed, namely that 


(iii) for any i,7 € I there exists k € J such that i< k andj <k. 


Note that without the latter assumption the proof of Proposition 2 below 
would have to be modified while the assertion of Remark 3 could not be main- 
tained. 

Now let (G;);er be a family of sets (resp. groups, rings, modules, etc.), or of 
objects in any category €, together with €-morphisms f;;: G; ——> G; for all 
indices 7 < j in I such that 


(a) fi = id for alli € J, 
(b) fix = fix © fij for indices i < 7 < k in I. 


We call (Gi)ier together with the morphisms f;; an inductive system and 
denote it by (Gi, Fiz) ager: 


Definition 1. Let (Gi, fij)i jer be an inductive system of objects in a category 
€. An object G of € together with €-morphisms f;: G; —~ G,i € I, satisfying 
fi = f° fiy for « < 7 ts called an inductive or direct limit of the system 
(Gi, fij)ijer if the following universal property holds: 

Let H be an object of € and g;: G; —+ H,i € I, €-morphisms such that 
Gi = 95° fiz for 1 < 7. Then there exists a unique €-morphism g: G —> H 
such that g; = 90 f; for alli € I. 


The involved morphisms can be read from the following commutative dia- 
gram: 
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In particular, we see that an inductive limit G of an inductive system (Gj, fij)i jez 
is uniquely determined up to canonical isomorphism if it does exist. Without 
spelling out the attached maps explicitly one often writes G = lim G;, calling 
this the inductive limit of the G;, i € I. 

When dealing with inductive limits, it is often convenient to restrict the 
inductive system (Gi, fi;)ijer to a so-called cofinal subset I’ of I. Thereby we 
mean a subset J’ C J such that every i € J admits an index 7’ € I’ satisfying 
i’ > 1. Then I’ is directed again, and it is an easy exercise to show that the 
inductive system (Gi, fi;)i,jer admits a limit if and only this is the case for the 
full system (Gi, fi;)i,jer- Furthermore, both limits will canonically coincide if 
they exist. 

Also let us point out that the notion of inductive systems and their limits 
extends to the more general setting where I is just a collection of indices with 
a preorder. In more precise terms, we would talk about a category J, writing 
i <j for objects i,7 if there is a morphism i —— j in J. A natural example of 
such a collection will occur in Sects. 6.5 and 7.6, where we introduce techniques 
of Cech cohomology. Namely, consider a topological space U and take for J the 
collection Iy of all open coverings of U. Then Jy is not a set, since arbitrary 
repetitions of covering sets are allowed. However, when restricting to coverings 
without repetitions, in other words, to coverings that correspond to subsets 
of the power set B(U), we get a set Jj, and the latter is cofinal in Iy with 
respect to the preorder given by the refinement relation. In particular, any 
inductive system indexed by Jy will have a limit if its restriction to Ij, has 
a limit. Thereby we are reduced to the case of true index sets, as considered 
from the beginning of this section on. Therefore, unless stated otherwise, we 
will assume in the following that all inductive (or projective) systems under 
consideration are indexed by index sets. 


Proposition 2. Inductive limits exist in the categories of sets, groups, rings, 
and modules (over a given ring R). 


Proof. Starting with the case of an inductive system of sets (Gi, fi;)i jer, We 
look at the disjoint union G = [hee 
on it as follows. Write x ~ y for elements x,y € e where x € Gi and y € Gj, 
if there is some k € I, i,j < k, such that fix(x) = fi,(y). We claim that ~ 
is an equivalence relation. Of course, ~ is reflexive and symmetric, but also 


G; and introduce an equivalence relation 
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transitive. Indeed, let « € Gj, y € Gj, and z € G; be elements in G such that 
x ~ yand y ~ z. There are indices r € I, i,j <r, such that fi-(x) = fir(y) 
and s € I, j,k < s, such that fj.(y) = fes(z). Furthermore, using the fact that 
I is directed we can find an index t € I such that r,s < t. Then the equation 


fit(x) = Fre (fir(2)) = fre (Fir(y)) _ fit(y) 
= fet (Fis(y)) _ fst (fus(2)) = Ft(Z) 


shows « ~ z. Now writing G = G/ ~, the canonical embeddings ie Ce—2G 
induce maps f;: G; ——> G which satisfy f; = f; ° fi; for 7 < 7, and we claim 
that G together with these maps is an inductive limit of (Gj, fi;)ijer- 

To justify this, consider a set H together with maps g;: G; ——~ H that 
satisfy g; = 9;° fi; for all indices 7 < j in J. Assuming there is a map g: G —+ H 
satisfying g; = go f; for all 7 € I, we want to show it is unique. Indeed, let 
x € G and choose a representative % € G of x, say © G; for some i € J, which 
means f;(“) = x. Then we get g(x) = (go f;)(£) = g;() and this shows that 
g: G —~ H is unique if it exists. 

To actually construct g: G —— H, look at an element x € G and choose 
a representative @ € G again, say @ € G; for some i € I, and set g(x) := g;(#). 
If ge G is another representative of x, say y € G,;, then # and @ are equivalent 
and there exists an index k € I such that i,j < k and fix(@) = fix (y). This 


implies 
: ale) = oi) = ae(Fue(@)) = gu( Fyn) = 95(8) 


and we see that g: G——+ H is well-defined. Furthermore, it is clear by its 
construction that g satisfies the compatibilities g, = go f; fori el. 

Next, let us turn to the construction of inductive limits of groups; induc- 
tive limits of rings and modules are dealt with in a similar way. Therefore let 
(Gi, fij)ijer be an inductive system of groups, where now of course the maps 
fiz are group homomorphisms. Then the inductive limit G = G / ~ together 
with the associated maps f;: G; ——+ G exists in the category of sets, as shown 
above. We want to equip G with a group structure in such a way that all maps 
fi: G; ——+ G become group morphisms. To do this, let x,y € G and choose 
representatives #, § € G, say @ € Gj andy € G;, where f;(%) = x and f;(y) = y. 
Then we can find an index k € I with 2,7 <k and set 


cy Se ( fir (4) : Fix()); 


knowing that the elements @'’ = f;,(%) and y/ = fj,(y) of Gi, form a new set of 
representatives for « and y. To show that the product x: y is well-defined, look 


at another index r € J such that there are representatives 7”, 7” € G, of x and 
y. Then there are indices s,t € I satisfying k,r < s and k,r <t such that 


Fil) = Fl @); fi(@’) = rel"). 


Of course, we may assume s = t replacing s and t by some t’ € I where s,t < 1’. 
Then, using the fact that f,,: G, —-+ G, and f,,: G, ——+ G, are group 
morphisms, we obtain 
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Ses (# 7 yj’) = frs(2’) . fas (9') = tales) ‘ Fett’) = Ee’ : gy") 


and it follows that the products #’-4 and #”-4” are equivalent, thus representing 
the same element x«-y € G. Therefore the product x -y is well-defined in G and 
it is easily seen that all maps f;: G; ——+ G respect such products in the sense 
that fi(#- 9) = fil@) - filG) for #,9 € Gi. 

Next we want to show that the above defined product yields, in fact, a group 
structure on G and, hence, that all maps f;: G; ——~ G are group morphisms. 
First, there is a well-defined element e € G which is represented by the unit 
element e; € G; for any i € J; note that any two unit elements e; € G; and 

€ G; are equivalent in ea since group morphisms map unit elements to unit 
elements. Furthermore, the group axioms for G follow immediately from those 
of the G;, relying on the fact that for finitely many elements of G there is always 
an index 7 € I such that G; contains representatives of all these elements. 

To establish the universal property of the inductive limit consider a group 
H and group morphisms g;: G; ——~ H satisfying g; = g; 0 fi; for indices 7 < 7 
in J. As we already know, there is a unique map of sets g: G —~+ H such that 
9: = 9° f; for alla € I. To verify that g is even a group morphism consider two 
elements x,y € G. Since J is directed, there exists an index i € IJ such that G; 
contains representatives <,% of both, x and y. Then the equations 


g(a -y) = g( fil) - fiG)) = 9 (Fil@-9)) = a - 
= 9i(#) - 9i(9) = 9(Fi(@)) - 9(Fi(G)) = G(x) - oy) 


show that g: G ——~ H is a group morphism, as claimed. 


The construction shows that inductive limits are compatible with forgetful 
functors as follows: 


Remark 3. Jf G, as in Proposition 2, is an inductive limit in the category of 
groups, then, as a set, it is an inductive limit in the category of sets as well. We 
say that the inductive limit is compatible with the forgetful functor 


Grp —— Set, 


which associates to a group its underlying set and to a group morphism its 
underlying map of sets. 

In a similar way the inductive limit 1s compatible with other forgetful func- 
tors, like the one from the category of rings or modules to the category of groups 
or sets. 


We want to look at a simple example, which is nevertheless quite basic. Let 
M be a set. Viewing the finite subsets of M as an index set J, let us use M; 
with 7 € J as a second notation for the subset of M given by 7. To define a 
preorder on J, write i < j for indices i,j € I if M; C M,. Furthermore, let 
fij: M; —— M, be the associated inclusion map. Since the union of two finite 
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subsets of M is finite again, it follows that J is directed and that (Mj, fi;)ijer 
is an inductive system. We claim that M = lim M;, more precisely, that M 
together with the maps f;: M; ——~ M given by the inclusions M; C M is an 
inductive limit of the system (Mj, fi;)i,jer- To justify this, fix a set N and look 
at maps g;: M; —— N,i € I, where g; = g; © fi; for 1 < 7. Then any maps 
gi, 9; for arbitrary indices 7,7 € J coincide on M;M M; and therefore yield a 
well-defined map g: IM —— N, taking into account that M is the union of all 
M;,17 € I. Of course, we have g; = go f; for allz € J and it follows that, indeed, 
M is an inductive limit of (Mj, fi;)i,;er. In the same way one can show that a 
group (resp. a ring, or a module) is the inductive limit of any directed system 
of subgroups (resp. subrings, or submodules) of G that cover G. For example, 
the system of all finitely generated subgroups (resp. all subrings of finite type 
over Z, or all submodules of finite type) of G admits this property. 

Next we discuss the concept of projective limits, which is dual to that of 
inductive limits. This means that we use the same definition as for the inductive 
limit, although arrow directions have to be reversed. Again we need an index set 
I with a preorder < which satisfies the conditions (i) and (ii) mentioned at the 
beginning of this section. However, we will not assume that I is directed, since 
this is unnecessary. Now let (G;)icr be a family of sets (resp. groups, rings, 
modules, etc.), or of objects in any category €, together with ¢-morphisms 
fig: Gj; ——> G; for indices 7 < 7 in J such that 


(a’) fig = id for alli € J, 
(b') fix = fiz ° fix for indices i<j <k in I. 


We call (G;)ier together with the morphisms fj; a projective system and 
denote it by (Gi, Fiz) iger- 


Definition 4. Let (Gi, fij)i jer be a projective system of objects in a category 
€. An object G of € together with €-morphisms f;: G —~+ G;, i € I, satisfying 
fi = fii ° f; for «1 < J, ts called a projective or inverse limit of the system 
(Gi, fiji jer if the following universal property holds: 

Let H be an object of € and g;: H —~+ G;, i € I, €-morphisms such that 
Gg: = fig 0g; for i < j. Then there exists a unique €-morphism g: H —+ G 
such that g; = f;°g for alli € I. 


The involved morphisms can be read from the following commutative dia- 
gram: 
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As in the case of inductive limits, a projective limit G of a projective system 
(Gi, fij)ijer is unique up to canonical isomorphism if it does exist. Often one 
writes G = lim G; and calls this the projective limit of the G;, 7 € I. 


Proposition 5. Projective limits exist in the categories of sets, groups, rings, 
and modules (over a given ring R). 


Proof. Starting with a projective system of sets (Gi, fi;)i,jer, consider the carte- 
sian product The G, together with the projections 


Di: IG == Gi (t5)jer —* Xi, 
jel 


where 7 varies over I. We claim that the subset 


i€l i€l 
together with the maps 
dG. — * Gy (23) jer -— %i, 


induced from the projections p; for i € I is a projective limit of the system 
(Gi, fij)i,jer. This is easy to verify. First observe that f; = f;; 0 f; by the defi- 
nition of G. Now if H is a set together with maps g;: H ——~ G;, i € I, there 
is a map 
g: H — [[¢. a (Gs 
i€l 

which is uniquely characterized by the relations g; = p;og, 7 € I. If, in addition, 
the g; satisfy g; = fi; ° g; for i < 7, then clearly the image of g lies in G' so 
that g restricts to a unique map g: H —— G satisfying g; = f,og for 7 € I. In 
particular, G together with the projections f;: G—- Gj; is a projective limit 
of the system (Gi, fi; )ijer- 

Now if (Gi, fij)ijer iS a projective system of groups (resp. rings or modules), 
the cartesian product [[,.;Gj is a group (resp. ring or module) and the same 
is true for G, since all maps fi; are assumed to be homomorphisms. Then the 
projections p;: jer G; ——~ G; restrict to homomorphisms f;: G —— G; 
and one shows as above, but now arguing in terms of homomorphisms, that G 
together with the homomorphisms f; is a projective limit of (Gj, fij)ijer- 


Just as we have done for inductive limits, let us discuss a simple example of 
a projective limit. Consider a family of maps between sets (h;: X; —— S)icz 
with common target S, which we want to view as a projective system of sets. 
To be formally correct take J’ = [IL {0} as index set. So we let I’ be the disjoint 
union of J with another symbol 0 not yet contained in J and set G; = X; for 
i € I as well as Gg = S. Now introduce a preorder on I’ by writing 0 < i for 
all i € I (and, of course, 0 < 0 as well as i < i for all i € I). Then the maps 
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h;, i € I, (together with the identity maps on S and X; for all i € J) yield 
a projective system (Gi, fi;)ijer of sets. Analyzing the universal property of 
a projective limit of this system, it is convenient to use the category Sets of 
relative sets over S. Indeed, a projective limit of (Gj, fij)i jer will be a relative 
object X in Sets together with S-morphisms p;: X ——+ X; such that the map 


Homg(T, X) ——> | [Homs(7, Xi), pr— (pi ° pier, 
ier 
is bijective for any object T in Sets. However, as a generalization of 4.5/2, this 
universal property characterizes the fiber product II, X; of the X; over S so 


lim G; = II, *:- 


wel’ icl 


that we get 


We have looked at inductive and projective limits since we need these con- 
cepts for dealing with sheaves and presheaves. An important example of induc- 
tive limits is given by the so-called stalks of sheaves and presheaves, which we 
want to discuss next. 


Definition 6. Let X be a topological space equipped with a presheaf (or a sheaf) 
F. Then, for any point x« € X, we call 


Fa lim F(U) 
xeU 
the stalk of F at x, where the inductive limit extends over all open neighborhoods 
UcCX of x. 


To describe the involved inductive system in more detail, use the set of all 
open neighborhoods of « as index set J and define a preorder on it by the in- 
clusion relation. Then we have to consider the inductive system (F(U), pv uv, 
where pl: F(U) —+ F(V) is the restriction morphism associated to an inclu- 
sion V Cc U of members in J. 

As a typical example, consider the sheaf F of all continuous real valued 
functions on a topological space X, which is a sheaf of rings. Then there are 
canonical homomorphisms 


F(U) — F,, JS tes 


for any point « € X and any open neighborhood U Cc X of x. The image f, € Fy 
of a function f € F(U) is called the germ of f at x. From the construction of 
inductive limits in the proof of Proposition 2 we can read the following facts: 

(i) Every element in F, can be interpreted as the germ of a continuous 
function f € F(U), where U C X is a suitable open neighborhood of z. 

(ii) If fr, x € Fz are germs of continuous functions f € F(U) and g € F(V) 
for open neighborhoods U,V Cc X of x, then f, = g, if and only if there is an 
open neighborhood W c X of x such that W CUNV and flw = glw. 
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Thus, indeed, the ring F, may be imagined as the ring of all germs of 
continuous real valued functions around xz. Let us point out that the example 
gives a good picture of the general situation as well. Except for the interpretation 
of elements in F(U) as functions on U, the above characterization of elements 
in F, remains valid for any sheaf or presheaf F on X. 


Lemma 7. Let X be a topological space and F a sheaf on it (or a presheaf 
satisfying condition 6.3/2 (i)). Then, for any open subset U C X, the map 


F(U) [| =. cg : (fa leew: 
eu 
is injective. 
The proof is quite simple. Let f,g € F(U) be such that f, = gy for all 
x € U. Then there exists for every x € U an open neighborhood U, C U such 


that f|u, = glu,; use the above condition (ii). Since (U,),zey is an open covering 
of U, we get f = g by condition (i) of 6.3/2. 


The lemma makes it possible to describe sheaves via their stalks in a quite 
instructive way. Namely, we consider the so-called étalé space of F (from the 
French étalé meaning spread out), which is given by [],,-, 7, and may be 
imagined as the family of all stalks F,, « € X: 


TEX 


F, — TF, 


yEex 


or 


Lex Fx 


xX 
x 


Given any element f € F(U) on an open subset U C X, we can identify f 
according to Lemma 7 with the family (f,)zev of all germs of f, hence, with 
the map 

sp: U —+{f2;c€U} CT] F,, ctr— fy. 


wExX 
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The latter satisfies (po sr)(a) = x for all « € U and, thus, is a section over U of 
the projection p: [[,<, Fz: ——+ X from the étalé space associated to F onto 
the basis X: 


Fy 
Lex Fx 


xX 
U x 


Having this in mind, the elements in F(U) are usually referred to as sections of 
F over U. However note that, in general, there will be an abundance of sections 
of p: [],<x 72 —+ X over an open subset U C_X, in particular, sections that 
are not induced by elements of F(U) and therefore are not related to the sheaf 
F. One can introduce a suitable topology on the étalé space [|< Fz such that 
the elements of F(U) correspond precisely to the continuous sections over U, 
but we will not apply this point of view in the following. 

However, let us point out that the interpretation of elements from F(U) as 
sections in the étalé space [],,-< Fz can be used to canonically associate a sheaf 
F to any presheaf F’. Indeed, let F’ be a presheaf on a topological space X. 
Then the stalk F/ of F’ is defined at any point x € X and we can consider the 
étalé space p: [<x F, ——> X over X. For open subsets U C X we define 
F(U) as the set of all sections s: U —+ ]],-, F/, such that there is an open 


rEeUY «x 
covering U = J,-, Ui together with a family (f;)ier of elements f; € F’(U;) 
satisfying 


iel 
s(x) = fin for all i € I and all x € Uj. 


Thus, F(U) consists of all sections of p: <7, #/, —+ X that locally on U are 
represented by elements in the presheaf F’. Without difficulties one can check 
that F together with the obvious restriction morphisms is a sheaf, the so-called 
sheaf associated to the presheaf F’; see 6.5/5 for a more thorough discussion of 


associated sheaves. 


Exercises 


1. Let X be a set and (U;)ier a family of subsets in X. 
(a) Interpret (U;)icer as a projective system satisfying lim _, Ui = Myer Vi 
(b) Abandoning the condition on the directness of index sets for inductive systems, 
interpret (U;)ier as an inductive system satisfying lim, Ui = Uier Ui- 


2. Interpret the family (Z/nZ)nen as an inductive system of groups with inductive 
limit lim) oy Z/nZ = Q/Z. 
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. Tensor products commute with direct limits: Let (M;)ier be an inductive system 
of modules over a ring R. Show for any R-module N that there is a canonical 
isomorphism of R-modules (lim,_, Mi) ®zN —~+ lim, ,(M; ®r N). 


. Exactness of inductive limits: Define the notion of a short exact sequence 
0 —» (Mj )ier —> (Mi)ier —> (Mf)icer — 0 


of inductive systems of modules over a ring R in a natural way and show that 

5 ] 5 eee b t —> li rad i] u ——> 
the resulting sequence 0 lim, 1M; ling, Mi ling, iG 0 
is exact. 


. Let p be a prime ideal of a ring A. Show that the localizations Ay for f ¢ A—p 
form an inductive system and that the the localization Ay can be interpreted as 
the inductive limit of this system. 


. Show that any ring A can be interpreted as the projective limit of all its local- 
izations As, f € A. 


. a-adic completion: Let a be an ideal of a ring A. Call a subset U C A open if for 
each element f € U there is an integer n € N such that f+a” Cc U. This way the 
powers a”, n €N, play the role of a fundamental system of neighborhoods of 0. A 
sequence (a;)ien of elements in A is called a Cauchy sequence if for every n € N 
there is an index k € N such that a; — a; € a” for all i, 7 > k. Furthermore, such 
a sequence is called a zero sequence if for every n € N there is an index k € N 
such that a; € a” for all i> k. 


Show: 


(a) The open subsets define, indeed, a topology on A; the latter is called the 
a-adic topology. 

(b) The set C of Cauchy sequences in A is a ring under componentwise addition 
and multiplication; the zero sequences define an ideal NV C C. There is a canonical 
ring homomorphism A —-> C/N with kernel (),<n a”. 


(c) There is a canonical isomorphism C/M —~> lim. oy A/a”. 


(d) The projective limit A = im, -,4/a" can be viewed as the (separated) 
a-adic completion of A. Namely, using the kernels of the canonical morphisms 
Aa A/a” as a fundamental system of neighborhoods of 0 in A, we get a 
topology on A such that the image of A ——+ A is dense and every Cauchy se- 
quence converges in A. Furthermore, the topology on A induces the given one on 
A in the sense that a subset in A is open if and only if it is the preimage of an 
open subset in A. 


. For aring R and a variable t consider the ring R[[t]] of formal power series in t with 
coefficients in R. Recall that R[[¢] consists of all formal expressions )7,,cy ant” 
for arbitrary coefficients a, € R, and that addition as well as multiplication of 
such sums are defined as usual. Show that R[[t]] can be interpreted as the (t)-adic 
completion (see Exercise 7 above) of the polynomial ring R[t]. 


. Sheaf of holomorphic functions: For an open subset U Cc C let Oc(U) be 
the C-algebra of holomorphic functions on U. Show that the resulting functor 
Opn(C) —— C-Alg is a sheaf and that the stalk Oc at the origin 0 € C can 
naturally be identified with the ring of convergent power series 
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Oe ant” € C[t] ; S> Gnz" is convergent for some z € C — {o}}, 


neN neN 


the latter being viewed as a subring of C[[¢]. For the formal power series ring 
C[[t] see Exercise 8 above. 


10. Alternative definition of sheaves: An étalé sheaf of sets on a topological space X 
consists of a topological space ¥ together with a continuous map 7: § ——+ X 
that is a local homeomorphism. Show that the concept of an étalé sheaf of sets 
is equivalent to the one of sheaf of sets as introduced in 6.3/2. 


6.5 Morphisms of Sheaves and Sheafification 


To compare different presheaves and, likewise, sheaves among each other, we 
need to introduce the concept of morphisms between these. 


Definition 1. Let X be a topological space and F,G presheaves (resp. sheaves) 
on X. A morphism of presheaves (resp. sheaves) y: F ——+ G is a functorial 
morphism between F and G, the latter being viewed as functors from the category 
of open subsets in X to the category of sets (resp. groups, rings, ...). 

Hence, y consists of a collection of morphisms 


yp(U): F(U) —+ GU), U c X open, 


that are compatible with restriction morphisms in the sense that for open subsets 


UCVCX the diagram 


F(V) Gv) 


[nt eb 
U 
F(u) * gu) 
is commutative. We call y an isomorphism if y is a functorial isomorphism, 


i.e. if all morphisms p(U) are isomorphisms. 


For modules over a presheaf of rings O on X, the concept of a morphism can 
be adapted in a natural way. Namely, a morphism of O-modules # ——~ G is 
a morphism of presheaves of abelian groups that is compatible with O-module 
structures in the sense that the canonical diagram 


Ox F—--+OxG 


|| 


F G 


is commutative. For module (pre)sheaves F,G over a (pre)sheaf of rings O, the 
set of O-module morphisms is denoted by Homo(F, G). 
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Remark 2. Let y: F ——~G be a morphism of presheaves on a topological 
space X and consider any point x € X. Then vy induces a morphism of stalks 
Pe: Fe —> Gy in such a way that for all open neighborhoods U C X of x the 
canonical diagram 


1s commutative. 
Proof. Let x € X. For open neighborhoods U Cc X of x, consider the composition 
Fy Gu). = G), 


which due to the properties of a morphism of presheaves is compatible with 
restriction morphisms of F and G. Using the defining universal property of the 
inductive limit F, = li F(U), the morphisms #(U) ——+ G, must factorize 


Se 
over a unique morphism y,: F, —> Gy. 


Proposition 3. Let y: F ——+G be a morphism of sheaves on a topological 
space X. 

(i) y is injective — in the sense that p(U): F(U) ——~ G(U) is injective 
for all open subsets U C X — if and only if pe: Fx —> Ge is injective for all 
xrEX. 

(ii) y is locally surjective — in the sense that for any section g € G(U) over 
an open subset U C X anda point x € U, there is an open neighborhood U, C U 
of x such that g|u, admits a preimage with respect to p(U,): F(Uz) —+ G(Uz) 
— of and only if pe: Fe —> Gz 1s surjective for all x € X. 

(iii) yp is an isomorphism if and only if px: Fx ——> Gz is bijective for all 
crEX. 


Proof. In all three cases, the only-if parts of the assertions are easily deduced 
from the characterization of stalks in 6.4/6 and thereafter. To attack the if parts, 
assume first that yz is injective for all x € X. Fixing an open subset U C X, we 
have to show that p(U): F(U) —— G(U) is injective as well. To achieve this, 
consider elements f, f’ € F(U) with y(U)-images g,g’ € G(U) that coincide. 
Then we have 


Yr( fr) = G2 = In = Yel fr) 


and, hence, f, = f} for all x € U, since y, is injective for all x € X. But this 
implies f = f’ by 6.4/7 and we see that y(U) is injective, thereby settling (i). 

Next assume that vy, is surjective for all x € X and consider an element 
g € G(U) over some open subset U C X. Fixing « € U, there is an element 
fe € Fz such that y.(fe) = Gr. Now let U, C U be an open neighborhood of « 
such that the germ f, is induced by some element f(;,) € F(U,). Then we have 
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(y(Uz)(fie))) » = g, by Remark 2 and we may even assume y(U;)(f(2)) = glu. 
if we replace U, by a smaller open neighborhood of x. This settles (ii). 

Finally assume that y, is bijective for all « € X. Then ¢ is injective by 
(i) and locally surjective by (ii). Thus, given a section g € G(U) on some open 
subset U C X, there exists for every x € U an open neighborhood U, Cc U of 
x together with a section fi.) € F(Uz) such that y(Uz)(fiz)) = glu,- Since the 
ma 

z p(U,N Uz): F(U, NU ;z) = G(U,NU,") 


is injective for any points x,’ € U, we must have 


fie) |usnU,y = Ff(e’)|UsnUy ? 
since both quantities left and right are mapped to g|u,qu,, under (Uz M Uz"). 
Using the fact that F is a sheaf, there is a unique element f € F(U) such that 
flu, = fie) for all x € U. But then, by the sheaf property of G, we see that 
y(U) maps f to g. 


Definition 4. Let y: F —+ G be a morphism of presheaves of abelian groups 
(resp. presheaves of modules over a presheaf of rings) on a topological space X. 
Then the following functors from the category of open subsets U C X to the 
category of abelian groups are presheaves of abelian groups (resp. presheaves of 
O-modules) again: 
(i) (ker ~) pre: U H-—+ ker(p(U)), the kernel of y, 
(ii) (im Y) pre: U H—> im(y(U)), the image of y, 
(iii) (coker Y)pre: U > coker(y(U)) = G(U)/im(y(U)), the cokernel of y. 


If F and G in the situation of the definition are sheaves, it is easily seen 
that (ker ~)pre is a sheaf as well. In this case the kernel is simply denoted by 
ker y. However, special care is necessary when dealing with image and cokernel 
of a morphism of sheaves y, since (im ~)pre and (coker Y)pre will not be sheaves 
in general. 

In the following we want to concentrate on the problem of constructing for 
a presheaf F a so-called associated sheaf F'’, which in a certain sense, is a sheaf 
approximating F in a best possible way. A provisional version of this result was 
already discussed at the end of Section 6.4. 


Proposition 5. Let F be a presheaf on a topological space X. Then there 
exists a sheaf F’ together with a morphism of presheaves # ——+ F' such that 
the following universal property is satisfied: 

If F ——+gG is a morphism of presheaves into a sheaf G, there exists a 
unique morphism of sheaves F'’ —+ G such that the diagram 


/ 
/ 
/ 
7 
/ 
Z 
> 


G 


is commutative. 
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We call F' together with the morphism F ——+ F' the sheafification of Ff, 
or the sheaf associated to F. 


The most rapid way to establish the above result is to consider sections in 
the étalé space of F, as we have explained at the end of Section 6.4. However, 
here we want to use a more rigorous method derived from Cech cohomology 
(see Section 7.6), which has the advantage that it extends to the context of 
generalized topologies in the sense of Grothendieck [1]. 

Let X be a topological space and ¥ a presheaf on it. Furthermore, consider 
an open subset U C X and an open covering { = (U))ye, of U by open subsets 
U, CU, hence, satisfying U = Uy<, Uy. Then we set 


H(, F) = ker(T] F(Ox) + II F(U,NUy)) : 


NEA ()EAxA 


where the kernel of the maps on the right-hand side can alternatively be inter- 
preted as the limit of the projective system (F(U,) —+ F(U\NUy))y,ea- By 
its definition, H°({, F) consists of all families (f,),yea € [[\e,4 F(Ua) such that 
frluynuy = fx luynu,, for all A,X’ € A. In particular, there is a canonical map 


F(U) =z mca ae (fluy)aea, 


which is a monomorphism if F satisfies sheaf condition 6.3/2 (i) and an isomor- 
phism if F is a sheaf. Also note that we may view H°(L,-) as a functor on the 
category of presheaves on X, since any morphism of presheaves y: F ——~ G 
gives rise to a canonical map H°(U, yp): H°(L, 7) —~ H°(U,G). 

If & = (Uy)yen and UV = (V,,) ex are two open coverings of U, we call Ua 
refinement of L if there exists a map tT: M ——+ A such that V, C U,,,) for all 
ju € M. Then there is a canonical map 


APU, F) — A? (%, Dar (fx)area _—— (fr) lVa) we 


and it is easily checked that this map is independent of the map 7 used for 
declaring U to be a refinement of Lf. Indeed, let 7’: IM ——~ A be a second map 
such that V,, C U;(,) for all w € M. It follows V,, C U;(,) NU;(,) and, since any 
element (f,),cea € H°(U, F) satisfies 


fru) lege = fry) leu AU ru) , 


we see that frwylv. = frwlv, for we M. 

Now fix an open subset U C X and consider the collection of all open cover- 
ings LL of U as an index collection Iy, equipped with the preorder given by the re- 
finement relation. So we write U < UY for elements in Jy if Wis a refinement of LL. 
Then [y is directed since, for two open coverings L& = (U)),e4 and VU = (Vi) near 
of U, we can always construct the product covering UL x B= (U, A Vy) (au)eaxM> 
which is a common refinement of L and %. Therefore the family (H°(L, F))uer,, 
together with the morphisms induced by refinements, form an inductive system, 
and we can look at the corresponding limit 
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Meru 


The latter exists by 6.4/2 and the explanations preceding this result since we 
may replace the collection Iy by a cofinal subset. If U varies over the open 
subsets of X, we may interpret Ft as a presheaf on X. Indeed, for open subsets 
V CU CX and an open covering L = (U)) ye, of U consider the corresponding 
restriction Uy = (U, NV) rea of LM to V. Then, using the universal property of 
the inductive limit, the morphisms of type 


H°(L, F) —+ H°(ilv,F), (fr)aca — (faluynv area 
induce morphisms of type 
FAO eaPV), 


which satisfy the conditions of a presheaf on X. Moreover, it is clear that the 
maps of type 


F(U) — A(X, F), i (flu, )aea, 


induce a morphism of presheaves F ——+ Ft, where for a sheaf F the maps 
F(U) ——~ H°(U,F) are isomorphisms and, hence, the same is true for 
F ——+ F* as well. If F only satisfies sheaf condition 6.3/2 (i), the maps 
F(U) —+ H°(, F) are still injective and the resulting map F(U) —+ Ft(U) 
does not lose this property. Unfortunately, F* is not a sheaf in general, but there 
is the following result which, in particular, settles the assertion of Proposition 5: 


Lemma 6. Let X be a topological space and F a presheaf on X. 
(i) The assignment F t—»+ Ft is compatible with restriction to open subsets 
UC X, i.e. there are canonical isomorphisms (F*)|u ~ (Flu)*. 

(ii) The presheaf F* satisfies the sheaf condition 6.3/2 (i). 

(iii) Assume that the sheaf condition 6.3/2 (i) holds for F. Then F* sat- 
isfies the sheaf condition 6.3/2 (ii) as well and, hence, is a sheaf. Further- 
more, F ——+ F* is a monomorphism in the sense that the canonical maps 
F(U) —~ Ft(U) for U C X open are injective. 

(iv) The presheaf F*t = (Ft)t is a sheaf which together with the canonical 
map F ——+ Ft ——+ Ft” satisfies the universal property of the associated 


sheaf of F. 


Proof. Assertion (i) follows directly from the definition of F*+. Next, turning to 
assertion (ii), fix an open subset U C X and consider elements f,g € F*(U) 
such that there is an open covering U = U\e,U, where flv, = glu, for all 
A € A. Since FT(U) = fin hs H°(%,F), there is an open covering U@ of U 
such that f,g are represented by elements f’, g’ € H°(%,F). It follows that the 
restrictions f|y, and g|y, are represented by the elements 


f'lu, 9'luy € H°(G\y,,F). 
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Since we have fly, = glu, for all A € A, there is a refinement IW) of Vly, 
for every A such that the images of f’|y, and g’|y, coincide in H°(Q), F). 
Now setting up an open covering UJ’ of U by using the coverings I), A € A, 
the images f”,g” € H°(%',F) of the elements f’, 9’ € H°(%,F) coincide by 
construction and we get f = g as desired. 

To verify assertion (iii) assume that F satisfies the sheaf condition 6.3/2 (i). 
Consider an open subset U C X and an open covering U = Uye, Ua of U, as 
well as elements f, € Ft(U,) such that fxlu,qu,, = fvluynu,, for all A,X’ € A. 
We have to construct f € F*(U) such that fly, = fy for all A € A. To do 
this choose an open covering %J) of U, for every A € A in such a way that 
fy € F*(Uy) is represented by some element fy € H°(%G),F). Then consider 
the product coverings UW) x Wy of Uy NM Uy for A,X’ € A and observe that the 
restrictions of fi, ff, to Uy Uy yield elements fY, fy, € H°(%) x Wy, F) whose 
images fy|u,qu,, and fy|u,qu,, coincide in F*(U) M Uy:). Passing to a suitable 
refinement 23), of UW) x Wy, we can assume that the images of fy’, fY, coincide 
already in H°(QU),),, 7). Then, by sheaf condition 6.3/2 (i), we see that, in fact, 

¥, f%, coincide in H°(%) x Wy, F) for all A, ’ € A. Setting up an open covering 
MG of U from the coverings Uy), A € A, the elements f{, A € A, give rise to an 
element f’ € H°(%,F) and it follows from the construction that f’ induces an 
element f € F*(U) satisfying flv, = fy for all A € A. Thus, F* satisfies the 
sheaf condition 6.3/2 (ii). The fact that # —+ Ft is a monomorphism was 
already discussed before. 

Finally, to obtain (iv) it remains to establish the universal property of an 
associated sheaf for the composition # —+ -*+ —-+ Ft*. For this it is enough 
to check that each morphism y: F ——+ G to a sheaf G factors through a unique 
morphism yt: Ft ——+ G. To do this, let U C X be open. Using the inductive 
limit over all open coverings Lf = (U)),ea of U, we conclude from the canonical 
commutative diagram 


FU eee OP) 
a)| |e) 


G(U) —+ H°(u,G) 
that y: # —— G factors through a well-defined morphism yt: #* —— G. 
To see that yt is uniquely determined by y, consider an open set U C X and 
an element f €¢ F*(U). Then there exists an open covering L = (U))yea of U 
such that f is represented by some element f’ € H°(,F). Furthermore, the 
commutative diagram 


F (Uy) — A? (Ulu,,F) =e F*(Uy) 
avs) | | wees | ere 
G(U,) —+ H°(ilu,,G) —+ G* (Ud) 


shows for A € A that yt (U)(f)|u. = y* (Ua) (flu, ) is uniquely determined by y. 
Since G is a sheaf, yt (f) is unique and we see that yt is uniquely determined 


by ¢. 


238 6. Affine Schemes and Basic Constructions 


In particular, the construction of associated sheaves yields the following 
result: 


Remark 7. Let F be a presheaf on a topological space X. Then the canonical 
morphism F ——+ Ft induces for every x © X an isomorphism F, + Fy 
between stalks at x. The same is true for the morphism F ——~ F', where F' is 
the sheaf associated to F. 


If y: F ——+gG is a morphism between sheaves of abelian groups or of 
modules over a sheaf of rings, then, similarly as in Definition 4, we can define 
the following sheaves: 

(i) ker p = (ker Y)pre, called the kernel of y, 

(ii) imy, the sheaf associated to (im Y)pre, called the image of y, 

(iii) coker y, the sheaf associated to (coker Y) pre, called the cokernel of yp. 

As usual, ¢ is called a monomorphism if ker py = 0. Moreover, is called an 
epimorphism if imp = G. If yp: F —— G is a monomorphism, we may identify 
F with its image in G and thereby view F as a subsheaf of G. In addition, the 
quotient G/F makes sense in terms of the cokernel of y. 


Proposition 8. Let G be a sheaf of abelian groups on a topological space X and 
F CG a subsheaf. Then: 

(i) The quotient in terms of presheaves (G/F)pre, defined as the cokernel 
of the attached morphism of presheaves F ——+ G, satisfies the sheaf condi- 
tion 6.3/2 (i). 

(ii) The quotient G/F in terms of sheaves, defined as the sheafification of 
(G/F ) pre, coincides with ((G/F)pre)*- 

(iii) For any section G € (G/F)(U) on some open part U C X, there is an 
open covering (Ui)ier of U such that the restrictions Glu, are represented by 
sections g; € G(U;) satisfying (gi — 9;)lu,qu, € F(Ui VU;) for all i,j € I. 


Proof. Consider a section § € (G/F) pre(U) = G(U)/F(U) on some open subset 
U c X, represented by a section g € G(U), and assume that there exists an open 
covering (U;);er of U such that gly, = 0 for alli € I. Then gly, € F(U;) for alli 
and, hence, g € F(U), since F and G are sheaves. In particular, 7 = 0 and we see 
that (G/F) pre satisfies the sheaf condition 6.3/2 (i). Thus, assertion (i) is clear 
while (ii) follows from Lemma 6 (iii). Finally, assertion (iii) is a consequence of 
the definition of ((G/F)pre)*. 


Also note that there is the notion of an exact sequence of sheaves of abelian 
groups or modules. Namely, a sequence of morphisms 


Ewes 


# p ye #" 


is called exact if imy = kerw (in the sense of sheaves). There is the following 
criterion for exactness: 


6.5 Morphisms of Sheaves and Sheafification 239 


Proposition 9. A sequence 


es ey rn ( 


of sheaves of abelian groups (or of sheaves of modules over a sheaf of rings) on 
a topological space X is exact if and only if the sequence of stalks 


0 ee > F, - Fl > 0 
is exact for alla Ee X. 


Proof. First check that the formation of stalks commutes with the formation 
of kernels and images of morphisms. Then the assertion is easily derived from 
Proposition 3. 


Finally, as another application of the technique of sheafification, let us con- 
struct the direct sum of a family (F;);¢7 of module sheaves over a sheaf of rings 
O on a topological space X. A natural way to do this is by considering the 
functor 

F:Ut-—- QD A(V), U c X open. 
ie] 
Clearly, ¥ is an O-module in the setting of presheaves. To examine if it actually 
is a sheaf, we consider an open covering U = U.,U, of some open subset 
U Cc X and look at the canonical diagram 


iel AEA tel »ANEA tel 


Since direct sums of ordinary modules or abelian groups may be viewed as 
restricted cartesian products and since the diagrams 


FU) — ][AO) — J[[ AW), ies, 


EA AANEA 


are exact for all i € I, we see that the left map of (*) is injective with its 
image being contained in the kernel of the right double maps. In particular, 
F satisfies the sheaf condition (i) of 6.3/2. On the other hand, any element of 
the latter kernel determines a family of sections r; € F;(U) and such a family 
gives rise to an element in @,-,7i(U) only if r; = 0 for almost all i € J. If J 
is finite, there is no problem and the diagram (*) will be exact so that F is a 
sheaf in this case. Similarly, if A is finite, the diagram (*) is seen to be exact. 
But we cannot exclude infinite coverings in general, and this is the reason why 
F will fail to satisfy the sheaf condition (ii) of 6.3/2 in typical cases where I 
is infinite. Therefore we are obliged to apply Proposition 5 in order to pass to 
the sheafification of F; the latter is of type F* according to Lemma 6, since 
F satisfies already the sheaf condition (i) of 6.3/2. Using Proposition 5 again, 
it follows from our construction that for any O-module sheaf G the canonical 
morphisms +; ——> F ——+ F* give rise to bijections 
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Homo(Ft,G) “+ Homo(F,G) —> | [Homo (F., 9). 


iel 


In particular, the morphisms F; ——-+ F*, i € I, satisfy the universal property 
of a direct sum. Therefore we see that, from a categorical point of view, F* is 
indeed the correct construction for the direct sum of the O-modules F; in the 
setting of module sheaves. 


Exercises 


1. Give an example of a non-trivial presheaf of abelian groups such that its associ- 
ated sheaf is the zero sheaf. 


2. Two covariant functors F: D —+ € and G: € —~+ ® between categories € and 
®D are said to be adjoint if there are bijections Hom(F(Y), X) ~ Hom(Y, G(X)) 
that are functorial on objects X in € and Y in ®. Interpret the sheafification 
functor for presheaves on a topological space as part of a pair of adjoint functors. 


3. Let 1: P’ ——+ P be a monomorphism of presheaves, i.e. a morphism of pre- 
sheaves satisfying (ker /)pre = 0. Show that the associated morphism of sheaves 
uth; Pi++ —_. Pt is a monomorphism as well. Conclude for any morphism of 
sheaves y: F ——+ G that imy, the image of y in the sense of sheaves, can be 


viewed as a subsheaf of G. 


4. Inductive limit of sheaves: Let (F;)ier be an inductive system of sheaves of sets 
(resp. abelian groups, resp. rings, etc.) on a topological space X. Define a presheaf 
on X by assigning to each open subset U C X the limit lim, F,(U). Show that 
the associated sheaf, denoted by lim, . F;, satisfies the universal property of an 
inductive limit in the corresponding category of sheaves. 


5. Consider the l-sphere X = {z € C; |z| = 1} as a topological space under the 
topology induced from C. Let Cx be the sheaf of continuous real valued functions 
on X and Rx the subsheaf of locally constant functions with values in R. Show 
that G = (Cx/Rx)pre, the quotient in the context of presheaves, is not a sheaf. 


6. Skyscraper sheaf: Consider a closed point x of a topological space X together 
with an abelian group F’. The skyscraper sheaf on X with stalk F’ at x is defined 
by associating to any open subset U C X the object F if x € U and 0 otherwise. 
Show that the resulting presheaf F is a sheaf, indeed, and that the latter is 
uniquely characterized up to canonical isomorphism by the fact that F, = F and 
Fy =0 for all y F a. 


7. Sheaf Hom: Consider a topological space X together with sheaves of abelian 
groups ¥,G on it. For any open subset U C X set 


Hom(F,G)(U) = Hom(F|y, Glu), 
where Hom(F |, G|z7) denotes the set of sheaf morphisms from the restriction F|y 


of F on U to the restriction Gly of G on U. Show that Hom(F,G) is canonically 
a presheaf of abelian groups and that the latter is actually a sheaf. 
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Let A be a ring and X = SpecA its spectrum. As in example (4) of Sec- 
tion 6.3, consider the category D(X) of all open subsets of type D(f) Cc X 
where f € A, with inclusions as morphisms. As we have seen, there is a well- 
defined contravariant functor 


Ox: D(X) —+ Ring, 


f) -— As, 
D(f) c D(g) ee coe 


which associates to an object D(f) the localization Ay and to an inclusion 
D(f) C D(g) the canonical morphism A, ——+ Ay. It is viewed as a presheaf 
on X or, more precisely, on the basic open subsets of type D(f) C X. 

For any element f € A, we can look at the open sets D(g) C Spec Ay given 
by elements g € Ay. To underline the fact that we are considering open subsets 
in Spec Ay instead of Spec A, let us write Dr(g) in place of D(q). 


Lemma 1. Let A be a ring and X = SpecA its spectrum. Fixing an element 
f € A, look at the localization Ay and its associated spectrum Xs = Spec Ay. 

(i) The map “7: X, —~“+ D(f) C X induced from the canonical morphism 
T: A—+ A; is a homeomorphism . 

(ii) The equation “7~'(D(g)) = Dy(r(g)) holds for g € A. Furthermore, 
T| induces a bijective correspondence between sets of type D(g) C D(f) where 
g € A and the open sets of type Dr(h) where h € Ag. 

(iii) The restriction of the functor Ox: D(X) —-+ Ring to the subcategory 
induced on D(f) is equivalent to the functor Ox,: D(X+) —+ Ring. 


a 


Proof. Assertion (i) was already proved in 6.2/8 while the first part of (ii) was 
established in 6.2/4. Furthermore, the second part of (ii) is clear as well, since 
h= se Ay for g € A and n EN yields 

fg 
fr 


Dy(h) = Dy (44) = Dy(r(F9)) = "7 (DUF9)); 


and since D( fg) C D(f). 
To obtain (iii) use the canonical isomorphism 


Ajg > (As)r(o) 


for g € A, which is a special case of 1.2/10. 


Proposition 2. For a ring A and its spectrum X = Spec A, the above functor 
Ox: D(X) —— Ring satisfies the sheaf properties 6.3/2 (i) and (ii) if we 
restrict ourselves to basic open coverings of type D(f) = Uye, D( fx) where 
ie dr © A. 
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Proof. Consider a basic open covering D(f) = Ue, D(f) as mentioned in the 
assertion. Then we conclude from Lemma 1 that we may assume without loss 
of generality f = 1 and, hence, D(f) = X. Since X is quasi-compact by 6.1/10, 
we know that the covering under consideration admits a finite subcover, say of 
type X = Ui, D(f;) for functions f),..., f, € A. Let us look at such a covering 
first. In order to check that the first sheaf property holds, we have to show that 
the canonical map 
Aa II Ag, 
i=1 

is injective. 

To do this, let g € A be an element of the kernel. Then for each i, 1 <i <n, 
there is an exponent r; € N such that f/'g = 0. Furthermore, X = Uj_, D(fi) 
is equivalent to 

9=(]V(A) =V(fs-+ Sa) 
i=1 
and by 6.1/5 to A = (fi,..., f-), or even to A = (f{',..., f?"), since the radical 
of an ideal a C A equals the unit ideal if and only if a itself is the unit ideal. 
Hence, there are elements a1,...,@, € A such that )>""_, a;- fj’ = 1, and we get 


n n 


9= doa: ffi -g= >> a,-0=0. 


i=l i=1 


This establishes the first sheaf property. 
The second sheaf property is a little bit more involved. Using the relation 
D(fi) ON D(f;) = D(fif;) we have to show that the canonical diagram 


A—+ [J 4, == [J Ane, 


i=1 ij=l 


is exact. Since the injectivity of the map on the left has just been shown, look 
at an element of the kernel of the two maps on the right-hand side, hence, at 
an element 


(9i)i € [[ 4: such that gi|pcy.f;) = 9jlocis)) for all 4,7. 
i=l 


There is a canonical commutative diagram 


G 


. 
As. 5, 
fj 


# 
N\, 
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which we will apply for discussing the coincidence of g; and g; on D(fif;). 
Namely, for each 7 there are equations g; = f; "'h; in Ay, for suitable exponents 
n; € N and elements h; € A. Furthermore, from GIDUFif;) = 95\DUEif;) we obtain 
the equations 


Age = fp hj and fjiha = FP hy =0 in Ap.s;- 


Thus, we can find some exponent r € N such that 
(ffi phe — fths) = 0 and fF? (ff Ig) = HFFA, 


hold in A. Since we are dealing with only finitely many indices 7,7, we may 
assume that r is independent of i and j. Now, using the fact that fi,..., fn 
generate the unit ideal in A, there are elements b;,...,b, € A satisfying 


Safer =1 in A. 
i=l 
Then we look at the element 
g= > biffhi € A 
i=l 


and claim that g|pcy,, = g: for all i. Indeed, using the above relations, the 
following equalities hold in A,, for a fixed 7: 


= be Bh) i 


=a anaes 


7 (> by fi) haf 
j=l 


Therefore g|pcy,) = 9: for all i and we see that the functor Ox satisfies sheaf 
properties as claimed, at least if the covering under consideration is finite. 

Now consider an open covering {& = (D(fx))aea of X that is not necessarily 
finite. As we have already pointed out, Lf admits a finite subcover LU’, say cor- 
responding to indices A;,...,An € A. Then look at the canonical commutative 
diagram 
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where we have used the notation 


(SOx) = ker(T] Ox(D(fs)) —= — | Ox(D(ffx))) 


AEA (A.A )EAxA 


of Section 6.5 and where p: H°(U,Ox) —+ H°(M’, Ox) is the restriction of the 
canonical projection 


[1 °x(2()) — TL Ox(P(h.))- 


AEA 


Note that p may also be interpreted as the canonical map obtained in the setting 
of Section 6.5 when viewing WU’ as a refinement of Lf. From the finite case, which 
has been settled above, we know that c’ is bijective and, in order finish our 
proof, the same has to be shown for v. The bijectivity of v is clear if we know 
that p is injective. Therefore look at an element (g,),ye, € H°(L,Ox) whose 
p-image is trivial. Then the equations 


PIDFIND A, = PMilDGAnDih,)» AEA, t=1,...,0, 


show that each g) trivializes with respect to the finite cover L'|p:s,). Because 
we know already that Ox satisfies the sheaf properties for such coverings, 9 
must be trivial. Hence, indeed, p is injective and we are done. 


Now we want to extend the functor Ox: D(X) —— Ring, which so far is 
only defined on the basic open subsets of X, to a sheaf of rings Ox on all of 
X = Spec A. To do this, set 


Ox(U) = lim Ox(D(f)) = lim As 
D(f)cU fEA with D(f)CU 


for open subsets U C X, where the first projective limit runs over all open 
subsets in X of type D(f) that are contained in U and the second over all 
f € A such that D(f) Cc U. Then we conclude from the universal property of 
projective limits that Ox is a functor on the category of open subsets in X. 
Furthermore, if U is a basic open subset, say U = D(g) for some g € A, then 


Ox(U) = tim ycu Ox(D(f)) is canonically isomorphic to Ox(D(g)) = A, 


and we see that, indeed, the restriction of Ox to D(X) yields a functor that is 
isomorphic to Ox. 


Theorem 3. Let A be a ring and X = Spec A its spectrum. The above functor 
Ox yields a sheaf of rings on X, extending the functor Ox: D(X) —+ Ring 
as considered in Proposition 2. 


Proof. To check the sheaf conditions for Ox, consider an open set U C X and 
an open covering of U. Refining the latter if necessary, we will first assume that 
the covering is of the special type U = U\<, D(fx) for elements f, ¢ A. Then, 
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for arbitrary g € A such that D(g) C U, there is a canonical commutative 
diagram 


D(f)cU AEA AANEA 
A, I] Agf, —— I] Agfy fy y 
AEA ANEA 


where all squares are commutative if, on the right-hand side, corresponding 
horizontal arrows are considered. Interpreting the projective limit as 


lim Ay = {(as)p € [TT 4p; aslogy = ap for D(f’) C Dip}, 


D(f)cU D(f)CU 


the maps from Lim pe Ay to Ay, and A, are given by the projections of 


Hp ycu Arf onto the corresponding factors and it becomes clear that we have 


im(_ im lim Ay ——> IL 4s) Oe = II Ansty): 


Dincu AEA ANEA 


Furthermore, we know from Proposition 2 that the lower row of the diagram is 
exact, since the sets D(g fy) = D(g)ND(fx) form an open covering of D(g) C U. 

We claim that the upper row is exact as well. Indeed, the injectivity of 
the maps Ag —+ |]\<, Ags,, where g varies over all elements in A such that 
D(g) C U, shows that im yeu As — []ye, Ap, must be injective. Further- 
more, if (hy),ea belongs to the kernel of [],e, As, —* [wea Anny this 
element induces for every g € A where D(g) C U an element of the kernel of 
Then Agr, =F []ywen Agfa, and, thus, by the exactness of the lower row, a 
well-defined element hy € Ag. Then (4 )g € ILpcpycu Af represents an element 
of tim yeu A; which is mapped to (hy),e4, and we see that the upper row 
of the diagram is exact. Since the latter may be identified with the canonical 
diagram 


O — ][Ox(2 (G1) == II Ox(D(fx) N D(fw)), 


AEA A,NEA 


it follows that Ox satisfies the sheaf conditions for the covering (D(f)))xea of 
U, as claimed. 

It remains to look at an open covering L = (U;)ic; of U of general type. In 
order to show that Ox satisfies sheaf conditions for St, we proceed similarly as 
in the proof of Proposition 2. Namely, covering each U; of Lt by basic open sets 
of type D(f) C X, we obtain a refinement SL’ of L& which is of the special type 
considered in the first part of our proof. Furthermore, there is a commutative 
diagram 
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Ox(U) oe AP (ML, Ox) 
| ’ 

Ox(U) —+ H°(u’,Ox) , 
where z and v’ are the canonical maps and 9p is the restriction morphism cor- 
responding to the refinement {’ of Uf. Since WW is of the special type dealt 
with above, we know already that v’ is bijective, and the same has to be 
checked for v. To do this, we show that p is injective, looking at an element 
(hi) € ker p C [] je, Ox(Ui). Then, for fixed i € I, the component h; is trivial 
on each set of Lf that is contained in U;. Since these open sets cover U; and 
since Ox has already been recognized as being a sheaf with respect to such a 


covering, h; must be trivial. Consequently, p is injective and we see that Ox 
satisfies sheaf properties for the covering LU, as claimed. 


To simplify our notation, we will write Ox again instead of Ox, calling this 
the structure sheaf of the spectrum X = Spec A. Note that the ring Ox(U) for 
any open subset U C X may be interpreted as the ring of all “functions” on U 
that locally in a neighborhood of any point x € U are of type £ with suitable 
global functions f,g € A, where of course f and g may depend on z and satisfy 
g(x) # 0. 

As the construction method used in the proof of Theorem 3 can be applied 
to more general situations, we want to formulate it in more detail. 


Lemma 4. Let X be a topological space and 8 a basis of the topology of X, 
i.e. a system of open subsets such that 

(i) UVEB=SUNVES, 

(ii) every open subset in X is a union of sets from B. 

Furthermore, let O: 8 ——+ € be a functor from 8B viewed as a category 
with inclusions as morphisms, to a category € (of sets, abelian groups, etc.) and 
assume that O satisfies the sheaf conditions for coverings of type U = ye, Uy 
where U,U, € 8. Then O can be extended to a sheaf O on all open subsets of 
X and this extension is unique up to canonical isomorphism. 


Proof. For open subsets U C X set 


OU)= lm OW’) 
U’ES with U’CU 


and apply the arguments given in the proof of Theorem 3, where we have used 
the system of all sets of type D(f) for f € A as a basis of the topology of 
X = Spec A. 


Next we want to discuss a module variant of the structure sheaf Ox that 
has just been constructed. Doing so, let A be a ring with spectrum X = Spec A 
and M an A-module. To associate a sheaf F on X to M, we set 
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F (D(f)) = My 


for elements f € A, where My = M ®, Ay is the localization of M by the 
multiplicative system generated by f in A; see Section 4.3. Just as for Ox 
one shows that F, as a functor from the category D(X) of all basic open 
subsets of type D(f) C X to the category of groups or A-modules, satisfies 
the sheaf conditions of 6.3/2 and, furthermore, that F extends to a sheaf of 
A-modules on all open subsets of X. This sheaf is denoted by F again, or by 
M in order to underline the dependence on the A-module M. Since M f is, 
in fact, an Ay-module for every f € A, it is easily checked that the module 
structure on F = M extends canonically to an Ox-module structure in the 
sense of Section 6.3. Using the same notation again, F = M is called the 
module sheaf associated to the A-module M or the Ox-module associated to 
M. Thus, associated modules can be characterized as follows: 


Theorem 5. Let A be a ring, X = Spec A its spectrum, and M an A-module. 
Then the functor 


D(X) —~ A-Mod, D(f) H+ My = M @4 Ay, 


mapping an inclusion of basic open subsets D(f) C D(g) to the canonical map 
M, —— My, obtained via localization extends to a sheaf of Ox-modules M 
on X, called the Ox-module sheaf associated to M. The latter is unique up to 


canonical isomorphism. 


In this context, Ox itself may be viewed as the sheaf A associated to A. 
Further basic properties of associated modules will be discussed in Section 6.8. 


Definition 6. A ringed space is a pair (X,Ox) where X is a topological space 
and Ox a sheaf of rings on X. We call Ox the structure sheaf of the ringed 
space. 

A morphism of ringed spaces (X,Ox) —~ (Y, Oy) is a pair (f, f#) where 
f: X —+Y is a continuous map and f#*: Oy ——+ f.,(Ox) a morphism of 
sheaves of rings on Y. Here f,(Ox) stands for the sheaf on Y that is given by 
V t+ Ox(f-1(V)) and canonical restriction morphisms. Thus f# consists of 
a system of ring homomorphisms 


f(V): Oy(V) —— Ox(f7"(V)), V CY open, 
which are compatible with restriction morphisms. 


Note that the composition of morphisms between ringed spaces is defined 
in a natural way. Furthermore, if (X, Ox) is a ringed space and U C X an open 
subset, we can consider its restriction to U, namely the ringed space (U, Ox|v). 
The injection U ——_+ X may canonically be viewed as a morphism of ringed 
spaces; it is a so-called open immersion of ringed spaces. 
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Of course, for a morphism of ringed spaces (f, f#*): (X,Ox) —— (Y,Oy), 
the continuous map f: X —— Y is the main ingredient because it determines 
how to map the points of X to the points of Y. On the other hand, as we 
are considering ringed spaces, namely topological spaces together with rings of 
“functions” on them, it is of interest to know how the “functions” on Y can be 
pulled back to “functions” on X, like this is done in a true function setting via 
composition with f. Since there is no automatic definition of such a pull-back, 
the corresponding data have to be provided; this is the role played by f*. 


Remark 7. Any morphism of ringed spaces (f, f*): (X,Ox) —— (Y, Oy) 
canonically induces ring homomorphisms 


f#: Ov. 5(2) —> Ox, LEX. 


Proof. For a point x € X and open subsets V C Y such that f(x) € V, the 
compositions 


On) O4G@)—_ 04, 


are compatible with restriction morphisms of Oy and, thus, induce a ring ho- 
momorphism f#: Oy. (2) —+ Ox,2, as claimed. 


A ring is called local if it contains a unique maximal ideal; see 1.2/1. For 
example, the localization A, of a ring A by a prime ideal p C A is a local 
ring; see 1.2/7. In particular, any field is a local ring. A ring homomorphism 
y: A ——+ B between local rings with maximal ideals m C A and nC B is 
called local if y(m) C n. For example, given a ring homomorphism y: A —+ B 
and a prime ideal q C B, we know that p = y7'(q) is a prime ideal in A and 
it follows that the induced ring homomorphism A, ——+ B, is local. However, 
for any prime element p € Z the canonical inclusion Z(,) —+ Q is not local, 
where Zip) is the localization of Z by the prime ideal (p) C Z generated by p. 


Definition 8. A locally ringed space is a ringed space (X,Ox) such that the 
stalks Ox, at all points x € X are local rings. 

If (X,Ox) and (Y,Oy) are locally ringed spaces, a morphism of ringed 
spaces (f, f#): (X,Ox) ——+ (Y,Qy) is called a morphism of locally ringed 
spaces if all maps f#: Oy. soz) —+ Ox for x € X are local. 


Isomorphisms of ringed (resp. locally ringed) spaces are defined as usual in 
the categorical sense. 


Proposition 9. (i) Let A be a ring, X = Spec A its spectrum, and Ox the sheaf 
on X associated to A. Then (X,Ox) is a locally ringed space with Ox. = Ax 
as stalk at any point x € X. 

(ii) Let A and B be rings with spectra X = Spec A and Y = Spec B. Then 
the canonical map 
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®: Hom((X,Ox),(Y,Oy)) —+ Hom(B,A),  (f, f#) H+ f#(Y), 


from the set of morphisms of locally ringed spaces (X,Ox) —— (Y,Oy) to the 
set of ring homomorphisms B ——~ A is bijective; see 7.1/3 for a more general 
version of this fact. 

(iii) For any morphism of locally ringed spaces (f, f*): (X,Ox) —+ (Y, Oy) 
as in (ii) and a point x € X, the associated map between stalks 


f2®: Oy. saz) —> Ox, 


coincides canonically with the map By(z) ——+ Az obtained via localization from 
f#(Y): B— A. 


Proof. Let us start with assertion (i). Due to Proposition 2 and the construction 
in Theorem 3 we know that Ox is a sheaf of rings on X. Thus, it remains to 
show that the stalk Ox, at a point x € X is canonically isomorphic to the 
localization A,. To do this fix a point x € X. Since the system D(a) of basic 
open neighborhoods D(g) of x in X is cofinal in the system U(x) of all open 
neighborhoods of x, in the sense that given any U € U(x) there is always a 
D(g) € D(x) such that D(g) C U, we can write 


Oxe = lim Ox(D(g)) = lim Ay. 
D(g)3x g(x) #0 
Doing so, we want to show that the localization A, at the prime ideal p, Cc A 
satisfies the universal property of an inductive limit of the localizations A, for 
g varying over A —p,, where g ¢ p, is another way to say g(x) # 0. First 
note that there is a canonical family of rng homomorphisms A, ——~ A, for 
g € A—Pz, which is compatible with restriction morphisms of type 4, —+ A, 
for « € D(g') C D(g). Now consider another family of ring homomorphisms 
T,: Ag —— B for g € A—p, to some ring B and assume that the 7, are 
compatible with restrictions of type A, ——> A, for x € D(g’) C D(g). Then, 
taking g = 1, we obtain a homomorphism 7,: A —-+ B which factorizes through 
all r,: Ag ——> B for g € A—p,. It follows that each g € A — p, is mapped 
via 7, to a unit in B and, furthermore, that all 7, factor uniquely through a 
homomorphism 7: A, ——> B. This shows that A, is an inductive limit of the 
A, for g € A—p, and that, accordingly, the canonical map Ox, —— A, is an 
isomorphism. 
To verify assertion (ii) we define a map 


W: Hom(B, A) —+ Hom((X, Ox), (Y,Oy)) 


which will serve as an inverse of &. To do this, let gy: B ——+ A be a ring 
homomorphism and consider the corresponding map between spectra 


“p: Spec A —-+ Spec B, pr— y"(p). 


Now set up a morphism of locally ringed spaces 
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W(y) zs (f, f*): (X, Ox) —; (Y, Oy) 


as follows. Let f = “py and take 


f#(D(g)): Oy (D(g)) = By —> Agi) = Ox (D(¥(9))) = Ox (f7'(D(9))) 


for g € B as the canonical map B, ——+ Agi) derived from y: B ——+ A via 
localization. More general open subsets V C Y can be covered by sets of type 
D(qg). Therefore we can derive a map f#(V): Oy(V) —+ Ox(f~1(V)) from the 
f#(D(qg)) for D(g) Cc V by using the sheaf condition 6.3/2 (ii). The compatibil- 
ity properties of localizations show that this way we obtain a morphism of ringed 
spaces. Furthermore, passing to inductive limits at a point x € X, respectively 
f(x) € Y, we see from (i) that the morphism of stalks f#: Oy, (2) ——+ Ox 
coincides with the canonical map By(2) — Az, which is local. Hence, (f, f*) is 
a morphism of locally ringed spaces. Also note that this observation will settle 
assertion (iii), once we have finished (ii). 

Our construction of V(y) = (f, f*) yields f#(Y) = y for homomorphisms 
yp: B —~ As0 that (60 W(~)) = ¢ and, hence, o W = id. As the remaining 
relation W o @ = id will be provided by Lemma 10 below, we are done. 


Lemma 10. Let A, B be rings with spectra X = SpecA, Y = Spec B and 
(f, fi): (X,Ox) —— (Y, Oy) a morphism between the attached locally ringed 
spaces. Then the morphism (f, f#*) is uniquely determined by the ring homo- 
morphism f#(Y): Oy(Y) —+ Ox(X). 


Proof. Writing »y = f#(Y), let us show f = %y first. For x € X there is the 
following commutative diagram 


— ¢# 
B p=fT(Y) A 


| | 


Bra) A, 


O | Lo 
Y, f(x) Xx 5 


where the homomorphism f* is local by our assumption and, thus, maps the 
maximal ideal generated by py) in Oy,s() into the maximal ideal generated by 
p, in Ox; use 1.2/7 to see that these ideals are maximal. In other words, we 
have 


(f7)""(prOx.c) = P p(x) Ov, 5(2)- 


Since prOx,2 and py(z)Oy,f(2) admit as preimages in A and B the ideals p, and 
P s(x), we conclude that y"'(pz) = py(2) and, hence, f(x) = “y(x), as claimed. In 
particular, the map f: X ——+ Y is uniquely determined by the homomorphism 


f#(Y): Oy (Y) ——+ Ox(X). 
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In order to check that the morphism f*: Oy ——+ f,Ox, consisting of the 
homomorphisms f#(V): Oy(V) —+ Ox(f7!(V)) for V C Y open, is uniquely 
determined by y, we consider for such a V the commutative diagram 


— f# 
On) EO Or) 


OV) OS Oe) 


In the special case where V = D(g) for some g € B, the preceding diagram be- 
comes more concrete: we get f~'(D(g)) = D(y(g)) from 6.2/4 and the diagram 
is of type 
=f# 
B g=fr(Y) A 


| 


(9) * 


f#(V) A 


Therefore we see from the universal property of the localization B, that f#(V) 
is uniquely determined by y. If V is more general, choose a basic open covering 
V =Uyeu D(ga) where g, € B. Then, given b € Oy(V), its restrictions 


fF (V))|pway = £* (D(9)) (Olo@)), ANE A, 


are uniquely determined. Applying the sheaf properties of Ox, it follows that 
f#(V)(b) is uniquely determined by y as well. 


Starting out from a ring A, we constructed in Proposition 2 and Theorem 3 
the associated sheaf Ogpec 4 on the spectrum Spec A, thereby obtaining a locally 
ringed space (Spec A, Ogpec a). Locally ringed spaces of this type will serve as 
prototypes for so-called schemes, a notion introduced by A. Grothendieck. 


Definition 11. An affine scheme is a locally ringed space (X,Ox) such that 
there is an isomorphism of locally ringed spaces (X,Ox) —~+ (Spec A, Ogpec a) 
for some ring A. 

A scheme! is a locally ringed space (X,Ox) such that there exists an open 
covering (Xi)icr of X where (X;, Ox|x,) is an affine scheme for all i € I. Here 
Ox|x, is the restriction of the sheaf Ox to the open subset X; C X. 

Finally, a morphism of schemes is meant as a morphism of locally ringed 
spaces. 


In most cases, we will just write X in order to refer to a scheme (X, Ox). The 
sheaf Ox is called the structure sheaf of X. Likewise, for a morphism of schemes 
(f, f#): (X, Ox) —+ (Y, Oy) we will use the simpler notation f: X ——+ Y. 


! The original notion of Grothendieck was prescheme, while the term scheme was reserved 
for a prescheme that is separated in the sense of 7.4. However, this convention is not followed 
any more today. 
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If (X, Ox) isascheme and U C X an open subset, we call (U, Ox|y) an open 
subscheme of X; it is a scheme again, as is seen using Lemma 1 (iii). Sometimes 
the notation '(U,Ox) is used in place of Ox(U), calling this ring the ring of 
sections of Ox over U. If (U,Ox|y) is an affine scheme, U is also referred to 
as an affine open subset of X. For any morphism of schemes f: X ——~ Y and 
an open subset U C X we can define the restriction of f to U. This is the 
morphism of schemes f|y: U ——» Y which is meant as the composition of the 
open immersion (U,Ox|y) —+ (X, Ox) with f: (X,Ox) ——~ (Y, Oy). Also 
note that any open subset V C Y determines an open subset f~!(V) C X as 
well as a unique morphism of schemes f’: f~!(V) —+ V making the diagram 


XxX Y 
Bi 
commutative. 


Vi Fey 

It is clear that schemes together with their morphisms form a category, 
which we will denote by Sch, and that the affine schemes define a subcategory 
of Sch, in fact, a full subcategory, which means that the morphisms X ——- Y 
between two affine schemes X and Y are the same in the category of affine 
schemes and the category Sch of all schemes. As usual, the set of morphisms 
between two objects X,Y of Sch is denoted by Hom(X, Y). Furthermore, for a 
fixed scheme S’, we can consider the category Sch/S of relative schemes over S. 
As was explained in Section 4.5, the objects of Sch/S are morphisms of schemes 
of type X ——+ S where X varies over the objects of Sch and the morphisms 
in Sch/S are given by commutative diagrams of type 


xX >Y 


f 


f 


We usually talk about S-schemes and S-morphisms, referring to S as the base 
scheme of the relative schemes. For two relative schemes X,Y in Sch/S the set 
of S-morphisms X ——+ Y is denoted by Homs(X,Y). 

According to our definition, there is a bijective correspondence between 
affine schemes and rings. Furthermore, by Proposition 9, morphisms of affine 
schemes correspond bijectively to ring homomorphisms. More specifically, we 
can state: 


Proposition 12. The category of affine schemes is equivalent to the opposite 
of the category of rings. 


For a thorough justification of the assertion we would have to consider 
the contravariant functor “Spec” from the category of rings to the category 
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of affine schemes that assigns to a ring A the corresponding affine scheme 
(Spec A, Ogpeca) and to a ring homomorphism B-—- A the corresponding 
morphism (Spec A, Ogpec 4) ——> (Spec B, Ogpec 8) as characterized in Proposi- 
tion 9 (ii). On the other hand, 


X t+ Ox(X), 
X—+Y - + f#(Y): Oy(Y) —~ Ox(X) 


sets up a contravariant functor from the category of affine schemes to the cat- 
egory of rings, and we see easily from Proposition 9 (ii) that both possible 
compositions of these functors are equivalent to the identity. 

Let us end this section by some remarks concerning the topology of schemes. 
Of course, since affine schemes are Kolmogorov spaces by 6.1/8, the same is 
true for arbitrary schemes. Furthermore, since any non-zero ring admits a max- 
imal ideal, we know from 6.1/6 that any non-empty affine scheme admits a 
closed point. To generalize this assertion to the non-affine case, we need a quasi- 
compactness assumption. 


Proposition 13. Let X be a non-empty Kolmogorov space that is quast- 
compact. Then X contains a closed point. 


Proof. Using the quasi-compactness of X, we see using Zorn’s Lemma that X, 
if it is non-empty, contains a minimal non-empty closed subset Z. We claim 
that Z consists of just one point. Indeed, assume there are two different points 
x,y € Z. Then, by the Kolmogorov property, we can find an open subset U C X 
containing just one of them, say x € U. It follows that x does not belong to 
the closure {y} of y in Z and, consequently, that Z cannot be a minimal closed 
subset in X. 


For schemes X, the argument given in the above proof does not look very 
satisfying, since it is not constructive. Instead one might be tempted to look at 
a non-empty affine open part U Cc X. Then, by 6.1/6, there is a point x € U 
that is relatively closed in U. However, from this we cannot conclude that x will 
be closed in X, as we have explained already in the introduction of the present 
chapter. On the other hand, see 8.3/6 for a class of schemes X where every 
point that is relatively closed in some open part of X is already closed in X. 


Exercises 


1. Let X = Spec Z. Describe the structure sheaf Ox of X by exhibiting all restriction 
morphisms. Do the same for X = Spec C[t]/(t? — t) and X = Spec C[#t]/(t? —t?) 
where ¢ is a variable. 

2. Consider the affine scheme X = Spec Z[t] and its open subschemes Xj, Xo given 
by the basic open subsets D(2), D(t) C X where t is a variable. Show that 


XU X» defines an open subscheme in X that is not affine. Hint: Determine the 
ring Ox(X1 U X2). 
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3. Let X be a scheme containing at most two points. Show that X is affine. 


4. Consider a topological space X with three points x9, 71,22 and open subsets 


0, Xo={xo}, Xi ={xo,v1}, X2={xo,z2}, X. 
For a field K and a variable t define a presheaf Ox on X by setting 
Ox(0) =0, Ox(X0) = K(t), Ox(X1) = Ox(X2) = Ox(X) = K[t] 


with canonical restriction morphisms. Show that Ox is a sheaf and that (X, Ox) 
is a scheme that cannot be affine. 


. Disjoint union of schemes: Let (X;)ier be a family of schemes. Define the disjoint 
union X = [],<; X; as a ringed space; it is a scheme again. Assuming that all X; 
are non-empty affine, show that X is affine if and only if I is finite. Hint: Use 
Exercise 1.1/6. 


. Show that there is a unique morphism of schemes X ——+ Spec Z for any scheme 
X. Conclude that the category of schemes is equivalent to the one of relative 
schemes over Spec Z. 


. For a scheme X and a point « € X show that there exists a canonical morphism 
of schemes Spec Ox,, ——»> X. Its image consists of all points z € X satisfying 
x € {z}, ie. such that a is a specialization of z. 


. Given a scheme X and a global section f € Ox(X), write Xy for the set of all 
points « € X where f does not vanish; more precisely, « € Xf if and only if the 
germ fz € Ox, is a unit. Show: 


(a) Xy is open in X. 

(b) X-¢ = D(f) if X is affine. 

(c) There is a canonical ring morphism ys: (Ox(X)) f —+ Ox(Xp). 
(d) wy is injective if X is quasi-compact. 

( 


e) yz is an isomorphism if there exists a finite affine open covering (Xj)ie7 of X 
such that all intersections X; Xj, 7,7 € I, are quasi-compact. 


If X is not affine, the ring Ox(X) of global sections on X can be quite small. 
For example, the projective n-space X = P% over a field K, to be constructed 
in Section 7.1, satisfies Ox(X) = K. Therefore one cannot expect that the open 
sets of type Xf will form a basis of the topology on X. 


. A criterion for affine schemes: Show that a scheme X is affine if and only if 
there are global sections f),..., f- generating the unit ideal in Ox(X) with the 
property that the subsets Xj,,..., Xf, C X as in introduced in Exercise 8 above 
are affine. Hint: To establish the if part set A = Ox(X) and construct a mor- 
phism of schemes 7: X ——+ Spec A that restricted to each Xy, corresponds to 
the canonical morphism Ox (X) ——> Ox(X},). Use Exercise 8 to show that 7 
induces isomorphisms t~1(Spec Ay,) = Xp, —“+ Spec Ay, and, hence, that r is 
an isomorphism itself. 
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6.7 The Affine n-Space 


Let R be aring and S = Spec R its spectrum, which we want to view as an affine 
scheme, in fact, as a base scheme over which we construct the affine n-space as 
a relative S-scheme. To do this, choose variables t,,...,t, and consider 


AS = Spec R[ti,..., tr] 


as an S-scheme under the morphism A% ——~ S induced from the canonical 
inclusion R ——+ R[t,,...,t,]. Then A% is called the affine n-space over S 
and we will often use the notation Aj, as an abbreviation of Ag... r. For any 
R-algebra R’ let A(R’) be the set of all S-morphisms Spec R’ —-~ Ag; this is 
the set of so-called R'-valued points of A}. Since the set of R-homomorphisms 
R[t,...,t,] ——+ R’ corresponds bijectively to the set (R’)” of all n-tuples 
with entries in R’, via the map y +—~ (y(t1),.-., (tn)), we see that the set of 


R'-valued points of A}, is given by 
ARR) = (RY 


In particular, this justifies the term affine n-space. 

We want to look a bit closer at the affine n-space A} in the case where R 
is a field, say R = K. Let K be an algebraic closure of K. As we have seen 
already at the end of Section 3.2, the map 


Homg (K [t, ae tel gB) —+ Spec K[t,...,tn], pr— kery, 
gives rise to a canonical map 
T: AZ-(K) —~+ Spm K[t1,...,tn] 


from the set of K-valued points of A’, to the set of closed points of A”. Indeed, a 
morphism Spec K ——+ Az is given by a K-morphism y: K[t,,...,tn] —> K 
and its image im is a subring of K that is integral over K. Then im y is a field 
by 3.1/2 and we can conclude that ker y is a maximal ideal in K'[t),..., tn]. 

On the other hand, if m C K[t,,...,t,] is an arbitrary maximal ideal, 
we know from 3.2/4 that the quotient K’ = K[t,,...,t,]/m is a finite field 
extension of K. Therefore we may embed A’ via a K-homomorphism into K’ 
and it follows that the composition 


K[t1,...,tn] —+ K[t,..-,tn]/m- K 


yields a K-valued point x € A?-(K) such that r(2) = m. In particular, 7 is 
surjective. 

To determine the fibers of rT, consider two points x,y € A't-(K) given by 
K-homomorphisms 9, v: K[t,,...,t,] —> K and assume r(x) = 7(y). Then 
there exists a commutative diagram of K-homomorphisms as follows: 
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K[t1,...,tn]/ kere —+ K 


7) 


K[t,.--sta] 5 


wv 


Y 
K[ti,...,tn]/ kere + K 


Indeed, due to kery = kery the subfields K[ty,...,tn]/kerg Cc K and 
K[t,,-.-,tn]/kerw C K are isomorphic over K and such a K-isomorphism 
can be extended to a K-automorphism of K. Thus, letting the automorphism 
group Autx (K) act on K” in a canonical way, we see that two points x,y € K” 
satisfy T(x) = T(y) if and only if there exists an automorphism o € Aut, (K) 
such that o(a) = y. In particular, the map 7 gives rise to a bijection 


K"/ Autx(K) —~> Spm K[ty,...,tn] C Spec K[t1,..., tn]. 


Since any K-automorphism of K leaves K fixed, it follows that 7 induces an 
injection 

Kk" —_+ Spm K[t1,..., tn], 
where the maximal ideal r() corresponding to a point x = (#,...,%,) € K” 
is given by (t; — 2,...,tn — %m) C K[t,...,t,]. Thus, we see that, for an 
algebraically closed field K = K, the map T is both, surjective and injective, 
hence, defines a bijection 


Kk” —~+ Spm K[t1,..., tn]. 


We will see later in Section 7.2 for a general base scheme S that the affine 
n-space A%, like any relative S-scheme, may be imagined as the family of its 
fibers over S. In our special case the latter are the affine n-spaces Ais) where s 
varies over the points in S. 


Exercises 


1. Let S be an affine base scheme. Show that there is a canonical bijection 
Homs(T, As) —~+ Orf(T) that is functorial on S-schemes T and, thus, gives 
rise to an isomorphism of functors from the category of S-schemes to the category 
of sets. Later the assumption “affine” on S can be removed. 


2. Show that the affine n-space A% over an affine base S can be interpreted as the 
n-fold cartesian product (A{)” in the category of S-schemes. Indeed, for any 
S-scheme T there is a canonical bijection Homs(T,A%) —~+ Homs(T, ALY": 
Later we will be able to remove the assumption “affine” on S. 


3. Consider Neile’s parabola X = Spec K [t1, t2]/(t3 — t#) over a field K. As we can 
conclude from Exercise 6.2/6, there is a morphism of schemes Aj; ——+ X that 
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is not an isomorphism, although it is bijective as a map of sets. Show that there 
cannot exist any isomorphism of schemes between X and the affine line Ak. Hint: 
All stalks of the structure sheaf of A}, are discrete valuation rings, while the same 
is not true for X. 


6.8 Quasi-Coherent Modules 


In the following we want to study the category of Ox-modules on a scheme 
X, where by an Ox-module we always mean a module sheaf, unless stated 
otherwise. We begin with the affine case. So let A be a ring and X = Spec A 
the associated affine scheme. As we have explained in Section 6.6, starting out 
from an A-module M we can construct an associated Ox-module M on X. By 
6.6/5 the latter is the sheaf that on basic open subsets of type D(f) C X for 
f € A is given by the localization 


M(D(f)) = My = M ®a Ay, 


where the tensor product yields the structure of My as an A,-module. For an 
arbitrary open subset U C X we can take a basic open covering Lt = (D(fy)) yea 
of U given by suitable elements f, € A and describe the sections over U in terms 
of sections on basic open sets by 


M(U) = H°(U,M) C[[ My, = Ox(U) = H°(L, Ox) c J] Aa; 


AEA AEA 


see Section 6.5 for the notion of H°(L,-). Also note that the structure of M(U) 
as an Ox(U)-module is componentwise induced from the structure of each Mf, 
as an A,,-module. Using this point of view it becomes clear that every morphism 
of A-modules y: M —-+ N gives rise to an associated morphism of Ox-modules 
g¢: M ——- N. On a basic open subset D(f) C X, the latter is given by the 
localization pr: My —+ Ny of y by f. Thereby we see that, in fact, M -—+ M 
defines a functor from the category of A-modules to the category of Ox-modules. 
Also note that A = Ox, i.e. the Ox-module associated to A with its canonical 
A-module structure is the structure sheaf Oy viewed as a module over itself. 
There is a slight generalization of the construction of associated morphisms. 
Consider an A-module M and an Ox-module F. Then every morphism of 
A-modules y: M —+ F(X) induces a morphism of Ox-modules ¢: M —~ F. 
Indeed, for any basic open subset D(f) C X, we know that F(D(f)) is an 
A,;-module. Hence, the composition M + F(X) - F(D(f)) factors 
uniquely over a morphism of A;-modules ys: Mp —— F(D(f)). As before, 


these maps give rise to the desired morphism yg: M ——~- F. In particular, 
the identity map on F(X) induces a well-defined morphism of Ox-modules 
F(X) —-~ F and the latter is an isomorphism if and only if F is associated to 
some A-module M (which will be isomorphic to F(X)). 
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Proposition 1. Let M be an A-module and My its localization by some ele- 
ment f € A. Then the restriction M|x,, where Xs = Spec Ay, is canonically 
isomorphic to the Ox,-module Ms; associated to the A-module My. 


Proof. This is the module analogue of 6.6/1 (iii); use 1.2/10 in conjunction with 
4.3/2. 


Proposition 2. For A-modules M and N, the map 
Hom (M,N) —~ Homo, (M,N), pr— §&, 


is bijective. More generally, for any A-module M and any Ox-module F, the 
map 
Homa(M,F(X)) —+ Homo,(M,F), pr §, 


is bijective. 


Proof. Of course, a left-inverse of the map  +—> ¢ is given by w +— p(X) 
for morphisms of Ox-modules ~: MM ——+ ¥. The latter is a right-inverse as 
well, as follows from the commutative diagram 


i FS 


| 


M; vO) F(D(f)) ; 


which shows for any f € A that, as a morphism of Ay-modules, ~(D(f)) is 
uniquely determined by 7(X). 


Corollary 3. The functor M t+—+ M from A-modules to Ox-modules respects 
direct sums, i.e. for any family of A-modules (M;)ier there is a canonical iso- 


morphism a 


iel tel 


Proof. As we have shown in Sections 1.4 (Example 4) and 6.5, direct sums of 
ordinary modules and of module sheaves are characterized by the same uni- 
versal mapping property. Thus, it is enough to refer to the second bijection in 
Proposition 2. 


Proposition 4. The functor M 1——+ M from A-modules to Ox-modules is 
exact, t.e. for any exact sequence M’ ——+ M ——+ M" of A-modules the 
resulting sequence of Ox-modules M' ——- M ——+ M" is exact as well. In 
particular, the functor Mt» M respects the formation of kernels, images, 
and cokernels. 
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Proof. We know from 4.3/3 that any localization Ay of A by an element 
f € A is flat over A. Therefore, if we tensor an exact sequence of A-modules 
M' —~ M —~ M" with a localization A, over A, this yields an exact sequence 
M;, —+ M; —~ Mj. In particular, any section of the kernel of M —~ M” 
ng on some open ae of X admits local preimages in M’. But then it 
follows that the sequence M’ —» M ——+ M" is exact. 


Corollary 5. A sequence of A-modules M' ——+ M ——+ M" is exact if and 
only if the associated sequence M’ —-+ M —~ M" is exact. 


Proof. Taking into account Proposition 4, we have just to know that an 
A-module F£ is trivial if and only if its associated Ox-module FE is trivial. 
However, this is clear from the construction of associated modules. O 


Now let F be an arbitrary Ox-module. We want to prove the remarkable 
fact that the condition of F being associated to an A-module M, in the sense 
that F is isomorphic to M, can be checked locally on X. 


Theorem 6. Let X be the spectrum of a ring A and F an Ox-module. Then 
the following conditions are equivalent: 
(i) F is associated to an A-module M. 
(ii) There exists a family of elements f € A such that the basic open subsets 
D(f) cover X and each restriction F| pf) 1s associated to some A-module. 
(iii) The following hold for every f € A: 
(1) given a section r € F(X) such that r|pcf) = 0, there exists n € N 
such that f°r =0, and 
(2) given a section s € F(D(f)), there exist r € F(X) and n € N such 
that r| pcp) = fs. 


Proof. It is trivial that (i) implies (ii). Therefore assume condition (ii). Since X 
is quasi-compact by 6.1/10, there exists a finite family (f\),ea of elements in 
A such that X = Uy, D(fx) and each F|p(p,) is associated to an As,-module 
My. Now let f € A and consider a section r € F(X) such that r|piy) = 0. 
Writing r, = r|pcp,), we get ry|p(¢f,) = 0 or, in other words, ~ = 0 in (My); 
for all \ € A. By the module analogue of 1.2/4 (i), there is an exponent n € N 
such that f"r, = 0 in F(D(fx)) = My. Since the index set A is finite, we may 
assume that n is independent of A. But then f"r|pip,) = f"r, = 0 for all A € A 
and, hence, since ¥ is a sheaf, f"r must be trivial. Thus, we see that the first 
condition in (iii) is satisfied. 

To derive the second condition in (iii), consider a section s € F(D(f)) for 
some f € A and look at its restriction s, = s|pipp,) € F(D(f fy)) ~ (My) on 
D(f) O D(fy). Then we can find an exponent n € N such that f"s, extends 
to a section r, € F(D(fx)) ~ My where, again, we may assume that n is 
independent of 4. Restricting r, and ry to D(f,) A D(fy:) for indices , A’ € A, 
we see that the difference 


260 6. Affine Schemes and Basic Constructions 


ry—ty € F(D(fyfv)) & (My) pg, & a) p, 


becomes trivial on D(f fy f,-) or, equivalently, after localization by f. Using the 
module analogue of 1.2/4 (i), it follows that r, — ry is killed by a power of f, 
which we may assume to be independent of the finitely many index pairs (A, ’). 
But then, taking n sufficiently big from the beginning on, we may assume that all 
differences r,—ry € F(D(fyfy)) are trivial. Since F is a sheaf, there is a global 
section r € F(X) such that r|piy,.) = 7, for all A € A so that, in particular, 
lpi) = YrloiA) = F”Ss for all 4. Using the covering D(f) = Uye, D(f fa) in 
conjunction with the sheaf property of F, we obtain r|piy) = f"s, as required 
in the second condition of (iii). 

Finally, let us show that (iii) implies (i). To do this, let M = F(X) and 
observe that any f € A gives rise to a unique morphism of A,s-modules y+ such 


that the diagram 


| 


M; —*+ F(D(f)) 


with canonical vertical morphisms is commutative. Now, if condition (1) in (iii) 
holds, yr is injective, and if condition (2) holds, yr is surjective. From this one 
concludes that F is associated to the A-module M and we are done. 


Corollary 7. Let A be a ring and X = SpecA. Furthermore, let M be an 
A-module and F an Ox-module that is associated to M. Then, for any affine 
open subscheme U = Spec B of X, the canonical map M @4 B —-~ F(U) is 
bijective and F|y is associated to M ®,4 B as B-module. 


Proof. Since F(U) is a B-module, the restriction morphism F(X) ——+ F(U) 
factors through a canonical morphism of B-modules o: M ®4 B——+ F(U). 
The latter induces a morphism of Oy-modules ¢: M @4 B —+ Fu by Propo- 
sition 2. Furthermore, for any f € A such that D(f) C U, the canonical map 
A —~ B induces an isomorphism A; ——+ By via localization and hence, using 
4.3/2, a commutative diagram 


M®,B 


F(U) 


M ®,4 By sa M @aAy;, 


where of is an isomorphism. But then o is an isomorphism locally on U and, 
thus, an isomorphism on U as well. 


Next we want to adapt certain special properties of modules over rings to 
the situation of modules on schemes. To do this consider for any index set I the 
Ox-module 
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oY =@ox, 
ier 
where on the right-hand side, Ox is meant as a module over itself. Thus, of 
is the direct sum of copies Ox parametrized by I; see the end of Section 6.5 for 
the direct sum of module sheaves. Note that for a ring A it is common practice 
to interpret AM as a part of the cartesian product A‘, namely as 


AM — {(ai)ier € A! ; a; = 0 for almost all i € Th: 


This way A“ is an A-module which can be interpreted as the direct sum of 
copies of A parametrized by J. 


Remark 8. Let U = Spec A be an affine open subscheme of a scheme X. Then, 
for any index set I, the restriction of the direct sum o® to U is associated to 


the A-module A”, i.e. Oly ~ AD, 


Proof. The construction of direct sums at the end of 6.5 in conjunction with 
6.5/6 (i) shows (O)|\y ~ (Ox|v) so that we can apply Corollary 3. 


Let us call an Ox-module ¥ free if there exists an index set I such that F 
is isomorphic to the Ox-module (Ox). Furthermore, an Ox-module ¥ on a 
scheme X is called locally free if every point x € X admits an open neighborhood 
U such that Fly is free. If more specifically F is locally isomorphic to Ox, i.e. 
if each « € X admits an open neighborhood U Cc X such that Fly ~ Ox|u, 
then F¥ is called invertible; see 9.2 for a closer discussion of the latter property. 


Definition 9. An Ox-module F on a scheme X is called quasi-coherent if, 
for every point x € X, there exists an open neighborhood U C X such that the 
restriction of F to U admits an exact sequence of type 


(Ox|u)\ —+ (Ox|u) —+ Flu —+ 0, 


called a presentation of F\v. 


In particular, the structure sheaf Oy is a quasi-coherent module over itself, 
on any scheme X. 


Theorem 10. Let X be a scheme and F an Ox-module. Then the following 
conditions are equivalent: 
(i) F is quasi-coherent. 
(ii) Every x € X admits an affine open neighborhood U C X such that Fly 
is associated to some Ox(U)-module. 
(iii) The restriction F|y to any affine open subscheme U C X is associated 
to some Ox(U)-module. 


Proof. In a first step we show that (i) is equivalent to (ii). For this it is enough 
to consider the case where X is affine, say X = Spec A. Assume that F is 
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isomorphic to the cokernel of some Ox-morphism (Ox,)‘/) —-+ (Ox). Then, 
by Proposition 2, the morphism must be associated to a morphism of A-modules 
y: AY) —+ AW, Since the formation of associated modules respects cokernels 
by Proposition 4, we see that F is associated to the A-module coker y. 

Conversely, assume that F is associated to some A-module M. Then, choos- 
ing a presentation 


AV) —_. AM —. M —-+0 


and passing to associated Ox-modules using Proposition 4, we get a presenta- 
tion for F, showing that F is quasi-coherent. 

Now assume condition (ii) and consider an affine open subscheme U CX. 
Then we can find an open covering & = (U)),ea of U such that all Uy are 
affine and, in fact, basic open in U and such that Fly, is associated to some 
Ox(U))-module. In this situation it follows from Theorem 6 that F|y is associ- 
ated to some Ox(U)-module, thereby establishing the implication from (ii) to 
(iii). The reverse is trivial. 


The good exactness properties of associated modules, as mentioned in the 
beginning of this section, extend to quasi-coherent modules as follows: 


Proposition 11. Let X be a scheme and 


—s a 


an exact sequence of Ox-modules. If two of the modules F,F',F" are quasi- 
coherent, the same is true for the third one. 


Proof. Since quasi-coherence is a local property on X, we may assume that X is 
affine, say X = Spec A. Now if F’ and F are quasi-coherent, they are associated 
to A-modules by Theorem 10, namely to M’ = F'(X) and M = F(X). Further- 
more, by Proposition 2, the morphism #’ ——+ F corresponds to a morphism 
of A-modules M' ——~ M that is injective by Corollary 5. The same result 
shows that F” is associated to M/M’ and, hence, that F” is quasi-coherent. 
Proceeding similarly with the morphism # ——+ F”, we can conclude that F’ 
is associated to an A-module if the same is true for F and F”. 

Now assume that F’ and F” are quasi-coherent, say associated to A-modules 
M’ and M”. Then it is easy to see that F is quasi-coherent if we jump to 
the cohomological methods of Section 7.7 and use the long exact cohomology 
sequence 


Q —+ F(X) —+ F(X) —+ F"(X) —+ H'(X,F') —. ... 
of 7.7/4. Since H!(X, F') = 0 by 7.7/7, the sequence 


(«) Oe 1 ee 


where M = F(X), is exact. Then the canonical morphism M —~ F gives rise 
to a commutative diagram 
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0 ~ F ~F ~ FY -0 


with exact rows, the first one being exact by Proposition 4. But then one can 
show by some diagram chase on the level of sections of M and F that M —+ F 
must be an isomorphism. In particular, F is quasi-coherent, since this is true 
for M. 

A more direct attack on the quasi-coherence of F demonstrates that, quite 
naturally, cohomological methods, namely from Cech cohomology as dealt with 
in Section 7.6, come into play. Indeed, a crucial step in the above proof is 
to show that the sequence (*) is exact, and for this only the surjectivity of 
F(X) —+ F"(X) has to be checked. Therefore, consider a section f” € F"(X). 
Then, locally on X, there are preimages of f” in F. In other words, there exists a 
(finite) basic open covering = (U;);e7 of X such that each f|y, admits a preim- 
age f; € F(U;). In particular, the images of all differences f/, = (f; — fi)|u:nu; 
are trivial in F"(U; U;) and, hence, viewing F’ as a subsheaf of F, these be- 
long to F'(U; N U;). Now, using the notion of Cech cochains as introduced in 
Section 7.6, the sections f/; define a so-called 1-cochain 


f= (fier € [] FUN; c T] Fun), 


ijel agel 


and to find a preimage of f” in F(X) it is enough to find sections f/ € F’(U;) 
such that (fj — fi)lu;qu; = fi; holds in F(U;U;) for all 2,7 € I. Then, indeed, 
the differences f; — f/ € F(U;) are preimages of f”|y, coinciding on all overlaps 
U;U; and, thus, giving rise to a global preimage of f” in F(X). 

To obtain the desired sections f/ € F’(U;), we can use the construction that 
will be given in the proof of Proposition 7.6/4. Therefore let us introduce the 
modules of g-cochains 


OU,FAY=[[FW, CF) =] FU), 
ier jel 
Cu, F) = ]] Fix) 
ij,kEL 
for ¢ = 0,1,2, where U;; = U;N U; and Uj, = U;NU; 0 U,. Using a similar 
notation for F’ in place of F, there is a commutative diagram 


d° dt 


OO, Fy OL Fe OL) 


| | | 


OMA —* so A)" 2s) 


with so-called coboundary maps d°,d', which are given by 
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a: (9i)ier -— ((9; — gi) pee ) 
d': (9:5 ager | > (gin ik 4 5k) 


cr ee : 


We claim that the 1-cochain f = (fi ager € C'(U, F’) above is a cocycle in 
the sense that it belongs to the kernel of the coboundary map 


aC FC iF). 


Indeed, look at the above diagram. Since d! o d® = 0, as is easily verified, 
we conclude that d'(f) = (d! 0 d°)((f;)ier) = 0. Therefore f is a 1-cocycle in 
C'(L, F), but then also in Ct (LU, F’) and we can conclude from Proposition 7.6/4 
that f belongs to the image of d°: C°(i, F’) —~ C'(M,F’). This is what we 
need. 


To further illustrate the concept of quasi-coherent modules on schemes, let 
us discuss some finiteness conditions that originate from modules over rings. 


Definition 12. An Ox-module F on a scheme X is called locally of finite type 
if every point x € X admits an open neighborhood U C X together with an 
exact sequence of type (Ox|y)“) —-+ F|y —+ 0 where I is finite. 

Furthermore, F is called locally of finite presentation if every point x © X 
admits an open neighborhood U Cc X such that there is a presentation 


(Ox|u)? —+ (Ox|u) —+ Fly —+ 0 
where I and J are finite. 


In particular, if F is locally of finite presentation, it is quasi-coherent. The 
latter may fail to be true if F is just locally of finite type; cf. Exercise 3 below. 


Corollary 13. The following conditions are equivalent for a quasi-coherent 
Ox-module F on a scheme X: 

(i) F is locally of finite type (resp. locally of finite presentation). 

(ii) Every « € X admits an affine open neighborhood U C X such that 
F\u is associated to a finite Ox(U)-module (resp. an Ox(U)-module of finite 
presentation). 

(iii) The restriction F|y to any affine open subscheme U C X is associated 
to a finite Ox(U)-module (resp. an Ox (U)-module of finite presentation). 


Proof. If F is quasi-coherent, we see from Proposition 4 and Corollary 5 in 
conjunction with Theorem 10 that, for each affine open subscheme U CX, the 
exact sequences of type (Ox|y) ——+ F|y ——+ 0 correspond bijectively to 
the exact sequences of type Ox(U)“) —+ F(U) —~ 0. Since the same is true 
for presentations, the equivalence of (i) and (ii) follows. 

Thus, it only remains to show that (ii) implies (iii). To do this, we may 
assume that X is affine, say X = Spec A, and applying Theorem 10 again, that 
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F is associated to some A-module M. Using (ii) in conjunction with the quasi- 
compactness of X, we know that there is a finite covering of X by basic open 
sets D( fx) C X, A= 1,...,n, such that F|pcyp,) is associated to an As,-module 
of finite type (resp. finite presentation). In other words, the localization My, is 
an A,,-module of finite type (resp. finite presentation). 

Now look at the canonical ring homomorphism 


a: A——> ine 


A=1 


which is flat, since each localization A —+ Ay, is flat by 4.3/3 (i) and since the 
direct sum (here occurring as a finite cartesian product) of flat modules is flat 
by 4.2/6. As the D( fy) cover X, we see that this module is, in fact, faithfully flat 
by the criterion 4.2/11 (iv). Now, viewing [[\_, My, as a module over []\_, Ap, 
this module is of finite type (resp. finite presentation) by our assumption on the 
My,. Since [T\_, Mp, is obtained from M via tensoring with o, it follows from 
4.4/1 that M is of finite type (resp. finite presentation). Hence, we get (iii). 


Finally, for completeness, let us mention that an Ox-module F on a scheme 
X is called coherent if the following conditions are satisfied: 

(i) F is locally of finite type. 

(ii) If U Cc X is open and vy: (Ox|u)" ——+ Flu is a morphism of 
Ox|y-modules, then ker vy is locally of finite type. 

In particular, any coherent Ox-module F is quasi-coherent. Furthermore, 
using the methods of the present section in conjunction with 1.5/7, one can 
show that an Ox-module F¥ is coherent if and only if, locally on any affine open 
part U C X, it is associated to an Ox(U)-module that is coherent in the sense 
of 1.5/8. 


Exercises 


1. Let A be a ring and X = Spec A. Show that the functor M+—+ M from 
A-modules to quasi-coherent Ox-modules respects inductive limits. 


2. Let A be a ring and M an A-module. Show for X = SpecA and any point 
x € X that (M),, the stalk of the associated Ox-module M at x, is canonically 
isomorphic to the localization M, of M at a. 


3. For a scheme X and a closed point x € X consider an Ox,,-module F. Let F be 
the associated skyscraper sheaf on X satisfying F, = F and Fy = 0 for y ¥ 2; 
see Exercise 6.5/6. Show that F is canonically an Ox-module and that the latter 
is quasi-coherent if and only if F, = 0 for all y € SpecOx . C X different from x. 
Give examples where ¥ is quasi-coherent, as well as examples where F is locally 
of finite type, but not quasi-coherent. 


4. Show that the direct sum of quasi-coherent modules on a scheme X is quasi- 
coherent. Can we expect the same to be true for quasi-coherent modules on 
arbitrary ringed spaces, adapting Definition 9 to this case? 
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5. Show that the kernel, image, and cokernel of any morphism between quasi- 
coherent Ox-modules on a scheme X are quasi-coherent. 


6. Let A be a Noetherian ring and set X = Spec A. Show that an Ox-module is 
coherent if and only if it is associated to a finite A-module. 


7. Let X be a scheme and F an Ox-module that is locally of finite type. For any 
point x € X where F, = 0, show that there exists an open neighborhood U of x 
satisfying F|y = 0. Conclude that the set {x € X ; F, 4 0}, the so-called support 
of F, is closed in X. 


8. Consider a morphism of quasi-coherent Ox-modules f: # ——+ G on a scheme 
X and let x be a point where the morphism of stalks f,: F, ——+ G, is an 
isomorphism. Assume that F is locally of finite type and G locally of finite pre- 
sentation and show that there exists an open neighborhood U of x such that 
flu: F|u —— Glu is an isomorphism. Hint: Use 1.5/7 in conjunction with Ex- 
ercise 7 above. 

9. Let A be an integral domain with field of fractions K. Define the constant sheaf 
Kx on X = SpecA by setting Kx(U) = K for each non-empty open subset 
U c X. Show that Kx is a quasi-coherent Ox-module that cannot be locally of 
finite type and, thus, is not coherent, unless A is a field. 


6.9 Direct and Inverse Images of Module Sheaves 


For any morphism of ringed spaces f: X ——~+ Y and a sheaf F on X, the 
functor 
fF): Vi F(f"(V),F), = V CY open, 


defines a sheaf on Y, called the direct image of F under f. If F is an Ox-module, 
then I'(f~'(V),F), for any V C Y open, is an Oy(V)-module with respect to 
the ring morphism f#(V): Oy(V) —+ Ox(f~!(V)) and we may view f,(F) as 
an Oy-module. Recall that the direct image sheaf f,(7) was already considered 
in 6.6/6 in the case where F equals the structure sheaf Ox. 

On the other hand, if G is a sheaf on Y, its inverse image f1G) with 
respect to f is obtained via the so-called adjunction formula 


Hom x (f~'(G), F) = Homy (G, f.(F)), 


which has to be interpreted as a functorial isomorphism between functors from 
the category of sheaves F on X to the category of sets. In this setting, f~! is 
called the left adjoint functor of f, and, likewise, f, the right adjoint functor 
of f~!. However, proceeding like this, some basic questions have to be settled. 
Namely, it is by no means clear that f~!(G) will exist as a sheaf on X and, if 
it does, one has to check that it is unique up to canonical isomorphism. Also 
note that the definition of f~'(G) depends a priori on the type of morphisms 
we allow for sheaves on X or Y. Indeed, if G is a sheaf of abelian groups on Y 
equipped with the structure of an Oy-module, we will in general obtain different 
inverse images f—!(G), viewing G as a sheaf of abelian groups on Y, or as an 
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Oy-module. In the first case, the adjunction formula is considered for sheaves 
F of abelian groups on X and for morphisms between such sheaves, whereas 
in the second case we are dealing with Ox-modules F and morphisms of Ox-, 
resp. Oy-modules. Let us start by looking at the problem of uniqueness. 


Lemma 1 (Yoneda). Let A,B be objects of a category € and consider a func- 
torial morphism 
h: Home(A,-) —-+ Hom¢(B,-) 

between functors from € to the category of sets. Then there is a unique morphism 
yp: B ——-+ A inducing h, i.e. for all objects E in € the corresponding map 
he: Home(A, FE) —+ Home(B, E) is given by a > voy. 

Furthermore, h is a functorial isomorphism if and only if y is an isomor- 
phism. 


Proof. Look at the map h4: Home(A, A) —~ Home(B, A); it sends the identity 
morphism id: 4 —-+ A to a certain morphism y: B ——+ A which we claim is 
as stated. Indeed, for any morphism o: A —-+ EF in €, the functorial morphism 
h gives rise to a commutative diagram 


Home(A, A) ty Home(B, A) 


Home(A, Z) “+ Home(B, E) , 


where the vertical maps are given by composition with 0. As we have said, the 
identity id € Hom¢(A, A) is mapped horizontally to y € Hom¢(B, A) and then 
to coy € Home(B, E), as well as vertically to 0 0 id = o € Home(A, £) and 
then to hg(a) € Home(B, E). This yields 


h(a) =a0y 


and shows that the functorial morphism h is given by composition with y. 

To derive the uniqueness of y, consider two morphisms y, y’ € Home(B, A) 
inducing h and, hence, satisfying coy = coy’ for all o € Home(A, EF), where F 
varies over all objects in €. Then, for E = A and the identity id € Home(A, £), 
we see that idoy = idoy’ and, hence, y = y’. 

If h is a functorial isomorphism, its inverse 


h-*: Home(B,-) —+ Home(A,-) 


is given by composition with a well-defined morphism y’: 4 —— B, as we have 
shown above. Using the uniqueness assertions for the compositions yo y’ and 
vy’ oy, we see that y’ is an inverse of y. Likewise, one shows for an isomorphism 
y that its inverse yp! gives rise to an inverse of h. 


Proposition 2. Let f: X —- Y be a morphism of ringed spaces and G a sheaf 
(of sets, abelian groups, or rings) on Y. Then there is a sheaf f~‘(G) (of the 
same type) on X, together with a functorial isomorphism 


268 6. Affine Schemes and Basic Constructions 


Hom x (f~'(G),F) ~ Homy (G, f«(F)) 


of functors on the category of sheaves F (of sets, abelian groups, or rings) on 
X. Furthermore, f~'(G) is uniquely determined up to canonical isomorphism; 
it is called the inverse image of G with respect to f. 

In more precise terms, f~'(G) is the sheaf associated to the presheaf 


U }-— lim G(V), U CX open, 
VOU) 


where the inductive limit extends over all open subsets V C Y containing f(U). 


Proof. We have to establish the existence of the left adjoint functor of f,, which 
can be done under quite general categorical assumptions; see Milne [19], IT.2.2, 
or Hilton—Stammbach [16], [X.5.1. However, we want to be more explicit and 
prefer to show that the construction specified in the assertion yields a left adjoint 
of f,, relying on Lemma 1 for the uniqueness assertion. In the following, we 
write f~'(G) for the sheaf associated to the presheaf U +— lim, 5 50) G(V) 
for U C X open. 
Let us introduce a map 


®: Homy (G, f.(F)) —+ Homx(f'(G), F) 


that is functorial in F as follows. A morphism of sheaves o: G —— f,(F) 
consists of a family of morphisms 


o(V): GV) —+ f.(F)(V) =F(f-"(V)), V CY open, 


that is compatible with restriction morphisms. Given an open subset U Cc X, 
we obtain for open subsets V C Y such that U c f~!(V) morphisms 


G(V) —+ F(f(V)) + FU) 
and, thus, a morphism 


lim G(V) —+ F(U), U Cc X open, 
VofWU) 


where the limit extends over all open subsets V C Y such that f(U) C V. 
Varying U and passing to the associated sheaf on the left-hand side yields a 
morphism 
f"@) =, 
which we denote by (oc). It is immediately clear that the resulting map 
®: Homy(G, fx(F)) —~ Hom x(f7!(G),F) is functorial in F. 
To show that @ is an isomorphism, we construct an inverse map 


WV: Hom x (f~'(G), F) a Homy (G, f.(F)) 
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of &. A morphism 7: f~'(G) ——+ F consists of a system of morphisms 

r(U): f-'(G)(U) —~ FU), U CX open, 
that is compatible with restriction morphisms. Then, for open subsets U C X 
and V CY satisfying f~'(V) > U, we can consider the composition 


: = TU 
GV) —+ lim G(v') “* #-G)(U) “ FW), 
V/DF(U) 
where “can” is the canonical morphism of the presheaf UV +— limy,,, 1) G(V’) 
to its associated sheaf f~'(G). In particular, taking U = f~'(V) for open subsets 
V CY, we obtain a system of morphisms 


GV) —+ F(f"'(V)) = f(F)(V), VC open, 
that is compatible with restriction morphisms and, hence, a morphism 


which we denote by W(r). Similarly as before, it is seen that the resulting map 
W: Homxy(f~'(G), #) ——+ Homy(G, f,(F)) is functorial in F. Moreover, & 
and W are mutually inverse and W provides the desired isomorphism, showing 
that f, and f~! are mutually adjoint. 


In Proposition 2, inverse images of module sheaves are not yet covered. To 
pass to this case, we need to use tensor products on the level of sheaves. Note 
that the tensor product F ®o G of two modules F, G over a sheaf of rings O 
on a topological space X is defined as the O-module sheaf associated to the 
presheaf 

Ut—+ FU) Gow) GU), for U C X open. 


Proposition 3. Let f: X ——+Y be a morphism of ringed spaces and G an 
Oy-module sheaf on Y. Then there exists an Ox-module sheaf f*(G) on X, 
together with a functorial isomorphism 


Homo, (f*(G),F) ~ Homo, (G, f.(F)) 


of functors on the category of Ox-module sheaves F on X. Furthermore, f*(G) 
is uniquely determined up to canonical isomorphism; it is called the inverse 
image of the module sheaf G with respect to f. 

If f-\(G) is the inverse image of G, viewed as a sheaf of abelian groups, and 
f-'(Oy) the inverse image of Oy as a sheaf of rings, then f~'(G) is canonically 
an f~'(Oy)-module. Furthermore, the morphism Oy ——+ f.(Ox) given by f 
corresponds to a morphism f—~'(Oy) ——> Ox of sheaves of rings inducing an 
isomorphism 


f° (G) = FG) @5-1Oy) Ox. 
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Proof. The argument given in the proof of Proposition 2 can be extended 
to Ox-modules F and Oy-modules G. Thereby we see that FAG) is an 
f—'(Oy)-module giving rise to a functorial isomorphism 


Homy-1(0,)(f~'(G), F) ~ Homo, (G, fx(F)), 


acting as adjunction formula. Now, similarly as for ordinary modules (for ex- 
ample, see the argument in the proof of Corollary 4 below), the canonical map 


Homy-1(0,)(f~'(G), F) —+ Homo, (f-'(G) ®s-@y) Ox, F) 


is a functorial isomorphism. Consequently, f*(G) = f~!(G) ®s-1(0,,) Ox satisfies 
the adjunction formula 


Homo, (f*(G),F) —Y+ Homo, (G, f.(F)). 


As usual, the uniqueness assertion for f*(G) follows from Lemma 1. 


The explicit construction of inverse image sheaves in Propositions 2 and 3 in 
conjunction with 6.5/6 (i) shows that the formation of the sheaves f~'(G) and 
f*(G) with respect to a morphism of ringed spaces f: X —+ Y is compatible 
with restriction to open parts on X and Y, i.e. for open subsets U C X and 
V CY where f(U) C V and, hence, f restricts to a morphism fy: U —~ V, 
one has 


(f° @)lu = fo'Glv),  (F(D))lu = fE(Glv). 


On the other hand, direct images f,(F) are only compatible with restriction to 
open parts on Y (and their preimages in X), namely 


(f(F)) lv & (fv) «(Flpam) 


for open subsets V C Y and fy: f~!'(V) —— V the morphism induced from 
f. Furthermore, let us mention that f,, as a functor from the category of 
Ox-modules to the category of Oy-modules, is left exact and that f*, as a 
functor from the category of Oy-modules to the category of Ox-modules, is 
right exact. Both assertions can be checked directly from our constructions or 
derived formally from the adjunction formula. 

Looking at the adjunction formula 


Homo, (f*(9), f*(G)) —~+ Homo, (G, f.F*(G))) 


for F = f*(G) and any Oy-module G, we see that the identity morphism 
id: f*(G) —~ f*(G) corresponds to a canonical morphism f#: G —+ f,(f*(G)) 
of Oy-modules. Furthermore, the construction of f~'(G) and f*(G) shows that 
f# is induced from the canonical maps 


G(V) —+ GV) @oyv) Ox(f"(V)), a + a @1, 
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on open subsets V C Y. In the special case where G = Oy, the morphism f* 
coincides with the morphism Oy ——~ f,(Ox) given by f. In particular, the 
chain of functorial isomorphisms 


Homo, (f*(Oy), F) ~ Homo, (Oy, fx(F)) ~ F(X) ~ Homo, (Ox, F) 


yields f*(Oy) ~ Ox, according to Lemma 1. 
Analogously, the adjunction formula 


Homo, (f*(f«(F)), F) =~ Homo, (fs(F), f(F)) 


for G = f,(F) and any Ox-module F shows that the identity morphism 
id: f,(7) —— f.(F) corresponds to a canonical morphism f*(f,(F)) ——- F 
of Ox-modules. The latter is induced by the canonical maps 


Fp Ww )) @oy(v) Ox (f-'(V)) ee ) 


on open subsets U C X and V CY such that f(U) CV. 

Finally, we want to discuss direct and inverse images in the case of quasi- 
coherent modules on schemes. Restricting to the local situation of a morphism 
between affine schemes, we have to describe direct and inverse images of asso- 
ciated modules. As usual, for an affine scheme X = Spec A and an A-module 
F,, the associated Ox-module will be denoted by F’. 


Corollary 4. Let X = Spec A, Y = Spec B be affine schemes and f: X —- Y 
a morphism given by a ring morphism ao: B —+ A. Furthermore, consider an 
A-module F and a B-module G. 
Then ; men 7 tarde 
PP) Pig, f(G) ~ Gos, 


where F)p is the restriction of F with respect to a: B —-+ A; see Section 4.3. 
Proof. We start by looking at the direct image f. (F ). For g € B we have 
f.(F)(D(g)) = F(D(o(g))) = F @a Ao) 
and furthermore, since Aj(g) = A @p Ba, 
F @a Agi) = F @4 (A @p By) = Fiz @B By 


by 1.3/2. Hence, we can deduce that f,(F) = Fyp. 
Next, let F be an arbitrary Ox-module and consider F = I'(X,F) as an 
A-module. Then, using 6.8/2, the adjunction formula yields 


Homo, (f*(G), F) = Homo, (G, fF) = Hom,(G, F7z). 


Furthermore, given any B-linear map T: G ——+ Fp, we can look at the 
B-bilinear map 
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Gx Ass (g,a) + T(g) -a, 


where we use the structure of F as A-module. Passing to the associated tensor 
product yields an A-linear map 


G®pA—~ F, g®atr— 7(g)-a, 
and it is easily seen that this assignment defines a bijection 

Homa(G, Fyg) “+ Homa(G ®z A, F). 
Using 6.8/2 again, we derive a bijection 


Homo, (f*(G),F) ~ Homo, (G @p A, F), 


showing f*(G) ~ Ga@pA with the help of Lemma 1. 


Since any morphism of schemes f: X ——+ Y is continuous with respect to 
the Zariski topology, there exist affine open coverings (U;)ier of X and (V;)ier of 
Y such that f(U;) C V; for all i € I. Thereby we can conclude from Corollary 4: 


Corollary 5. Let f: X ——~Y be a morphism of schemes and G a quasi- 
coherent Oy-module. Then f*(G) is a quasi-coherent Ox-module. 


Corollary 6. Let f: X ——- Y be a morphism of schemes and G an invertible 
(rep. locally free) Oy-module. Then f*(G) is an invertible (resp. locally free) 
Ox-module; note that invertible and locally free module sheaves were introduced 
within the context of 6.8/9. 


Proof. Use Corollary 4 in conjunction with the fact 4.1/9 that free generating 
systems of modules are preserved under tensor products. 


As can easily be read from Corollary 4, the direct image of an invertible or 
locally free Ox-module F with respect to a morphism of schemes f: X + Y 
is not necessarily locally free any more. However, the weaker condition of quasi- 
coherence is preserved if f satisfies certain finiteness conditions. 


Definition 7. A morphism of schemes f: X ——+ Y is called quasi-compact 
if the preimage f~'(V) of every quasi-compact open subset V C Y is quasi- 
compact in X. 

Furthermore, f: X —— Y is called quasi-separated if the diagonal embed- 
ding Axjy: X —-+ X xy X, to be considered in Section 7.4, is quasi-compact. 


We have chosen to define quasi-separatedness via the diagonal morphism 
Ax;y since this is the most natural way, although it involves the construction 
of fiber products to be explained only later in Section 7.2. However, there is 
another characterization of quasi-separated morphisms in Remark 8 (iii) below 
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that is free from fiber products. For the purposes of the present section, namely 
the proof of the direct image theorem in Proposition 9, it is enough to take this 
characterization as a definition, thereby avoiding the use of fiber products at 
this place. 


Remark 8. Let f: X ——- Y be a morphism of schemes. 
(i) An open subset of X (resp. Y) is quasi-compact if and only if it is a 
finite union of affine open subsets in X (resp. Y). 

(ii) f is quasi-compact if and only if there is an affine open covering (Yi )iez 
of Y such that the preimages f~'(Y;) are quasi-compact. 

(iii) f ts quasi-separated if and only if there exists an affine open covering 
(Yi)icr of Y with the property that, for any affine open subsets U,U’ C X 
satisfying f(U) U f(U’) CY; for some i € I, the intersection UN U' is quasi- 
compact. 


Proof. Assertion (i) is true, since affine open subsets in X are quasi-compact by 
6.1/10 and since these sets form a basis of the topology of X. 

In the situation of (ii) we start by considering the special case where 
f: X —+Y is a morphism of affine schemes; let f#: Oy(Y) —+ Ox(X) be 
the corresponding ring morphism. Now, if V C Y is open and quasi-compact, 
it is a finite union of basic open subsets of type D(g) C Y for suitable elements 
g € Oy(Y). Since f~!(V) is the union of the preimages f~'(D(g)) = D(f*(g)), 
it is a finite union of affine open subsets in X and, hence, quasi-compact. In 
particular, f is quasi-compact. 

In a next step we assume that X is quasi-compact and Y is affine. Also in 
this case f is quasi-compact, since there is a finite affine open covering (X;)jer 
of X and since every restriction f;: X; ——~ Y of f is quasi-compact, as we 
just have seen. Therefore, if V C Y is quasi-compact, the same holds for all 
preimages f; '(V) and, hence, also for f~'(V) = U,e, f; '(V), since it is a finite 
union of quasi-compact sets. 

In the general case, we look at a quasi-compact open subset V C Y and 
assume that there is an affine open covering (Y;)jer of Y such that f~!(Y;) is 
quasi-compact for all i € J. Then all restrictions f;: f~'(Y;) ——~ Y; of f are 
quasi-compact, as we just have seen. Furthermore, there exists a finite affine 
open covering (V;) je, of V such that for each index j € J there is an index i € I 
satisfying V; C Y;. Then the preimages f~'(V;) are quasi-compact, and f~'(V), 
as a finite union of quasi-compact sets, is quasi-compact as well. Therefore f 
is quasi-compact also in this case. This settles the if part of assertion (ii), the 
reverse being trivial. 

To verify (iii) we have to make use of fiber products as we will construct 
them in Section 7.2. Starting with the if part, let us use 7.2/5 and consider the 
open covering (f~'(Y;) xy; f7'(Yi))ier of X xy X. Since we want to apply the 
criterion (ii), we may replace Y by any of the Y; and thereby assume that Y 
is affine. Then consider the affine open covering (X;)jcr of X consisting of all 
affine open subsets in X. It follows from 7.2/4 that the fiber products X; xy X; 
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are affine for all i,7 € J and, furthermore, from 7.2/5 that these form an open 
covering of X xy X satisfying Ayr (X xy X;) =X; X;. Since condition (iii) 
implies that all these preimages are quasi-compact, Ax;y is quasi-compact by 
criterion (ii). To settle the only-if part, choose affine open parts U,U’ Cc X 
such that f(U) U f(U’) C Y; for some i € I. Then U xy, U’ is an affine open 
subscheme in X xy X. Since its preimage with respect to Ax,;y equals the 
intersection UMU’, the latter must be quasi-compact if Ax, y is quasi-compact. 
Thus, we are done. 


Let us add that any morphism of schemes f: X ——~ Y that is separated in 
the sense of 7.4/2 is, in particular, quasi-separated. Namely, separated means 
that the diagonal morphism Ax,y is a closed immersion in the sense of 7.3/7 
and such immersions are affine in the sense that preimages of affine open subsets 
are affine again. 


Proposition 9. Let f: X ——~Y be a morphism of schemes that is quasi- 
compact and quasi-separated, and let F be a quasi-coherent Ox-module. Then 
its direct image f.(F) is a quasi-coherent Oy-module. 


Proof. The problem is local on Y. Therefore we may assume that Y is affine, 
say Y = Spec B. If X is affine as well, say X_= Spec A, then F is associated 
to some A-module F' and we have f,(F) ~ Fyg according to Corollary 4. In 
particular, f,(F) is quasi-coherent in this case. 

If X is not necessarily affine, we can choose a finite affine open covering 
(Xi)icer of X, as f is assumed to be quasi-compact and Y was supposed to 
be affine. Furthermore, all intersections X;M_X, are quasi-compact, since f is 
quasi-separated; use Remark 8 (iii). 

Let us assume for a moment that the intersections X;_X, are even affine. 
We write F} for the direct image of F|x, with respect to the composition 


oe ae ae, a 


as well as Fj, for the direct image of F|x,,x, with respect to the composition 


MASKS ye Per 


Then the Oy-modules F; and Fi; are quasi-coherent by the special case dealt 


a a 
with above, and we can look at the exact diagram 


f(F) — TTA IT % 


ie] ‘jel 
that is given for U = f~!(V) with V C Y open by the canonical exact diagrams 


F(U) — [J FUN x) = JT] FUN xin X;) 


iel 4jG1 
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related to the sheaf condition of F with respect to the open covering (UN.X;)ser 
of U. In other words, we have 


f(F) = ker(T] i —+ J] 74) . 
wel agEL 


where the cartesian products can be interpreted as direct sums since they ex- 
tend over finite index sets. Now using the fact that the formation of associated 
modules commutes with direct sums (6.8/3), as well as with kernels of module 
homomorphisms (6.8/4), we see that f,(#) is quasi-coherent. 

If the intersections X;MX, are only known to be quasi-compact, choose for 
each pair of indices i,j € J a finite affine open covering (Xijx)rey,, of Xi OX; 
and write F},, for the direct image of F|x,,, with respect to the composition 


Riga Se GET. ETE 
As before, F; jk 1S quasi-coherent Oy-module, and the canonical exact diagrams 


FU) — ][FUNxX)— [J FUN Xn) 


wel ijl kei; 


for U = f~'(V) with V CY open give rise to an exact diagram 


tel ijeL ke dij 


The same reasoning as above shows that f,(#) is a quasi-coherent Oy-module. 


Exercises 


1. Let f: X —~+ Y bea morphism of ringed spaces. Show for any sheaf G of abelian 
groups on Y and any point x € X that there is a canonical isomorphism of stalks 
(f'G)e & G f(z). Conclude that the étalé space of f-'G on X may be viewed as 
the fiber product of the étalé space of G over Y with X. 


2. Let f: X ——- Y and g: Y ——~ Z be morphisms of ringed spaces. Show for 
sheaves of modules F on X and G on Z that there are canonical isomorphisms 
of Oz-modules, resp. Ox-modules 


(go f)aF = o(feF), (go f)G = F(9"G). 


3. Let f: X ——~ Y be a morphism of ringed spaces. Consider the functors f, on 
sheaves of abelian groups or modules on X, as well as f~! on sheaves of abelian 
groups on Y, and f* on sheaves of modules on Y. Show: 


(a) f, is left exact. 
(b) f-+ is exact. 
(c) f* is right exact. 
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For a sheaf of rings Ox on a topological space X, an Ox-ideal is meant as an 
Ox-submodule sheaf ZC Ox; see also 7.3/1. Let f: X —+ Y be a morphism 
of ringed spaces. Show for any Oy-ideal J C Oy that the canonical morphism 
f-1Z —-- f-!Oy defines f~!Z as an ideal sheaf in f~'Oy. Moreover, can we 
conclude that f*Z is always an ideal sheaf in f*Oy = Ox? 


Consider a topological space X and a subset Z C X equipped with the subspace 
topology induced from X. Thus, a set V C Z is (relatively) open in Z if and 
only if it is of type UNM Z for some open subset U C X. Writing i: Z —+ X for 
the inclusion map, show that there is a canonical isomorphism (7,F)j,(2) ~ Fz for 
each z € Z and that (is), = 0 for points x € X not contained in the closure Z 
of Z in X. Give an example where Z is different from Z and where F, # 0 for a 
point « € Z— Z. 


Let X be a topological space with a closed point x. Consider an abelian group F’ 
and view it as a sheaf F of abelian groups on the one-point space {x}. Show for 
the inclusion map i: {a} ——+ X that i, equals the skyscraper sheaf on X with 
stalk F at x; for the latter see Exercise 6.5/6. Conclude from Proposition 9 for a 
scheme X, a closed point x € X, and a k(a)-vector space F' that the skyscraper 
sheaf F with stalk F, = F is quasi-coherent. See also Exercise 6.8/3. 


Show that the formation of associated modules on affine schemes respects tensor 
products. Conclude that, on any scheme X, the tensor product F @0, G of quasi- 
coherent Ox-modules ¥,G yields a quasi-coherent Ox-module again. 


Give an example of a morphism of schemes that fails to be quasi-compact, resp. 
quasi-separated (in the sense of Remark 8 (iii)). 
Consider a topological space X and an open subset U C X. Let 7: U —+ X be 


the inclusion map. Show for any sheaf of abelian groups F on X that the inverse 
image sheaf j~'F coincides with the restriction Fly of F to U. 


Extending sheaves by zero: As in Exercise 9, let 7: U —> X be the inclusion of an 
open set into a topological space. For any sheaf F of abelian groups on U, define 
its extension by zero j1F (pronounced j lower shriek) as the sheaf associated to 
the presheaf given on open subsets U’ C X by 
F(U') ifU' CU, 
U' ( ) 


0 otherwise. 


Show that 717 is uniquely characterized by the facts that it restricts to F on U 
and, furthermore, satisfies (j1F)2 = 0 for alla ¢ X —U. 


For a topological space X and a closed subset Z C X consider the inclusion maps 
i: Z —+ X and j: U —+ X where U = X — Z. Show for any sheaf F of abelian 
groups on X that there is a canonical exact sequence of sheaves of abelian groups 


0 —+ j(7-1F) —~ F —+ i,(i1F) —- 0. 


Note that j-1F = Fly and that, likewise, i-1F may be considered as the “re- 
striction” of F to Z. Hint: Use Exercises 5, 9, and 10 above. 


® 


Check for 
updates 


7. Techniques of Global Schemes 


Background and Overview 


Schemes have been defined as ringed spaces with certain additional proper- 
ties. Therefore it is reasonable to expect that standard gluing techniques from 
the theory of manifolds can be used for the construction of new schemes from 
previously established ones. To glue a family of schemes (X;)ier along certain 
“overlaps” X; 9 X,;, which we assume to be open in X; and X,;, we need to 
specify these “overlaps” as open subschemes X,; C X; and X,; C X, for all 
i,j € I, together with gluing isomorphisms ,;: X;; + Xj; which are used 
as identifications. Of course, the data must be symmetric in the sense that the 
pis satisfy Y;; 0%; = id (as well as X;, = X; and y,; = id for alli € I). However, 
the latter is not enough. Given three indices 7, j,k € I, there are identifications 


and these must be compatible in the sense that pix = Yje o Yi; on the part of 
X; where both sides are defined. The latter is the so-called cocycle condition 
for triple overlaps. Indeed, as we will see in 7.1/1, if the cocycle condition is 
satisfied, the X; can be glued by using the isomorphisms y,; as identifications. 
Furthermore, writing X = U;<; Xi for the resulting scheme, one can use the 
sheaf property of the structure sheaf Ox to define morphisms X ——+ Y by 
gluing morphisms X; ——~ Y that coincide on all overlaps of the X;; see 7.1/2. 

If the index set I consists of precisely two elements, say J = {1,2}, the 
cocycle condition is automatically fulfilled and therefore can be neglected. For 
example, consider X; = X2 = Spec K[¢], the affine line Aj, over a field K, 
as well as X12 = Xo; = Spec K[¢,¢~"], the open subscheme of the affine line 
obtained by removing its “origin”, the latter being given by the maximal ideal 
(¢) C K[¢]. Then to construct a scheme X by gluing X; and X, along Xj. we 
can use the identity morphism yj2: X12 ——+ X92; as the gluing isomorphism. 
The resulting scheme is denoted by Al; it is the affine line with a “double 
origin”. Alternatively, we can use the gluing isomorphism (12: X 2 ——+ X21 
given by the isomorphism of K-algebras 
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The resulting scheme is the projective line P},; see the construction of projective 
n-spaces in 7.1 or the more general approach to Proj schemes in 9.1. Also note 
that the schemes A} and P}, are not isomorphic. This is easily seen by looking 
at the separatedness condition to be discussed below. The projective line P}, is 
separated over K whereas the affine line with double origin Al, is not. 

The just described gluing technique is used for several basic constructions in 
the setting of schemes. For example, we show in 7.1 how to define the projective 
n-space P'} over some base ring R by gluing n+1 copies of the affine n-space Aj. 
Furthermore, we construct the spectrum Spec A of a quasi-coherent Os-algebra 
A over some base scheme S; the latter generalizes the construction of the scheme 
Spec A associated to a ring A. 

Another rather interesting application of the gluing technique is the con- 
struction of fiber products in the category of schemes, which we deal with in 
7.2. As the category of rings admits amalgamated sums in the form of tensor 
products (see 4.3/6 and 4.5/3), it follows that its opposite, the category of affine 
schemes, admits fiber products in the sense of 4.5/2, namely 


Spec Aj Xgpecr Spec Ap = Spec(A; @p Ag) 


for algebras A,, Ay over some ring R. Then, using the characterization 7.1/3 of 
morphisms into affine schemes, we can show that fiber products in the setting of 
affine schemes satisfy the universal property required for fiber products in the 
larger category of all schemes; see 7.2/4. Thus, it follows that fiber products in 
the category of affine schemes are fiber products in the category of all schemes 
as well. It is then a technical but straightforward process to construct fiber 
products X xg Y for arbitrary schemes X,Y over some base scheme S; see 
7.2/3. Assuming S affine in a first step we fix affine open coverings (X;)ice7 and 
(Y;)jey7 of X and Y and construct the fiber product X x gs Y by gluing the fiber 
products X; xs Y; along the “overlaps” (X;1.Xj) x g(Y;NYj-), where i, i’ € I and 
j,j' € J; that the latter fiber products exist and, in fact, are open subschemes 
of X; Xs Y; and Xj xg Yj follows from the observation made in 7.2/5. Finally, 
for general S, one works with respect to an affine open covering (S;)jcer of S. 
If X; and Y; are the preimages of S; with respect to the structural morphisms 
X ——+ S and Y ——+ S, the fiber products X; xg, Y; exist by the previous 
step and X xg Y is obtained by gluing the fiber products X; xs, Y; along the 
“overlaps” (X;9 Xi) Xs:ns, (¥iN Yi) for i,7’ € I. 

It is important to realize that a fiber product of schemes X xg Y will in 
general not serve as a fiber product in the category of topological spaces or even 
sets. Writing |X| for the point set underlying a scheme X, there is a canonical 
map of sets 

|X xs Y| —+ |X] xj9) |¥| 


that is surjective, but not necessarily injective; see 7.2/6. For example, we show 
that the fiber product SpecC Xgpecr SpecC consists of two points, whereas 
| Spec C| Xj specr} | Spec C| is a one-point set. 
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Nevertheless, fiber products can successfully be used to define a workable 
replacement of the Hausdorff separation axiom in the setting of schemes. Recall 
that a topological space X is called Hausdorff if any two different points of 
it admit disjoint open neighborhoods. Equivalently, one can require that the 
diagonal embedding A: X X x X into the cartesian product of X with 
itself has closed image when X x X is equipped with the product topology. 
Passing to a scheme X, say over some base scheme S’, the diagonal embedding 
Axjg: X —+ X xg X of X into the (scheme theoretic) fiber product X x5 X 
exists as a morphism in the category of schemes; it is the one that composed 
with both projections X xs X — = X yields the identity morphism on X. 
Although the topological space underlying X is just a Kolmogorov space (see 
6.1/8), it is a surprising fact that the image Ax,s(X) is closed in X xg X in 
many significant cases, for example, if X and S are affine; see 7.4/1. We say 
that X is a separated S-scheme in this case. As it turns out, the separatedness 
condition is a good adaptation of the Hausdorff separation axiom to the setting 
of schemes. 

Actually, an S-scheme X is called separated if the diagonal embedding 
Axjg: X —+ X xg X is a closed immersion; see 7.4/2. We will study closed 
immersions and locally closed immersions in 7.3. A morphism of affine schemes 
f: Spec B —— Spec A is called a closed immersion if the corresponding ring 
morphism f*: A —+ B is surjective. Then, writing a = ker f*, there is a 
canonical isomorphism A/a —~+ B and we see that Spec B is a scheme living 
on the Zariski closed subset V(a) C Spec A; it is called a closed subscheme of 
Spec A. More generally, a morphism of schemes f: Y ——» X is called a closed 
immersion if for every affine open subscheme U C X its preimage f~!(U) is an 
affine open subscheme in Y such that the resulting morphism f~'(U) —-+ U is 
a closed immersion in the sense just mentioned. Actually, it is enough to require 
this property for U varying over the members of an affine open covering of X; 
see 7.3/9. Also note that a morphism of schemes f: Y ——~ X is called a locally 
closed immersion if there exists an open subscheme X’ C_X such that f factors 
through a closed immersion f’: Y ——> X’. 

It is easy to see that the diagonal embedding Ax/s: X ——> X xg X associ- 
ated to an S-scheme X is always a locally closed immersion; cf. 7.4/1. Moreover, 
it is a closed immersion as soon as the image Ax,;s(X) is closed in the fiber 
product X xs X. Therefore the two versions of separatedness as mentioned 
above are equivalent; see 7.4/3. As an example, let us show that A}., the affine 
line with double origin over a field K’, is not separated. As above, consider the 
affine open covering A}. = X, U X2 by two affine lines X; = AL. = Spec K[G], 
i = 1,2. Using the observation 7.2/5 we obtain 


Ay XK Ae = (Xy x X1) U (XY XK X2) U (Xo x X1) U(X x « X2) 


as an affine open covering of the fiber product of A}, with itself. Furthermore, 
we see that the preimages of X, xx% X2 and X_ xx X, with respect to the 
diagonal embedding A: A}, —-+ A}. xx Ak coincide both with X,M X2. Of 
course, the latter intersection is the affine line X, = Spec K[¢,] with its origin 


280 7. Techniques of Global Schemes 


removed, i.e. X1M X2g = Spec BiG |. In particular, we get the following 
commutative diagrams 


XxX, kta] 
en i Kla,c 1] eT ero 
X2 K{@] 


on the level of schemes, as well as on the level of associated K-algebras; 6 is the 
restriction of the diagonal embedding A to the preimage of X1 x « X2. We claim 
that 5 is not a closed immersion and, hence, that Ak cannot be separated. For 
this it is enough to show that 6% is not surjective, which is easy to see. Indeed, 
by our notation the map K[¢,] ——+ K[G,¢,'] is meant to be the canonical 
one whereas, due to the gluing we have done for constructing A},., the map 
K[G@] —> K[G,G_‘] is given by G H+ G. Thus, ¢7' does not belong to the 
image of 6* and therefore 6 cannot be a closed immersion. Consequently, Al. 
is not separated over K. 

In principle, the situation is similar for the projective line Pj,. The only 
difference is that the map K[¢2] ——+ K[G,¢y'] is given by G -—> C7’. 
This implies that now 6* is surjective, indeed. Since the diagonal embeddings 
X; —> X; X« Xj, i = 1,2, are closed immersions for trivial reasons, it follows 
that Pj, is a separated K-scheme. We will show more generally in 9.1/18 that 
Proj schemes and, in particular, projective n-spaces are separated. 

There is another basic technique applicable to schemes, which we have in- 
cluded in the present chapter, namely cohomology theory. It comes in two flavors. 
First there is Cech cohomology, which we deal with in 7.6, a theory that is quite 
useful for explicit computations. On the other hand we will explain Grothendieck 
cohomology in 7.7, which is a derived functor cohomology using methods simi- 
lar to the one explained in 5.4 for the construction of Ext modules. In contrast 
to Cech cohomology, Grothendieck cohomology admits nice general properties, 
like the existence of long cohomology sequences 7.7/4. In addition, there are 
quite general situations where both cohomology theories are compatible so that 
the advantages of both can be combined; see 7.7/5 and 7.7/6. 

Given a topological space X and a sheaf F (of abelian groups) on it, one 
considers for any open covering Lt of X the complex 


CCAS 0S OURS OUR) Sete 


of so-called Cech cochains on St with values in F; see 7.6 for its definition. Then 
one is interested in the attached Cech cohomology groups 


H1(S, F) = ker d?/imd™', q=0,1,.... 


For example, if X is a scheme and F its structure sheaf Ox, these groups 
represent certain invariants of X, at least if one can eliminate the dependence 
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of the cohomology groups from the covering LU. On separated schemes the latter 
is possible, indeed, by taking L affine, as follows from Leray’s Theorem 7.7/5 
in conjunction with 7.4/6 and 7.7/7. 

As an example, let us consider the affine 2-space AZ. = Spec K [¢,, G2] over a 
field K and remove the “origin” from it, namely the closed point 0 given by the 
maximal ideal (1, ¢2) C K[¢i, G2]. The resulting scheme X admits a canonical 
affine open covering LU, namely 


X = Spec K[¢1,¢2,¢9'] U Spec K[G, 671, G]- 


To compute the Cech cohomology groups H (1, F) we use the Cech complex 
of so-called alternating cochains; see 7.6/1. The latter is particularly simple in 
our case, as it is given by 


0— K[G,@.6) x KG. G46] + KG, G4,,G7] — 0 
with d°(f1, fo) = fo — fi. Then 
H°(S, Ox) = ker d° = Ox(X) 
due to the sheaf property of Ox and, furthermore, 


HP WOx)= KG sGiG l/ime= Dk-GG, 
ij<0 
AY (LU, Ox) = 0 for g>1. 
In particular, H'({,Ox) is a K-vector space of infinite dimension and this 
shows that X cannot be affine. Indeed, for affine schemes and affine open cov- 
erings, all higher cohomology groups H4(L,Ox), q > 0, are trivial; use 7.7/7 
in conjunction with Leray’s Theorem 7.7/5. Of course, that X is not affine can 
also be seen from the fact that the inclusion X ——+ Aj, which is a proper 
inclusion, nevertheless gives rise to an isomorphism on the level of associated 
K-algebras K[Q,¢2] “+ Ox(X). Finally, let us refer to Serre’s Criterion 
7.7/8, which states that the vanishing of first cohomology groups with values 
in quasi-coherent modules characterizes affine schemes. 

Also we have included in the present chapter a brief discussion of the Noethe- 
rian finiteness condition for schemes (see 7.5), after having settled the necessary 
prerequisites on associated ideals in 7.3. A scheme X is called locally Noetherian 
(see 7.5/3) if every point in X admits an affine open neighborhood Spec A C X 
where A is Noetherian. The condition has geometric implications for the Zariski 
topology as well as consequences on the level of rings of functions. In particular, 
if Spec A is any affine open subscheme of a locally Noetherian scheme, then A 
will be Noetherian by 7.5/4. For some time it was quite popular to require the 
Noetherian condition for any base scheme S whenever relative schemes X/S 
were considered. However, we will not proceed like this and follow the strategy 
of Grothendieck instead, who preferred to work over a general base S', imposing 
any necessary conditions on the structural morphism X ——- S. Usually this 
requires a little bit of extra effort, but has the advantage that the theory re- 
mains compatible with general base change. This way impacts originating from 
the base and from the morphism can be kept well apart from each other. 
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7.1 Construction of Schemes by Gluing 


According to its definition, any scheme X admits a covering by affine open 
subschemes X;, 7 € I. Therefore we may view X as being obtained by gluing the 
affine schemes X; along their intersections X;7X,. In the following we want to 
study more thoroughly how global schemes can be constructed by gluing known 
local parts such as affine schemes along open overlaps. The case where only two 
schemes X, and X2 are involved is easy. We just need a scheme U serving as the 
intersection of X, and Xy. This means, we must be able to view U as an open 
subscheme of both X; and Xp» in order to identify X, with X» along U. For an 
arbitrary number of schemes X; the situation becomes more complicated, since 
triple overlaps and the related cocycle condition have to be taken into account. 


Proposition 1. Consider 

(i) a family (Xi)ier of schemes, 

(ii) open subschemes Xj; C X; and isomorphisms (jj: Xizj + Xj; for all 
age, 

subject to the following conditions: 

(a) pi; 0 Yj = id, Xy = X; and yy = id for all i,j € I. 

(b) The isomorphisms jj: Xij + Xj; restrict to isomorphisms 

of: Xij al Xik é Xj al X jk 

such that yi) = of ° oe for all i,j,k € I (cocycle condition). 

Then the schemes X; can be glued along the “intersections” Xi; ~ Xj, to 
set up a scheme X. 

More precisely, there is a scheme X together with morphisms w;: X; —+ X, 
i € I, such that: 

(1) v; defines for all i € I an isomorphism of X; onto an open subscheme 
Xi CX. 

(2) oe Vier Xj. 

(3) vil Xi) = X}Xj for all i,7 € I. 

(4) The diagram 

Xj; 


Pig XX; 


is commutative for all 1,7 € I. 
Moreover, X is unique up to canonical isomorphism. 


Proof. The given gluing data can be illustrated as follows: 


7.1 Construction of Schemes by Gluing 283 


The basic idea is to identify the open subschemes X;; C X; and Xj; C Xj; via 
the isomorphisms y;;: X;; ——> Xj; for all 7,7 € J, thereby obtaining a scheme 
X which is covered by the open subschemes X;. For this to work properly we 
need compatibility of the identification process on triple overlaps, a requirement 
expressed by the cocycle condition. Let us start by defining X as a set; namely, 
let X = ([],¢; Xi)/ ~, where the relation “~” is given as follows: For x € X; 
and y € X; write x ~ y if x € Xj; and y;;(x) =y. Then “~” is an equiva- 
lence relation. Indeed, reflexivity and symmetry of the relation “~” follow from 
condition (a). Furthermore, the transitivity is a consequence of the cocycle con- 
dition (b). Indeed, let x € X;, y € Xj, and z € X; such that x ~ y and y ~ z. 
Then we have 


re Xi, Y = Yij(Z) E Xz, Y © Xj, z= pyely) © Xpj- 


In particular, we get y € Xj, M Xj, and, hence, « € Xi; 1 Xix as well as 
z € XgjM Xj; according to (b). Therefore 


j a k 4 
oP (2) = 92 (oP (@) = o 28) = 2 


” is an equivalence 


by the cocycle condition and we see x ~ z. Consequently, “~ 
relation, and X is well-defined as a set. 

Next consider the canonical maps ~;: X; ——+ X, 7 © I, that map any 
element of X; to its associated equivalence class in X. Since y;; = id, all w; are 
injective. Hence, w; defines a bijection of X; onto the subset X/ = ¢);(X;) C X, 
and it is clear that the stated properties (2), (3), and (4) of the assertion hold in 
terms of sets. Now let us introduce a topology on X by calling a subset U C X 
open if w; '(U) is open in X; for all i € I. This is the finest topology on X such 
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that all maps ~; are continuous. Moreover, if there is an index ip € J such that 
U Cc X;,, then U is open in X if and only if wv, (U) Cc X;, is open. Indeed, if 


the latter holds, we get for every i € I 
Ve) = 8X) = Gig (Vig O)) 


from (4) and it follows that J; '(U) is open in X;, since W,'(U) C Xj, is open 
and the map 
Pi,ig 


Xi,ig y Aiga ase 
is continuous. In particular, all subsets X/ C X are open in X and the maps y; 
induce homeomorphisms X; —~+ Xj. 

It remains to construct the structure sheaf of X. To do this, we trans- 
port for every i € I the structure sheaf Ox, of X; under the homeomorphism 
Wj: X; —+ Xj to a structure sheaf Ox: = (7;).(Ox,) on Xj. Then the isomor- 
phisms y;;, now as isomorphisms of locally ringed spaces, induce isomorphisms 


Gi: Oxi|xin Xx! Se Oe Hand 


of sheaves of rings, which we may view as identifications by applying the cocycle 
condition (b). Indeed, looking at open subsets U C X and indices i, 7 € I such 
that U C Xj. Xj, we may identify Ox:(U) with Ox:(U) via the isomorphism 
gh (U ). Proceeding similarly as for the construction of X itself, we would have 
to set up equivalence relations from the gr, on the disjoint union of all Ox:(U) 
for indices 7 € I such that U C X} and then pass to equivalence classes. Doing 
so we obtain a functor Ox with values in the category of rings, which is defined 
on all open subsets U C X such that U C X/ for some index 7 € J. Since these 
sets form a basis B of the topology on X and since Ox satisfies sheaf conditions 
for coverings of sets from 8 by sets from 8, we can extend Ox via 6.6/4 to a 
sheaf on X, just by setting 


Ox(U)= lim Ox(U’) 
U'e®B, UCU 
for arbitrary open subsets U C X. Then it is easily seen that (X, Ox) is a scheme 
as stated in the assertion. The latter is unique up to canonical isomorphism, 


as can conveniently be checked by using the exact diagram of Proposition 2 
below. 


Next, let us discuss how to define scheme morphisms by gluing. 


Proposition 2. Let X be a scheme together with a covering by open subschemes 
(Xi)ier, and let Y be another scheme. If f;: X; —» Y are morphisms such that 


fi 


; for all i € I. In other words, the canonical diagram 
ane Y) = ] [Hom Xe Il Hom(X; 9 X;,Y) 
iel agjel 


1s exact. 
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Proof. In terms of maps between sets, the f; can be put together to produce a 
unique map f: X ——+ Y such that f|x, = f; for all i € J. Furthermore, f is 
continuous since all f; are continuous. Indeed, for V C Y open, we have 


y= U iV) = U poy) 


and we see that f~'(V) is open in X since, due to the continuity of the maps 
fi, all sets f;'(V) are open in X; and, in particular, in X. 

To equip f with the structure of a morphism of schemes, consider for any 
open subset V C Y the following diagram: 


Ox (f-(V)) 


Oy(V) [[ox(f'V) 9 x,) 


S| 


[] Ox(f71(V) 9 X9.X;) 


ijel 


The vertical maps are the canonical ones; they constitute an exact diagram, due 
to the sheaf property of Ox. Furthermore, the horizontal map is derived from the 
maps fi: Oy —~ fixOx,, 1 € I, and its composition with the two vertical maps 
yields a unique map Oy(V) —+ J], jc, Ox(f 1 (V)NX;N.X;), due to the com- 
patibility filx;nx, = filx;nx, for 7,7 € J. Then, using the exactness of the ver- 
tical part of the diagram, we get a unique morphism Oy(V) —~+ Ox(f7'(V)) 
making the upper triangle commutative. Letting V vary over the open sets of 
Y, the resulting morphisms Oy(V) ——+ Ox(f~!(V)) can be used to define 
a morphism of schemes f: X ——~Y satisfying fly, = f; for all i € J, the 
uniqueness of f being clear from the construction. 


As a first consequence, let us derive from Proposition 2 the following gen- 
eralization of 6.6/9 (ii): 


Corollary 3. Let A be a ring and Y a scheme. Then the canonical map 
®: Hom(Y, Spec A) —+ Hom(A, Oy(Y)), (f, f*#) + f* (Spec A), 
from the set of scheme morphisms Y ——~ Spec A to the set of ring homomor- 


phisms A —+ Oy(Y) is bijective. In particular, ® gives rise to isomorphisms 
of functors on schemes Y, or on rings A. 
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Proof. Fix an affine open covering (Y;)icr of Y and set 
B=Oy(Y), Be=Oy(¥i), Biz = Ov(Yiy) 


for i,7 € I, where Y;; = Y¥;  Y;. Then consider the following canonical commu- 
tative diagram: 


Hom(Y, Spec A) ——~ Il Hom(Y;, Spec A) ——+ II Hom(Yj;, Spec A) 


tel angel 


Hom(A, B) [| Hom(4, B;) ——— J] Hom(A, B;;) 


i€l ijel 


The upper row is the exact one occurring in Proposition 2, whereas the vertical 
maps are the canonical ones, as mentioned in the assertion. Furthermore, the 
lower row is obtained from the exact row 


B— |[3,—> [| 2: - 


i€l ijel 


given by the sheaf property of Oy, via the application of Hom(A,-). Since the 
latter functor is left exact, the lower row of the above diagram is exact as well. 
Now the middle vertical map is bijective, due to 6.6/9 (ii) and the same is 
true for the right vertical one if all intersections Y,; are affine. In that case 
we see by diagram chase that must be bijective as well. For example, this 
argument establishes the assertion of the corollary if Y might be viewed as an 
open subscheme of some affine scheme Y. In particular, we can assume then 
that each Y; is basic open in Y and the same will hold for the intersections Yj; 

Passing to the general case, we know from the special case just dealt with 
that the right vertical map of the diagram is bijective. But then, as before, the 
same is true for the left vertical map and we are done. 


For any scheme Y there is a unique ring homomorphism Z —+ Oy(Y) and, 
thus, by Corollary 3, a unique morphism of schemes Y ——+ Spec Z. Therefore 
every scheme can canonically be equipped with the structure of a Z-scheme. 

As an example of how to apply the gluing techniques discussed above, we 
want to construct the affine n-space A% as a relative S-scheme over an arbitrary 
base scheme S. We will achieve this by choosing an affine open covering (5;);er 
of S and by gluing the affine n-spaces Ag, over the base S. To do this in an 
effective way, we fix a system of variables t = (¢1,...,t,) and introduce the sheaf 
Og|[t] of polynomials in t over Og. Then we can interpret the affine n-space A 
as the “spectrum” of the sheaf of rings Os[t]. Explaining this in more detail, 
we need some preparations. 


Quasi-coherent algebras. — Just as in the setting of ordinary rings, a sheaf 
of rings A on S together with a morphism Og ——+ A is called an Os-algebra. 
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The latter amounts to the fact that A(U), for every open subset U C S, is 
equipped with the structure of an Og(U)-algebra, in a way that is compatible 
with restriction morphisms. If S' is affine, say S = Spec R, then, similarly as 
done in Section 6.6 for R-modules, we can construct for any R-algebra A its 
associated sheaf of Os-algebras A = A, namely the sheaf extending the functor 
given on basic open subsets of type D(f) C S for f € R by 


A(D(f)) = A@p Ry. 


Furthermore, note that, given an Ogs-algebra 6, any morphism of R-algebras 
A ——~+ B(S) induces by the universal property of tensor products 4.3/6 a 
canonical morphism of Ogs-algebras A ——> B whose underlying morphism of 
Ogs-modules coincides with the one considered in 6.8. In particular, we see: 


Remark 4. Let A be an Os-algebra on an affine scheme S = Spec R. Then 


the canonical morphism A(S) —+ A is an isomorphism of Ogs-algebras if and 
only if it is an isomorphism of Os-modules. 


Based on the construction of associated algebras we can consider quasi- 
coherent Os-algebras similarly as in the module case: 


Definition 5. An Os-algebra A on a scheme S is called quasi-coherent if there 
exists an affine open covering (Uy),ea of S such that Alu,, for each X € A, is 
associated to some Og(U))-algebra. 


The equivalent characterizations of 6.8/10 carry over from the module to 
the algebra situation: 


Proposition 6. For a scheme S and an Og-algebra A the following conditions 
are equivalent: 

(i) A is quasi-coherent. 

(ii) For every affine open subset U C S the restriction Aly is associated to 
some Og(U)-algebra. 


Proof. The implication from (ii) to (i) is trivial. To verify the reverse we may 
assume U = S, hence, that S is affine, say S = Spec R, and that there is an 
affine open covering (U,)ye4 of S where Aly,, for each  € A, is associated to 
some Ogs(U)-algebra. Then, thinking in terms of Os-modules, we can apply 
6.8/10 and thereby see that A is associated to A(S), viewed as an R-module. 


Therefore the canonical morphism A(S}) ——+ A is an isomorphism in terms of 
Os-modules and the same is true by Remark 4 in terms of Og-algebras. 


Quasi-coherent polynomial algebras. — As an example of a quasi- 
coherent Os-algebra on a scheme S we introduce the polynomial algebra 
A = Os[t] in a set of variables t = (t),...,t,). To define this sheaf we pro- 


ceed similarly as for the construction of the free Os-module Oe in Sections 6.8 
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and 6.5, where now J = N”. Indeed, consider the functor that associates to an 
open subset U C S the polynomial algebra Os(U)[t] over Os(U) and pass to 
the associated sheaf of Os-algebras. We denote the latter by Og[t] and call it 
the sheaf of polynomials in t over S. This Ogs-algebra is characterized by the 
fact that the canonical map 


Homo, (Os[t], B) a B(S)”, Qi (y(S) (41), a8 ,9(S)(tn)); 


is bijective for any Os-algebra B, where at this place Homa, indicates the set of 
Ogs-algebra morphisms. Furthermore, note that on every affine open subscheme 
U = SpecR C S the sheaf Os[t] is associated to the R-algebra given by the 
polynomial ring R[t]. In particular, we can state: 


Proposition 7. Let S be a scheme and t = (ti,...,tn) a system of variables. 
Then the Os-algebra Og[t] of polynomials in t over S is quasi-coherent. 


The spectrum of a quasi-coherent algebra. — Next we want to show 
how to obtain from a scheme S and a quasi-coherent Os-algebra A an S-scheme 
Spec A, generalizing the construction of affine schemes on spectra of rings. This 
is done by gluing ordinary schemes Spec A(U) for affine open subsets U C S. 
To explain the process in more detail, choose an affine open covering (S;)jc7 of 
S and consider X; = Spec A(S;) for i € J as an S;-scheme; let p;: X; ——~ S; 
be the corresponding structural morphism. For any section f € Og(S;) we get 
canonical identifications 


Pp; (Ds,(f)) = Dx,(f) = Spec A(S;) + = Spec A(Ds,(f)), 


using the quasi-coherence of A in conjunction with canonical isomorphisms of 
type Ay ~ A ®pr Ry for algebras A over a ring R and elements f € R; see 
the algebra analogue of 4.3/3 (ii). Then we look at the intersections S$; S; for 
i,j € I and choose affine open coverings 


S:5;= LJ) Sin 


NEA; 


such that the S,;, are basic open in S; and 5;. For example, we could consider 
affine open coverings {,;, L, of S;5;, where the members of £;; are basic 
open in S; and the ones of Ui; basic open in S;. Then we can conclude from 
6.6/1 (ii) that the product covering Uj; x U;; is as desired, namely that its 
members are basic open in both, S; and S;. Thus, by the above interpretation, 
the affine schemes p; '(S;;,) and p;'(Sjj,) are canonically isomorphic for i, j € I 
and A € A;;, namely to Spec A(5S;;,). The same is true over the intersections of 
type Si;,. Si;,, and we obtain from Proposition 2 canonical isomorphisms 


Piz: p, (9; M 55) Ne p; (Si ial 57) 1,9 el. 


Over any affine open subset of the base S these isomorphisms are induced from 
identity maps on the level of sections of the Os-algebra A. Using this fact, it 
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is easy to see that the isomorphisms ¥;; satisfy the conditions of Proposition 1. 
Therefore the X;, 1 € J, can be glued to yield an S-scheme X and we see 
from Proposition 2 that the latter is uniquely determined by A, up to canonical 
isomorphism over S. 

Next consider an S-scheme Y with structural morphism q: Y ——+ S and 
an S-morphism f: Y ——-+ Spec.A. Then the morphism f*: Ogpec.4 —> frOy 
given by f induces a family of Os(U)-algebra morphisms 


fu: A(U) — Oy (q'(U)), U Cc S open, 


and, thus, a morphism of Os-algebras f: A —— 4q,(Oy). One can show as a 
generalization of Corollary 3 that the map 


Homg(Y, Spec A) —-> Homo, (A, q.Oy), fr-f, 


is bijective; see Exercise 4 below. Thereby we obtain a functorial characteri- 
zation of Spec.A which, departing from the special version of Corollary 3, can 
alternatively be used at different levels of generality in order to construct Spec A 
in a more formal way. 


The affine n-space. — Applying the above construction to the quasi- 
coherent Og-algebra of polynomials in a set of variables t;,...,tn, we are able 
to generalize the definition of the affine n-space over a base scheme S, as given 
in Section 6.7, by 

AS = Spec Os[ti,..-,tn]- 


Later in Section 7.2, when fiber products are available, we may alternatively 
characterize the affine n-space over S as AG = AZ Xgpecz S. Also we see that 
the canonical injections Os[t:] —+ Os[ti,...,tn] set up a natural bijection 


Homs(T,A%) —“+ Homs(T, As)”, 


certainly for S-schemes T that are affine, but also for general S-schemes if we 
apply the gluing technique of Proposition 2. This shows that Ag is the n-fold 
cartesian product of the affine line A} in the category of S-schemes. 


The projective n-space. — We want to discuss another example where 
the gluing process of Proposition 1 is applied, namely the construction of the 
projective n-space P’% over ascheme S, for n € N. In classical analytic geometry, 
the projective n-space over a field K is given by the quotient 


P"(K) = (K*! — {0}) /K*. 


This means, we consider on K"*! — {0} the equivalence relation given by mul- 
tiplication with elements from A* and write P"(A’) for the set of associated 
equivalence classes. Therefore each element x € P”(K) is represented by a tuple 
(xo,---,%n) € K”"*t! — {0}, where however, the components 2; are unique only 
up to a common factor \ € K*. A good way to express this behavior is to write 
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L = (Xp :...: Lp), where the x; are called the homogeneous coordinates of «x. 
Quite often one finds the notation x = (%o,...,2n), although in strict terms it 
is not correct. 

The projective n-space P"(x) is covered by the n + 1 subspaces 


Gatto mer (Reef, vedios n 


and each of these can be viewed as an affine n-space under the bijection 


U; —— Kk”, (ng eit EES (prs ash dyna) 
where the symbol i at the position with index i means that the entry at this 
place has to be discarded. Thus, P”(K) is covered by n + 1 affine n-spaces K” 
and we will base the construction of the projective n-space in terms of schemes 
on this fact. 


Starting with an affine base scheme S = Spec R, we choose a set of variables 


t = (to,...,t,) and consider the ring of Laurent polynomials 
Rifts setae lS { ye a,t”; ay € R, a, = 0 for almost all vy € ah, 
vEeZnt+t 

which we can view as the localization of the polynomial ring R[to,...,t,] by 
the multiplicative system generated by to,...,t,. Then we introduce for indices 
i,j,k =0,...,n the following subrings of R[to, to',...,tn, ty]: 

t t, 

A; — R an. fey — 
ti tj 


-1 -1 
t t t; t 
Aya Bla a ’ ue 
t; t; bi tj 
Note that we may view A; as a free polynomial ring over R in the variables 
0 skier aot “4 ace ie and, furthermore, A;; as the localization of A; by am 
as well as Ajj, as the localization of A; by and !. Moreover, we have for 


i,j,k =0,...,n ‘ 


Aig = Aji, Aijz = Ajik = Ariz. 
Then, for i,j,k = 0,...,n, look at the schemes X; = Spec A; ~ A‘ and the 
open subschemes 


The identification A;; = A;; yields a canonical isomorphism 
pig: Xig > X ji, 


which using the identity Ajj, = Aj;, restricts to an isomorphism 
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ee: Xij 1 Xiz ~- Xj TX jK- 


Then it follows easily from the above identities between the rings A;; and Ajj, 
that all prerequisites for the application of Proposition 1 are at hand. In partic- 
ular, the X; can be glued along the intersections X;; to yield a scheme X. All 
X; and X;; are canonically equipped with the structure of an S-scheme, and we 
obtain from Proposition 2 a canonical morphism X ——+ S exhibiting X as an 
S-scheme. The latter scheme is denoted by P% or P% and is called the projective 
n-space over S. Also note that the ring of global sections of the structure sheaf 
on X = P% is given by the intersection 


Ox(X) =(a=(1a[2....2| =R. 
i=0 i=0 7 . 


From this we can conclude that the projective n-space P} will not be affine in 
general, since otherwise it would be isomorphic to Spec R. For example, if R 
is a field K, then Spec kK is a one-point space, whereas P} for n > 0 contains 
more than just one K-valued point, as we will see below. 

So let us look at the special case of a field R = K and let Kk’ be a 
field extending K. We want to show that the set of K’-valued points of P',, 
namely Pi. (A’) = Hom, (Spec Kk’, P), coincides with the ordinary projective 
n-space P"(K"). To do this, consider a A’-valued point of Pk = Uji, Xi, thus, 
a K-morphism x: Spec kK’ ——~ P%,.. Then «x factors through X; for some index 
i. Therefore x corresponds to a K-homomorphism 


and we can view 


as a point of the ordinary projective n-space P"(K"). If x factors through a 
second open part X; C PX, then x factors through X; 9 X;, and o; and o; 
extend to a K-homomorphism 


t bins Uh 
oy = oy: Ay = KB BS ~K'. 
i it; 


: te: sacs = 
Since z isa unit in A;; = Aj;, we get 


Come 


J 


Hence, every point x € P%(K’) gives rise to a well-defined point in P"(K’), 
thereby inducing a map P?,.(k’) ——~ P"(K’). Now, covering P} by affine 
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n-spaces X; ~ A‘ as done above and using the equation AZ (K’) = (k’)" 
from Section 6.7, we see immediately that this map is bijective. 

We could continue now defining the projective n-space P% over an arbitrary 
base scheme S$. A convenient way to do this is within the context of fiber 
products to be introduced in Section 7.2; just set 


S = Pz X Spec Z 8. 


Another possibility is to glue n + 1 affine n-spaces A% in the way described 
above. Also let us refer to Section 9.5 for defining projective schemes of more 
general type within the setting of Proj schemes. 


Exercises 


1. Point functors: For a relative scheme X over some base scheme S consider the as- 
sociated functor of points hx : Sch/S ——+ Set which maps an S-scheme T to the 
set hx(T) = Homs(T, X) of S-morphisms T ——> X, as well as an S-morphism 
T’ —— T to the canonical map Homs(T, X) ——+ Homs(T", X). Quite often 
one writes X(T) instead of Homg(T, X) and calls this the set of T-valued points 
of X. Show: 

(a) Let X = SpecOgs[¢], for a variable ¢. Then hx is isomorphic to the func- 
tor T +—+ O7(T) on Sch/S. This functor is often referred to as the additive 
group and is denoted by G,. In fact, addition yields a morphism of functors 
G, x G, —~ G, defining a “functorial group law” on G,; for the latter term see 
the explanations on group schemes in Section 9.6. 

(b) Similarly as in (a), let X = SpecOs[¢,¢~']. Then hx is isomorphic to the 
functor T +—+ O7(T)* on Sch/S. This functor is referred to as the multiplica- 
tive group and is denoted by G,. Multiplication yields a morphism of functors 
Gm X Gn — > Gy» defining a “functorial group law” on Gy. 


2. As in Exercise 1, consider point functors hx for schemes X viewing them as 
relative schemes in Sch/Z. Let hf be the restriction of hx to the full subcategory 
of affine schemes in Sch. Show: 

(a) Any morphism hx ——+ hx between point functors of schemes X, X’ is 
induced from a scheme morphism X ——+ X’. The same is true for isomorphisms. 
(b) The assertion of (a) remains true for morphisms hf! —-+ ha between point 
functors on the category of affine schemes, even if X, X’ are not necessarily affine. 


3. Let R be a discrete valuation ring with field of fractions K. Consider the multi- 
plicative group over R, namely the R-scheme Gy,z = Spec R[¢,¢~!]. Show that 
Gm,r can be viewed as an open subscheme of a larger R-scheme Gn, R such that 
the canonical map 


Homp(Spec R, Gn,p) —+ Homa(Spec Kk, Gn,r) 


becomes bijective. Hint: Glue certain “translates” of Gm,p along the open sub- 
scheme GK = Spec K[¢,¢~1] C Gn,r. Note that Gm and the resulting scheme 
Gn, R are R-group schemes in the sense of Section 9.6 and that Gn, R is the so- 
called Néron model of Gm,x; see [5], 10.1/5. 
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4. Let g: Y —+ S be an S-scheme and A a quasi-coherent Os-algebra. Show that 
there is a canonical map Homg(Y, Spec. A) —-> Homg,(A,q.Oy) and that the 
latter is bijective. In particular, if g,Oy is quasi-coherent, conclude that there is 
a canonical S-morphism Y ——> Spec q,Oy. 


5. A morphism of schemes g: Y ——~ S is called affine (see 9.5/1 (i)) if there exists 
an affine open covering (S;)ier of S such that f~1(S;) is affine for all i € J. 
Show that q is affine if and only if g,Oy is a quasi-coherent Os-algebra and the 
canonical S-morphism Y ——+ Specq,Oy of Exercise 4 is an isomorphism. 


6. Morphisms of projective spaces: For an (affine) base scheme S and an integer 
m > 0, show that there are canonical S-morphisms P’’ ——+ P} that symbolically 
(on K-valued points for S consisting of a field K) are described as 


(a) (Zo 2-2-2 @m) KH (@9 2.22 0m :0:...:0) for m<n. 
(b) (ao : ... 2 2m) H—» (Mo(x) : ...: My(x)), where Mo,...,My are the (™*4) 
monomials in Z[to,...,tm] of a certain degree d > 0 (d-uple embedding). 


On the other hand, we can see later that any K-morphism P? ——~ P§ on a field 
K will be constant if m > n; use 9.3/17 in conjunction with 9.4/4. 


7. Give an example showing that, different from the affine n-space A’, the projective 
n-space P} cannot be viewed as an n-fold fiber product of Pt with itself. Hint: 
For a prime p, set S = SpecF, and count F,-valued points in P2 and P§ xg P&, 
assuming that the fiber product exists (which actually is the case by 7.2/3). 


8. Quotients of schemes by finite groups: Let X be a scheme and I’ a finite subgroup 
of the group of automorphisms of X. A quotient of X by I’ is a scheme X’ together 
with a morphism 7: X ——~+ X’ such that: 


(1) roy=m forallyeTl. 


(2) If p: X ——+ Y isa morphism of schemes such that yoy = » for ally € I, 
then it admits a unique factorization vy’: X' ——+ Y satisfying y = y' on. 


If the quotient of X by I exists, it is unique up to canonical isomorphism and 
will be denoted by X/I. 


(a) Show that X/T exists if X is affine. Hint: If X = Spec A, set X/I' = Spec A” 
for A’ the fixed ring consisting of all elements in A that are invariant under the 
automorphisms given by elements of I’. Show with the help of 1.3/7 that the 
canonical morphism Spec. 4 ——+ Spec A!’ satisfies the universal property of the 
quotient X/T’. 


(b) In the general case, show that the quotient X/I exists if there is a I’-invariant 
affine open covering of X, i.e. an affine open covering (X;)jcr that satisfies 
y(X;) = X; for all y € IT and alli € J. If the intersection of any two affine 
open subschemes in X is affine again (for example, if X is separated; see 7.4/2 
and 7.4/6), the condition can be relaxed. In this case X/I exists if each I’-orbit 
in X is contained in an affine open subscheme of X. 


(c) In the situation of (b), show that 7: X ——+ X/T is a quotient in the setting 
of sets as well. Hint: Use Exercise 3.3/6. 
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In this section we want to apply the gluing techniques of 7.1/1 in order to 
construct fiber products of schemes. First, let us recall the notion of cartesian 
products for objects in a category. To do this we need to know the cartesian 
product of two sets A,B, which is given by the set A x B of all pairs (a,b) 
such that a € A and b € B. Then, indeed, A x B together with the projections 
onto its factors is a cartesian product in the category of sets in the sense of the 
definition below. 


Definition 1. Let X,Y be objects in a category €. An object W in € together 
with two morphisms 


p: W — xX, q: W — Y 


is called a cartesian product of X and Y in € if for every object T in € (test 
object) the map 


Hom(T,W) —+ Hom(T,X) x Hom(T,Y), f+ (pe fae f). 
is bijective; i.e. if for any morphisms 
T —~+ X, T—Y 


there is always a unique morphism T ——+ W such that the diagram 


is commutative. If W exists, it is unique up to canonical isomorphism and we 
writeW = Xx Y. The morphisms p: W —+ X and q: W —~ ¥ are referred 
to as the projections onto the factors X and Y of the cartesian product W. 


Given an object S in a category € (referred to as a base object) we can 
consider the category €s of all relative objects of € over S. As explained in 
Section 4.5, the objects in €g are the morphisms of type X ——~ S in €, and 
a morphism between two such objects X ——+ S and Y —— S is given by a 
morphism X —— Y in € such that the diagram 

X a Pa 


S 
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is commutative. Often the category €s is not mentioned explicitly. One just 
talks about S-objects and S-morphisms in €, denoting these as usual by X,Y,... 
and X ——- Y. As we have pointed out in 4.5/2, the cartesian product of two 
objects X,Y in €g is called the fiber product of X and Y over S’. It is denoted 
by W =X xs Y if it exists and is characterized by the following commutative 
diagram: 


Fiber products can also be interpreted within the context of cartesian dia- 
grams, which are defined as follows: 


Definition 2. Let € be a category. A commutative diagram 


Wx 
bo: 
Y¥ "28 


of morphisms in € ts called cartesian if the following universal property holds: 

Given an object T in € as well as morphisms f:T —+ X and g: T —+ Y 
in € such that oo f = 704g, there exists a unique morphism h: T —+ W in € 
such that poh = f and qoh= g: 


A Se 
| 
Y = g 


Viewing the objects X, Y, and W, T in the situation of Definition 2 as 
S-schemes, namely under the morphisms o, 7, respectively 0 0 p = 7 0q and 
ao f =7T 0g, it becomes clear that such a cartesian diagram shows that W 
coincides with the fiber product X xs Y. Conversely, every fiber product of this 
type gives rise to a cartesian diagram as above. 


Theorem 3. Fiber products exist in the category of schemes. 
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First, we establish the existence of fiber products of affine schemes by tracing 
them back to tensor products of algebras. Then we will gradually generalize the 
construction, applying the gluing techniques of Section 7.1. 


Lemma 4. Fiber products of affine schemes exist in the category of schemes. 
More precisely, if A, and Ag are algebras over a ring R, the fiber product of 
Spec A; and Spec Ag over Spec R is given by 


Spec Ai Xgpecr Spec Ap = Spec(Ai @p Az), 
together with the projections 


pi: Spec Ay Xgpecr Spec Ag —— Spec Aj, 
pz: Spec Ai Xspecr Spec Ag —+ Spec Ag 


induced from the canonical R-algebra homomorphisms 


ty: Ay —— A, @p Ag, tg: Ag ——+ A, @p Ag. 


Proof. Let T be any R-scheme and consider R-morphisms f;: 7 ——> Spec A;, 
i = 1,2. Using Corollary 3, the latter correspond to morphisms of R-algebras 
fi: A; —~ Or(T), i = 1,2. Furthermore, by 4.3/6 there is a unique morphism 
of R-algebras f*: Ay @pg Az —-+ Or(T) such that the diagram 


Aj 


nao 
a 


A; @p Ag - Bae Or(T) 


, 
i 


Ag 


is commutative. Then we can apply Corollary 3 again, thereby getting the com- 
mutative diagram 


Spec A, 
PL 
4 iene eee > Spec(A, @rR A) 
. | 
Pp2 
Spec As 


and it follows that Spec(A; ®z Ag) together with the projections pj, p2 satis- 
fies the universal property of the fiber product in the category of schemes, as 


claimed. 
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Lemma 5. Let o,: X S and a9: Y —— S' be two S-schemes such that 
their fiber product W = X xs Y with projections 


Gi ReV ==aX pee Rey ay 


exists. If X' C X and Y' CY, as well as S’ C S are open subschemes satisfying 
ai(X’) C S! and o2(Y') C S', then W' = pi '(X') MN py'(Y’) together with 
projections p',: W' ——» X' and p: W' ——+ Y’ induced from pi, po is a fiber 
product of X’ and Y' over S'. 


The proof is obvious. Just check the defining universal property for W’ by 
using the one of W =X xg Y. 


We are now able to carry out the proof of Theorem 3 on the existence of 
fiber products of schemes. To explain how we will proceed, assume for a moment 
that the fiber product X xs Y is known already: 


Choosing affine open coverings (X;)ier of X and (Y;)jey of Y, we see that 
(py '(X:) MN pa'(Y}))ierjey is an open covering of X xs Y. The members of this 
covering can be viewed in the light of Lemma 5 as fiber products of type 


Xi xg Yj =p, (Xp '(Y), te Ljed. 


Hence, if S' is affine, we conclude from Lemma 4 that (X; xg Yj)ierjey is an 
affine open covering of X xs Y. Furthermore, intersections of any two sets from 
this covering can be interpreted as fiber products of type 


(Xi Xv) Xs (YF Yp) = pp (Xi Xv) N py (Yi NY}) 
= (py'(Xi) Npy"(¥j)) 9 (pr (Xe) 1 pz" (¥5r)) 


and a similar interpretation is possible on triple overlaps. 

To actually prove the existence of the fiber product X xg Y, let us first 
assume that S is affine. Choosing affine open coverings (X;)ier and (Y;)jey of 
X and Y as above, the fiber products X; xs Y;,i € J, j € J, exist as affine 
schemes according to Lemma 4. Furthermore, applying Lemma 5, we can view 
the fiber products (X; 9 Xv) xg (Yj N Yj) for i,a’ € I and j,j’ € J as open 
subschemes of both X; xg Y; and Xv xg Yj. This yields gluing morphisms as 
required in 7.1/1; the cocycle condition follows from the universal property of 
fiber products by looking at triple overlaps. Hence, the fiber products X; x5 Y; 
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can be glued along the intersections (X;M Xj) xg (Y; M Yj) to yield a scheme 
X xs Y. Due to 7.1/2, the latter is canonically an S-scheme equipped with 
projections 

py: X Xg Y —+ X, po: X Xg Y —+Y 


extending the ones given on X; xg Y; for all 7 and 7. To check that X xs Y 
satisfies the universal property of a fiber product of X with Y over S, consider 
two S-morphisms f,: T —+ X and f,: T —— Y, as well as the open covering 
(Tij)ierjes Of T, where Tj; = fy '(X;) fy '(¥;). Then the universal property of 
the fiber products of type X; xs Y; and (X; 9 Xj) Xs (Yj N Yj) yields unique 
S-morphisms 


Tp Ke GY, «(OPE TG ES, 


that coincide on all intersections of the T;; and, thus, by 7.1/2, give rise to a 
unique S-morphism g: T ——+ X xs Y such that p,og = f, for v = 1,2. 

Finally, for an arbitrary base scheme S, choose an affine open covering 
(Si)ier of S. If the fiber product X xs Y exists, we see using notations as above 
that the fiber products 


a, 6S) XS; 6 (So=—o US:): 1eT, 
form an open covering of X xs Y, with the fiber products 
or (S M Si) X Sins, on (S; M Si) = a(S, M Si), 1, iE I, 


serving as intersections. Keeping this in mind, we can, indeed, get the existence 
of the fiber product X xs Y by gluing the fiber products 07 '(S;) xs, 07 '(S;) 
along the intersections 0; '(S;N Sir) X $08, a9 (5S, Si). 


Let us look a bit closer at the points of a fiber product X xg Y. First 
note that the universal property of fiber products just says that these products 
respect the formation of T-valued points, namely, 


(X xs ¥)(L) = X(T) x ¥(D) 


for S-schemes T; recall that X(T) = Homg(T, X) is called the set of T-valued 
points of an S-scheme X. However, such a nice behavior cannot be expected 
from ordinary points. Indeed, for any scheme X let |X| be the set of points 
of its underlying topological space. Since any morphism of schemes X ——+ S 
induces a map |X| ——~ |S], it is clear that, given two S-schemes X and Y, 
there is a canonical map 


X Xs Y|—+ |X| xjg) |¥]. 


We want to show that this map will not be injective in general. 
Let ¢ be a variable. Using the Chinese Remainder Theorem and the prop- 
erties of tensor products, there are canonical isomorphisms 
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R[C]/(C* +1) @e C ~ C[C]/(C? + 1) ~ Cle] /(¢ +4) x C[C]/(¢ -1) Cx CC, 


where C x C is viewed as a ring under componentwise addition and multiplica- 
tion. This ring contains precisely two prime ideals, namely the ideals generated 
by (1,0) and (0,1). Consequently, the fiber product Spec C xgpecr Spec C con- 
sists of two points. Since Spec R and Spec C are one-point spaces, the canonical 
map 

| Spec C Xgpecr Spec C| —+ |SpecC| X| spec} | Spec C| 


cannot be injective. 
Proposition 6. Let X and Y be S-schemes. Then the canonical map 

|X xs ¥| —+ |X| xis) IY] 
is surjective, but in general not injective. 
Proof. To show the surjectivity, consider a point (#,y) € |X| xjs) |Y|, hence 
points « € X, y € Y lying over a common point s € S. Furthermore, let 
Spec A Cc X and Spec B C Y be affine open neighborhoods of x and y that lie 


over an affine open neighborhood Spec R Cc S of s. Then there is the following 
commutative diagram 


R 


B 
for a maximal ideal m C k(x) ®,,s) k(y). Passing to spectra, the diagram 


Spec k(x) ———> X 


an ne 


Spec k(s) > 3 
“seal | 
Y 


Spec k(y) ——— 


yields an S-morphism Spec kK ——+ X x5 Y. Its image z € X xg Y is a point 
lying over x and y and, thus, is mapped to (x,y) € |X| Xj)5) |Y|. 


Corollary 7. Let f: X —— S be a morphism of schemes. For a point s € S' 
look at the canonical morphism Spec k(s) ——+ S' and the cartesian diagram 
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X xg Speck(s) + X 


f 


Spec k(s) ————+. $ 


attached to X xg Spec k(s) as a fiber product of X with Speck(s) over S. Then 
p induces a homeomorphism 


p: X xg Speck(s) “+ X,, 
where X, is the fiber f~'(s) of f over s. 


Proof. We know from Proposition 6 that p’ is surjective. To show that p’ is, in 
fact, a homeomorphism, we may assume by Lemma 5 that X and S are affine, 
say X = Spec A and S = Spec R. Now look at the map A —-+ A@prk(s) given 
by p: X Xg Speck(s) ——+ X; it is obtained by tensoring A with R —— k(s) 
over R. Then every element of A @z k(s) is of type a- b for some element a 
that admits a preimage in A and a unit b € A @pz k(s). Hence, it follows from 
6.2/6 that p induces a homeomorphism onto its image, which we have already 
recognized as f~'(s). 


Given a relative scheme in the form of an S-scheme X or a morphism of 
schemes X ——»+ S, we can look at its associated family of fibers (X,),<5, which 
are schemes over fields. We thereby get a quite good picture of the relative 
scheme X/S, although it must be pointed out that there are some constraints 
for families occurring in this way. Indeed, for “nice” morphisms X —— S' it 
can be observed that the structure of a fiber X, over some point s € S will 
have influence on neighboring fibers. In addition, a relative scheme X ——~+ S 
is by no means uniquely characterized by the family of its fibers X,, 5 € S'. For 
example, disregarding connectedness, we can consider the canonical morphism 
Ll.<5 Xs ——~ S as a relative scheme having same fibers as the previous one. 
Let us compute the fibers of an S-scheme in a simple case. 

Let Spec C[z, y] /(y? — 2x) be the curve that is given in AZ by the equation 
y” = 2x; the latter is isomorphic to Ag since C[x,y]/(y? — 2x) is isomorphic 
to C[y]. However, this curve can already be defined over Z by considering 
X = Spec Z[x, y]/(y? — 2x) as a Z-scheme. The spectrum of Z consists of the 
generic point 7 € Spec Z, which corresponds to the zero ideal in Z, and of 
the special points p € SpecZ that correspond to the principal ideals (p) Cc Z 
generated by primes p € N. Since k(7) = Q and k(p) = F, for primes p, we get 


X, = Spec Q[x, y]/(y’ — 2a) ~ Ag, 
X,» = SpecF,[2, y] /(y? — 2x) ~ Ap, for p # 2, 
X2 = Spec Fs[zx,y]/(y*) # Ap,. 
Next we want to derive some elementary categorical facts on fiber prod- 


ucts, which we will formulate for the category of schemes, but which have their 
counterparts (except for Remark 11) in any category admitting fiber products. 
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Remark 8. For every S-scheme X the projection X x5 S —+ X onto the first 
factor is an isomorphism. 


Proof. If T is an S-scheme and f: 77 —~+ X an S-morphism, then the diagram 
Beit 2 


shows that X satisfies the universal property of a fiber product of X and S over 
S considered as a common base. 


Remark 9. If f: X'’ —+ X and g: Y' —+Y are morphisms of S-schemes, 
then f and g induce an S-morphism f x g: X' x5 Y'—+ X xg Y. 


Proof. Use the diagram 


and the universal property of X xs Y. 


Remark 10. The fiber product is commutative and associative. More precisely, 
for S-schemes X,Y, Z there exist canonical isomorphisms 
XxX xs yY~ Y xs X, 
(X xs VY) xo Z —~-, X xs (Y xs Z). 


Proof. Use the universal property of fiber products. 


Remark 11. For m,n € N and any scheme S there are isomorphisms 


Ag ~ Az X Spec Z S, PO2 Pe X Spec Z S, 
m+n WY m n 
AS ed AS aS AS. 


Proof. Use the fact that every ring homomorphism R ——+ R’ induces canoni- 
cally an isomorphism of R’-algebras 


302 7. Techniques of Global Schemes 


Riti,---,tn] @R Ro > R[th,..., tn]. 
In particular, there is a canonical isomorphism 


Ricenstel @aReicn al A Bike taal 


Finally, we want to discuss the concept of base change for relative schemes, 
which generalizes the concept of coefficient extension known from rings and 
modules. The base change functor given by a morphism of (base) schemes 
yp: S’ ——+S§ associates to any S-scheme X an S’-scheme Xg, namely the 
fiber product Xg = X xg S", which is viewed as an S’-scheme under the projec- 
tion X xg S’ —+ S$". Furthermore, to any morphism of S-schemes f: X ——~ Y 
it associates the product morphism 


be Sf Sad gre: hg —— > Nigh; 


which is an S’-morphism. Also note that in the cartesian diagram 


p eae 
|, |» 
Gx ze 


characterizing Xs as the fiber product of X and S’ over S, the projection p’ is 
obtained from p via base change with y and the projection y’ from y via base 
change with p. 


Remark 12. Let vy: S’ ——+ S be a morphism of schemes. Then, using the 
above notations, 


Pris: Sch/S = Sch/S’ 
Rie 
i de! 


is a functor from the category of S-schemes to the category of S'-schemes, called 
the base change functor attached to the morphism y: S’ —+ S. 


Proposition 13. Let S” ——+ S’ and S’ —+ S be morphisms of schemes. 

(i) Base change is transitive, i.e. the composition of base change functors 
Fg: © F'grjg ts isomorphic to Fn )g. In particular, for any S-scheme X there 
is a canonical isomorphism 


(Xx aS io) xs! gv ™, X xg 8"; 


see 4.3/2 for a similar result on the level of rings and modules. 
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(ii) Base change is compatible with fiber products; i.e. for S-schemes X and 
Y there is a canonical isomorphism 


(Xx xs Y)s Ne Xs * 97 Yor “ 


Proof. Starting with assertion (i), write X’ = X xg S’ and X” = X' xg S”. To 
interpret X” as a fiber product of X and S” over S, we consider for S-morphisms 
u: T —+ X and v: T —~ S" the following commutative diagram with carte- 
sian squares 


ee eee a, 
where the morphisms y and w exist according to the universal property of fiber 
products. Indeed, y is a unique morphism such that 


oO 


flop=u, Tlop=oa"ov 
and, likewise, ~ a unique morphism satisfying 

f" ov=y, T'op=v. 
It follows that w satisfies 

fio f"ow=u, T"op=v 


and, furthermore, that ¢ is uniquely determined by the latter equations. Hence, 
X" is a fiber product of X and S” over S. Applying base change functors to 
morphisms we can proceed by a similar argumentation. 

The isomorphism in (ii) can easily be derived from (i). We have 


(Xx xg 9") xs? (Y Keo ae Xxe (Y xg SY) xy (X xs Y) x9 5" 


due to (i) and the associativity of fiber products by Remark 10. 


Exercises 


1. Let S’ —-- S$ be a morphism of schemes. Show for S’-schemes X, Y that there is 
a canonical morphism X xg, Y —+ X x ¢Y and that the latter is an isomorphism 
if S’ is an open subscheme of S via S’ —+ S. 


2. Let X, Y be relative schemes over some base scheme S$. Show for any Y-scheme 
T that the canonical map Homy(T, X xs Y) —+ Homs(T, X) is bijective. 
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3. Let X = Spec K[t1, t2]/(t3 — t#) be Neile’s parabola over a field K, as in 
Exercises 6.2/6 and 6.7/3. Determine the fibers of the canonical K-morphism 
Ak —> X. 


4. Consider the affine plane AZ = Ak Xspeck Ak together with the projections 
P1,p2: Ate Xspeck Aly ——+ A} onto its factors. Let 7 be the generic point 
of A}. and write Z = Pi (n) a Po '(n)- Thus, Z equals the fiber of the map 
Ak speck Aj] —+ |Ajc| X|specx| [Aj| over the point (7,7). Show that Z is 
canonically equipped with the structure of a K-scheme and that the latter is 
affine containing an infinity of points. 


5. Consider the canonical map |Aj, X speck Ak| —> |Ax| X|specK| [Aj] a8 in Ex- 
ercise 4, where now K is assumed to be algebraically closed. Show that the map 
is bijective if we restrict ourselves to closed points in Ak X Spec K Ak and Ak. 


6. Let f: X ——+ Y be a morphism of affine schemes. Show for an affine open 
subscheme V Cc Y that its preimage f—!(V) is affine as well. In particular, the 
intersection of two affine open subschemes in an affine scheme is affine. 


7. Let X —— S' be a surjective morphism of schemes. Show for any base change 
morphism S$” —-+ S$ that the resulting morphism X xg S$’ —+ S" is surjective. 
Thus, the surjectivity of scheme morphisms is stable under base change. 
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Let X be a scheme with structure sheaf Ox and U an open subset in X. Then 
U together with the sheaf Ox|y obtained from Ox by restriction to U is a 
scheme again, a so-called open subscheme of X, as we have already pointed out 
in Section 6.6. 

On the other hand, there is a canonical way to introduce closed subschemes 
of ascheme X. Namely, let A be a ring and a C A an ideal. Then the projection 
A —~ A/a induces a morphism of affine schemes 


Spec A/a ——~ Spec A 


and we know from 6.2/7 that the latter constitutes a homeomorphism from 
Spec A/a onto the closed subset V(a) C Spec A. Equipping V(a) with the struc- 
ture sheaf induced from A/a we get an affine scheme that we may call a closed 
subscheme of Spec A. We will see that this construction can be extended to 
arbitrary schemes X in place of Spec A if we start out from a quasi-coherent 
ideal Z C Ox replacing the ideal a C A. 

Finally, both notions of subschemes can be combined. If U ——+ X is an 
open subscheme of a scheme X and Z M+ U a closed subscheme of U, we 
arrive at a so-called locally closed subscheme Z —+ X. 


Definition 1. Let X be a topological space and Ox a sheaf of rings on X. 
An Ox-ideal is defined as a sheaf of Ox-submodules I C Ox, t.e. as a sheaf 
functor associating to every open subset U C X an ideal T(U) C Ox(U) in 
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such a way that the structure of Z(U) as an ideal in Ox(U) is compatible with 
restriction morphisms of I and Ox. 


Now let X = Spec A be an affine scheme. For any A-module M we have 
constructed in Section 6.6 the associated sheaf of Ox-modules M, the latter 
being given on basic open subsets D(f) C Spec A where f € A by 


M(D(f)) = My = M a Ay. 


Applying this construction to an ideal a C A, we see from 6.8/4 that the 
resulting Ox-module Z = a is a sheaf of ideals in Ox. Therefore, calling a sheaf 
of ideals Z on an arbitrary scheme X quasi-coherent if it is quasi-coherent in the 
sense of Ox-modules, the characterization 6.8/10 of quasi-coherent Ox-modules 
carries over to sheaves of ideals as follows: 


Theorem 2. Let X be a scheme and IT an Ox-ideal. Then the following con- 
ditions are equivalent: 
(i) Z is quasi-coherent. 
(ii) Every « € X admits an affine open neighborhood U C X such that Z\y 
is associated to an ideal in Ox(U). 
(iii) The restriction T|y to any affine open subscheme U C X is associated 
to an ideal in Ox(U). 


Also let us mention the counterpart of 6.8/7 for sheaves of ideals: 


Lemma 3. Let A be a ring and X = Spec A. Furthermore, let a be an ideal 
in A and I C Ox the sheaf of ideals associated to a. Then, for any affine open 
subscheme U = Spec B of X, the canonical map a ®, B —+ T(U) C B is 
bijective and, hence, Z|y is associated to the ideal aB C B. 


In the following consider a scheme X and a quasi-coherent ideal ZC Ox. In 
order to define the zero set of Z, look at any affine open subscheme U = Spec A in 
X. Then Zly is associated to some ideal a C A and, as explained in Section 6.1, 
we can look at its zero set Vy = V(a) C U C X, which is a closed subset in U. 
If U varies over all affine open subschemes of X (or just over the members of 
some affine open covering of X), the union of the Vi yields a well-defined subset 
V(Z) Cc X such that V(Z) NU = Vy for all affine open subschemes U C X. 
Indeed, if U = Spec A and U’ = Spec A’ are affine open subschemes in X and 
if Z is associated to the ideal a C A on U and the ideal a’ Cc A’ on U’, then 
Lemma 3 shows for every affine open subscheme U” = Spec A” C UN U’' that 
the sets Vy NU” and Vy, NU" coincide, as they coincide with V(a”), where a” 
is the ideal generated by a or, alternatively, a’ in A”. In particular, we see that 
V(Z) is closed in X, since there exists an open covering (U;)ic; of X such that 
V(Z) NU; is closed in U; for all i € J. 

The definition of V(Z) can be phrased in a more elegant way by passing to 
the quotient Ox /Z and by defining V(Z) as the support of this sheaf, namely, 
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V(Z) =suppOx/Z = {x € X; (Ox/Z), #0}. 


Let us show that, indeed, both definitions describe the same subset in X. Using 
the exactness of inductive limits (which is easy to obtain by a straightforward 
argument) we get 


(Ox/Z)z = Ox,2/Te = Ar/dAe 


if U = Spec A is an affine open neighborhood of x in X and Z|y is associated 
to the ideal a C A. Furthermore, A,/aA, = 0 is equivalent to aA; = A, = Ap,, 
hence to a ¢ pz, and therefore to x ¢ V(a). Consequently, we see that 


(supp Ox/Z) NU = V(a) 


and both definitions of V(Z) coincide. 

We want to equip V(Z) with a structure sheaf such that V(Z) becomes 
a scheme. If X is affine, say X = Spec A, we have already indicated how to 
proceed. Namely then Z is associated to an ideal a C A so that V(Z) = V(a). 
Since the canonical morphism Spec A/a ——+ Spec A induces a homeomor- 
phism Spec A/a —~+ V(a) by 6.2/7, we can transport the structure sheaf 
of Spec A/a to V(a) and thereby obtain an affine scheme Y with underlying 
topological space V(Z). If X is not necessarily affine, we cover it by affine open 
subschemes U C X and equip each V(Z) OU with the structure of an affine 
scheme Yy, as just explained. Then we can try to glue the affine schemes Yy 
to produce a global scheme Y. This functions well, as follows from the con- 
struction of the spectrum of a quasi-coherent Ox-algebra in Section 7.1. In- 
deed, using the easy part of 6.8/11, it is seen that Ox/TZ is a quasi-coherent 
Ox-algebra. Furthermore, the projection Ox ——+ Ox/T gives rise to a canon- 
ical morphism Spec Ox /Z —~ X = Spec Ox. The latter induces a homeomor- 
phism SpecOx/Z —~“+ V(Z), which corresponds on affine open subschemes 
U = SpecA C X to the canonical homeomorphism Spec A/a —~+ V(a) of 
6.2/7, assuming that Z|, is associated to the ideal a C A. Thus we can state: 


Proposition and Definition 4. Let X be a scheme and ZT C Ox a quasi- 
coherent ideal. Then: 
(i) The zero set V(Z) = supp Ox/T of T is closed in X. 
(ii) The quotient Ox/T is a quasi-coherent Ox-algebra. 
(iii) The canonical map Spec Ox /I —+ X gives rise to a homeomorphism 
SpecOx/Z —~+ V(Z). 
In particular, V(Z) can be identified with SpecOx/T and thereby is equipped 
with the structure of a scheme. Schemes of this type will be referred to as closed 
subschemes of X. 


There is a reverse construction showing that every closed subset of a scheme 
X occurs as the zero set of a quasi-coherent ideal in Ox. To explain this, consider 
a subset Y C X and look at the ideal Zy C Ox that on arbitrary open subsets 
U Cc X is given by the functor 


Ut— {he Ox(U); A(x) =0 for alla eY NU}. 
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The equation h(x) = 0 might be read in the residue field k(x) of x or can 
alternatively be interpreted as h|y/ (x) = 0, for any affine open neighborhood 
U' of x in U. We call Ty the vanishing ideal in Ox associated to Y. Clearly, 
for any affine open part U = Spec A in X, we have Zy(U) = I4(Y NU), where 
I, C A is the vanishing ideal in the sense of Section 6.1. 


Proposition 5. Let X be a scheme and Y C X aclosed subset. Then Zy C Ox 
is a quasi-coherent ideal satisfying V(Zy) = Y. In particular, Y can be equipped 
with the structure of the closed subscheme SpecOx/Ly of X in the manner of 
Proposition 4. We say that Y is provided with its canonical reduced structure. 


The term reduced structure alludes to the fact that the sheaf of rings Ox /Zy 
does not contain non-trivial nilpotent elements. Also note that in general an 
ideal Z C Ox satisfying V(Z) = Y is not fully characterized by this equation, 
since any positive power of Z has the same zero set as TZ itself. 


Proof of Proposition 5. It is enough to consider the case where X is affine, say 
X = Spec A. Then, being a closed subset of X, we know from 6.1/5 (ii) that Y 
equals the zero set of the ideal I[4(Y) C A. We claim that Zy is associated to 
this ideal and, hence, that Zy is quasi-coherent. Indeed, consider a basic open 
subscheme U = D(f) in X, where f € A. Then Y NU coincides with the zero 
set V(I4(Y)- Ay) of the ideal generated by I4(Y) in Ay. Hence, using 6.1/5 (i) 
and Lemma 6 below, we get 


Ia,(Y NU) = rad(I4(Y)- Ay) = rad(La(Y)) - Ay = Ia(Y)- Ay, 


which means Zy(U) = I4(Y)- Ay. This shows that Zy is associated to [4(Y) 
and, furthermore, that V(Zy) = Y. 


Lemma 6. Let A be a ring, a C A an ideal and f an element of A. Then we 
have rad(aAy) = (rad a) Ay. 


Proof. Since the formation of residue rings is compatible with localization, it is 
not hard to show that we may replace A by A/a and thereby assume a = 0. 
Then, trivially, we have rad(A)- Ay C rad(A,). To obtain the opposite inclusion, 
consider an element h € rad(Af), hence, h € Ay such that h” = 0 for some 
né€N. Ifh = 7 for some a € A and r € N, we get ¢ = 0 in Ay and there 
exists some s € N such that f*a” = 0 in A. This shows fa € rad(A) and 
therefore ia € rad(A) - Ay so that h € rad(A) - Ar. 


Definition 7. A morphism of schemes f: Y ——+ X is called an open (resp. 
closed) immersion if there exists an open (resp. closed) subscheme Y' of X such 
that f decomposes into the composition 


oe ae ios eran 4 


of an isomorphism Y —~+ Y’ and the canonical morphism Y' ——~ X. 
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Lemma 8. For an affine scheme X = SpecA and a morphism of schemes 
f: Y —~ X the following conditions are equivalent: 

(i) The morphism f is a closed immersion. 

(ii) The scheme Y is affine, say Y = Spec B, and the ring homomorphism 
yp: A —~+ B corresponding to f is surjective. 


Proof. If f is a closed immersion, there is a quasi-coherent ideal J C Ox 
such that f induces an isomorphism Y —~“+ SpecQOx/Z. Since X is affine, 
T is associated to some ideal a C A. It follows that SpecOx/Z ~ Spec A/a 
and, hence, Y are affine, say Y = Spec B. In particular, the homomorphism 
p: A—+ A/a —~> B is surjective. 

Conversely, let Y be affine, say Y = Spec B, and assume that the homo- 
morphism y: A ——~ B associated to f is surjective. Then, writing a = ker y, 
we see that y induces an isomorphism A/a —~+ B, and it follows that f fac- 
tors through an isomorphism Y —~“+ Spec A/a, where Spec A/a is viewed as 
a closed subscheme of X = Spec A. 


Proposition 9. For a morphism of schemes f = (f, f#): Y ——+ X the fol- 
lowing conditions are equivalent: 

(i) f is a closed immersion. 

(ii) For every affine open subscheme U C X, the morphism f—~'\(U) —-+ U 
induced from f is a closed immersion; by Lemma 8 the latter amounts to f~'(U) 
being affine and f#(U): Ox(U) —+ Oy(f-1(U)) surjective. 

(iii) There exists an affine open covering (U;)ier of X such that the morphism 
f-'(U;) —~+ U; induced from f is a closed immersion for every i € I; as before, 
the latter means f~'(U;) is affine and f#*(U;): Ox(U;) ——~ Oy(f-1(U;)) is 


surjective. 


Proof. Assume first that f is a closed immersion. Then there is a quasi-coherent 
ideal J C Ox such that f induces an isomorphism f’: Y —~+ Spec O,x/T. 
Now if U Cc X is an open subscheme, the ideal Z|y C Oy = Ox|y is quasi- 
coherent and f’ restricts to an isomorphism f~'(U) —“+ Spec Oy/(Z\v). 
Hence, f~'(U) —— U is a closed immersion, and the implication (i) ==> (ii) is 
clear. 

The implication (ii) => (iii) being trivial, it remains to verify the implica- 
tion (iii) => (i). For this it is enough to show that there exists a quasi-coherent 
ideal J C Ox satisfying Z(U;) = ker(f#(U;)) for alli € J. Indeed, f factors 
then through a morphism f’: Y ——~+ Spec Ox/T, followed by the canonical 
morphism Spec Ox /Z ——+ X, and we see from the assumption in (iii) that f’ 
is an isomorphism. 

To get hold of such a quasi-coherent Ox-ideal Z, look at the sequence 


Oe Oe 0: 


where f,Oy is the direct image sheaf given by the functor U ++ Oy(f~1(U)) 
for open subsets U C X (see 5.3) and Z the kernel of Ox ——~ f,(Oy). 
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Then, clearly, Z(U;) = ker(f#(U;)) for all i € I. Now observe that f,Oy is 
a quasi-coherent Ox-module by 6.8/10 since f,(Oy)|u, is quasi-coherent for ev- 
ery i € I; the latter follows from the assumption in (iii) in conjunction with 
6.9/4 since f~'(U;) ——+ U; is a morphism of affine schemes. Furthermore, we 
see from 6.8/4 that Z, as the kernel of a morphism between quasi-coherent 
Ox-modules, is quasi-coherent itself, as claimed. We could add that the mor- 
phism Ox ——~» f,Qy is an epimorphism and, hence, the above sequence is 
exact, although we do not really need this. 


Finally, we want to discuss locally closed subschemes of a given scheme X. 
To do this, recall that a subset Y of a topological space X is called locally 
closed if, for every y € Y, there exists an open neighborhood U(y) C X such 
that Y 9 U(y) is closed in U(y). In particular, Y is then a closed subset of the 
open subset U,cy U(y) C X. 
Definition 10. Let X be a scheme. A scheme Y is called a (locally closed) 
subscheme of X if there exists an open subscheme U C X such that Y is 
a closed subscheme of U. A morphism of schemes f: Y ——+ X is called a 
(locally closed) immersion if f induces an isomorphism Y —~+ Y’ to a locally 
closed subscheme Y' of X, i.e. if f decomposes into a composition of a closed 
immersion Y ——+ U and an open immersion U —+ X. 


It follows from Proposition 5 that every locally closed subset Y of a scheme 
X can be equipped with the structure of a locally closed subscheme of X. 


Proposition 11. Let f: Y ——~ X be a locally closed immersion of schemes 
and U an open subscheme of X such that f(Y) is a closed subset of U. Then 
f restricts to a closed immersion Y —+ U. 


Proof. In view of Remark 12 below we may assume that U is the largest open 
subscheme of X such that f(Y) is closed in U. Since f is a locally closed 
immersion, there is an open subscheme U’ C X such that f restricts to a closed 
immersion Y ——+ U’; then necessarily U’ C U. Now choose an affine open 
covering (U;)jcz of U such that U; Cc U' or U;N f(Y) = O for all i € J. This is 
possible since f(Y) is closed in U. Then f~!(U;) —~ U; is a closed immersion 
by Proposition 9 if U; C U’. On the other hand, if U;N f(Y) = @, the same is 
true because f~'(U;) = 0. Therefore it follows from Proposition 9 again that f 
induces a closed immersion Y ——+ U. 


Remark 12. The following conditions on a subset Y of a topological space X 
are equivalent: 

(i) Y is locally closed in X. 

(ii) There exists an open subset U containing Y such that Y is closed in U. 

If Y is locally closed in X, there exists a largest open subset U C X con- 
taining Y such that Y is closed in U. 
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Proof. If Y C X is locally closed, choose for each y € Y an open neighborhood 
U(y) C X such that YM U(y) is closed in U(y). Then U = U, cy U(y) is open 
in X and Y is closed in U. This establishes the implication (i) => (ii), the 
converse being trivial. 

If Y is locally closed in X, we consider the set U of all points x € X such 
that there exists an open neighborhood U(x) C X whose restriction YQ U(« 
is closed in U(x). Then, apparently, U is the largest open subset in X such that 
Y is closed in U. By the way, U = X —(Y —Y). 


Proposition 13. Open, closed, and locally closed immersions are preserved 
under composition and base change. 


Proof. Using 7.2/5 it is easily seen that open immersions are preserved under 
base change. The same is true for closed immersions in the affine case, due to 
the right exactness of the tensor product, and in the general case by applying 
Proposition 9. It follows that the case of locally closed immersions is clear as 
well. 

Next, it is obvious that the composition of two open immersions yields an 
open immersion again. The same is true for closed immersions of affine schemes 
and, using Proposition 9, also for closed immersions of general schemes. To 
show that locally closed immersions are preserved under composition, look at a 
composition of morphisms 


7 %,y fx 


It is enough to consider the case where g is an open immersion and f a closed 
immersion. Then g(Z) is open in Y with respect to the topology induced from 
X and, hence, there is an open subscheme X’ C X such that g restricts to an 
isomorphism Z —~+ YX’. Thereby we get a decomposition 


eget Se VAX See 
where f’ is obtained from f via the base change X'—+ X and, hence, is a 


closed immersion. It follows that fog is the composition of a closed immersion 
followed by an open immersion and therefore is a locally closed immersion. 


Finally, let us add a local characterization of immersions without giving a 
proof; see EGA [11], I, 4.2.2. 


Proposition 14. Let f: Y ——~ X be a morphism of schemes. 
(i) f is an open immersion if and only if f yields a homeomorphism of Y 
onto an open subset in X and he Ox. fy) —> Oyy is bijective for ally EY. 
(ii) f is a closed (resp. locally closed) immersion if and only if f yields 
a homeomorphism of Y onto a closed (resp. locally closed) subset of X and 
i Ox. f(y) —> Oyy is surjective for all y EY. 
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Exercises 


1. Characterize all subschemes of the affine line A}, over a field K. In particular, 
show that every subscheme of AL is open or closed, a fact that does not extend 
to affine n-spaces of higher dimension. 


2. Give an example of a scheme X and of an ideal sheaf ZC Ox where Z is not 
quasi-coherent. Hint: Use extension by zero, as introduced in Exercise 6.9/10. 


3. Let F be an Ox-module on a scheme X. Define the annthilator of F as the 
kernel Z of the sheaf morphism Ox ——+ Homo, (F,F) that associates to a 
section f € Ox(U) on an open subset U C X the multiplication by f on F|y; see 
Exercise 6.5/7 for the definition of Hom sheaves. Show that Z is an ideal in Ox 
and that the latter is quasi-coherent if F is quasi-coherent and locally of finite 
type. Hint: Reduce to a problem on modules over rings and proceed by induction 
on the number of generators. 


4. Monomorphisms: A morphism 1: X’——+ X in some category € is called a 
monomorphism if two €-morphisms f,g: T ——+ X’ coincide as soon as to f = Log. 
(a) Characterize monomorphisms in the category of sets, resp. groups, resp. rings, 
resp. modules. 


(b) Show that immersions are monomorphisms in the category of schemes. 


(c) Give an example of a scheme morphism that is a monomorphism but not an 
immersion. Hint: Look at morphisms of type Spec Ag ——+ Spec A for a ring A 
and a multiplicative system S C A. 


5. Let X ——+ S be an immersion of schemes. For any point s € S, determine the 
fiber X, of X over s. 


6. Give an example showing that the fiber X, of a relative scheme X ——+ S over 
a point s € S is not necessarily a subscheme of X. 


7. Inverse images of subschemes: Consider a scheme X together with a subscheme 
Z Cc X. Show for any scheme morphism f: Y —-> X that the preimage f~!(Z) 
admits a canonical structure as a subscheme of Y. If Z is an open, resp. closed, 
resp. locally closed subscheme in X, the same is true for f~!(Z) as a subscheme 
of Y. 


8. Reduced schemes: A scheme X is called reduced if the ring Ox(U) is reduced for 
all open subsets U Cc X. Show: 


(a) X is reduced if it can be covered by affine open subschemes of type Spec A 
where A is reduced. 


(b) There exists a unique closed subscheme Xyeq C X that is reduced and point- 
wise coincides with X. In terms of topological spaces, the canonical morphism 
Xted ——> X is a homeomorphism. 


(c) Every morphism T —-+ X from a reduced scheme T factors uniquely through 
Xeed: 

(d) Every morphism of schemes f: X ——+ Y gives rise to a unique morphism 
frea: Xrea ——> Yreq Such that the obvious diagram is commutative. 
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Given a relative scheme X over a base scheme S,, we can consider the diagonal 
morphism A: X X xg X, which is characterized by the fact that the 
composition p;o A: X ——+ X with each projection p,,p2: X xs X —+ X is 
the identity morphism. The image A(X) is called the diagonal in X x5 X. 

Note that a morphism of S-schemes y: T ——+ X xg X factors through the 
diagonal morphism A: X X xg X if and only if p, oy = poo y, since 
then Ao pj oy = Ao po oy coincides with y, as can be checked by composing 
both morphisms with the projections p;,p2. On the other hand, the condition 
that p, o y coincides with p20 y on all points t € T is not sufficient for such a 
factorization. For example, view Spec C as a relative scheme over Spec R. Then, 
as we have seen in Section 7.2, the fiber product Spec C Xgpecr Spec C consists 
of two points and, hence, the diagonal morphism 


A: SpecC ——> SpecC Xgpecr Spec C 


will not be surjective. Therefore the identity map y = id on the fiber product 
Spec C Xgpecr SpecC cannot be factored through the diagonal morphism A, 
although we have (p; cid) (t) = (p20id)(t) for all points t € Spec C X gpecr Spec C, 
due to the fact that Spec C is a one-point space. In particular, for an arbitrary 
S-scheme X, we observe that the obvious inclusion 


A(X) c {2 € X xg X; pi(z) = pra(z)} 
will not be an equality in general. 


Proposition 1. For any relative scheme X over a base scheme S,, the diagonal 
morphism A: X ——+ X xg X is a locally closed immersion. If X and S are 
affine, then A is even a closed immersion. 


Proof. To begin with, let X and S be affine, say X = Spec A and S = Spec R. 
Then the structural morphism X ——+ S corresponds to a ring homomorphism 
R — A, which equips A with the structure of an R-algebra. Since the diagonal 
morphism A corresponds to the multiplication morphism 


A@rA— A, a®bt— ab, 


which is surjective, we see from 7.3/8 that A is a closed immersion. 

If X is not necessarily affine, consider a point « € X, as well as an open affine 
neighborhood U Cc X of x such that U lies over some affine open subscheme 
S’ c S. Then we know from 7.2/5 that U xg U is an open subscheme of 
X xs X satisfying Ay'(U xs U) = U. Furthermore, the diagonal morphism 
Ay: U —+ U xs U is a closed immersion by the special case just dealt with. 
Hence, if x varies over all points of X, the commutative diagram 
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Au 


U xo U 
Ax 


| 


shows that Ay is a locally closed immersion. 


X Xo X 


Definition 2. Let f: X —— S be a morphism of schemes. Then f is called 
separated if the diagonal morphism A: X ——+ X xg X is a closed immersion. 
A relative S-scheme X is called separated if the structural morphism X ——~ S 
is separated. Furthermore, an absolute scheme X is called separated if it is 
separated as a Z-scheme. 


Proposition 3. An S-scheme X is separated if and only if the image A(X) of 
the diagonal morphism A: X —+ X xg X is closed in X xg X. 


Proof. Use the fact that A is a locally closed immersion by Proposition 1 and, 
thus, a closed immersion by 7.3/11. 


Recall that a topological space X is said to satisfy the Hausdorff separation 
axiom if any different points x,y € X admit disjoint open neighborhoods in X; 
the latter is equivalent to the fact that the diagonal is closed in the cartesian 
product X x X with respect to the product topology. Hence, although schemes 
do not satisfy the Hausdorff separation axiom in general, the notion of separat- 
edness on schemes may be viewed as an adaptation of this axiom to the scheme 
case. 


We can conclude from Proposition 1: 


Remark 4. Let f: X —— S be a morphism of affine schemes. Then f is 
separated. 


Proposition 5. Let X be a relative scheme over an affine base S = Spec R and 
let A: X X xg X be the corresponding diagonal morphism. Then, for a 
given affine open covering (Xi)ier of X, the following conditions are equivalent: 


(i) X is separated over S. 
(ii) For all i,j € I, the diagonal morphism A induces a closed immersion 
KOK ee he 
(iii) For all i,j € I, the intersection X;M X,; is affine and A induces a 
surjection Ox(X;) @r Ox(X;) —+ Ox(Xi 0. X;). 


Proof. Using 7.2/5 we see that (X; xs X;)i,jer is an affine open covering of 
X xg X satisfying A7'(X; xs X;) =X; X;. Now apply 7.3/8 and 7.3/9. 
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Corollary 6. Let S be an affine scheme and X a separated S-scheme. Then, if 
U and V are affine open subschemes of X, the intersection UNV is an affine 
open subscheme of X as well. 


Proof. It follows from condition (ii) of the above proposition that the diagonal 
morphism A: X —~+ X x¢X restricts to a closed immersion UNV —+ UxsV. 
Since U, V, and S are affine, the fiber product U xg V is affine by 7.2/4. 
Therefore UM V is affine by 7.3/8. 


We want to give an example of an S-scheme X over an affine base S' for 
which the conclusion of Corollary 6 cannot be obtained. In particular, X cannot 
be separated then. To construct such a scheme, look at the affine n-space A 
over some field AK and assume n > 2. Let 0 € Aj be the origin, i.e. the point 
given by the maximal ideal (t,,...,t,) C A[ti,...,t,n]. Now glue two copies 
of A}, by identifying the open subschemes A — {0} C At via the identity 
morphism id: AX — {0} - Ak — {0}. Thereby we obtain a K-scheme X 
admitting an affine open covering by two copies X,, X9 of Aj. In fact, we may 
interpret X as the affine n-space over K with a double origin. Then X,M X29 
coincides with A% — {0} and the latter is not affine for n > 2. Indeed, we have 
A — {0} =U, D(ti) and 


() elteexgellley l= Kites cattal 
i=1 


for n > 2. This shows that the restriction morphism 
Onn (Ak) —* Ogn (A — {0}) 


is bijective and, hence, that A% — {0}, being strictly contained in A%, cannot 
be affine. 

Next, let us derive some criteria and properties for separated morphisms; see 
also 9.5/17 for the valuative criterion of separatedness. First, we can conclude 
from 7.3/9 that the separatedness can be tested locally on the base: 


Proposition 7. Let f: X ——~ S be a morphism of schemes and (Si)ier an 
open covering of S. Then the following conditions are equivalent: 

(i) f is separated. 

(ii) The morphism f~'(S;) —+ S; induced from f is separated for alli € I. 


Later in 9.5/1 a morphism of schemes f: X ——+ S will be called affine 
if there exists an affine open covering (S;)je7 of S such that f~1(S;) is affine 
for all i € I. Alternatively, we may require that the preimage f~'(S’) of any 
affine open subscheme S” C S is affine again; see 9.5/3. The link between both 
definitions is provided by 6.8/10. Indeed, if A is a quasi-coherent Os-algebra, 
the canonical morphism Spec A ——~ S is affine and one can show a converse: 
if f : X ——- S is an affine morphism of schemes, the direct image f,Ox is a 
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quasi-coherent Os-algebra and X is canonically isomorphic to Spec f,Ox; see 
also Exercise 7.1/5. Using the notion of affine morphisms, we can conclude from 
Proposition 7 in conjunction with Remark 4 the following assertion: 


Corollary 8. Affine morphisms and, in particular, morphisms of affine schemes, 
are separated. 


Proposition 9. Let S be an affine scheme and f: X ——~ S a morphism of 
schemes. Assume that for any points s € S and x,y € f~+(s) there is always 
an affine open subscheme U C X such that x,y € U. Then f: X —— S is 
separated. 


Proof. Our assumption implies that X xs X admits a covering by affine open 
subschemes of type U x 5U where U is affine open in X. Indeed, consider a point 
z€XxgX with projections x,y € X. Then these points lie over the same point 
s € § and, by our assumption on the fiber f~'(s), we can find an affine open 
subscheme U C X containing both, x and y. It follows that UxsU C X x5 X 
is an affine open neighborhood of z and, using Remark 4, that the diagonal 
embedding A: X ——+ X xg X restricts to a closed immersion U —+ U xg U. 
Covering X xg X by affine open subschemes of type U xs U, we conclude from 
7.3/9 that A is a closed immersion. Consequently, X is separated over S. O 


Corollary 10. Let f: X —~ S be a morphism of schemes such that the under- 
lying map of topological spaces is injective. Then f is separated. In particular, 
every immersion of schemes is separated. 


Let us give some applications of separated morphisms. 


Lemma 11. Let o,: X ——~ S and o2: Y —— S be schemes over some base 
scheme S. Then, for every morphism of schemes S ——+ T, the canonical dia- 
gram 


ceo Gs fee ee 


oO 01X02 


(a 


is cartesian. 


Proof. Let us write 


eX SAY — 2. 2g ey Oy 
q,: X xr Y —+ X, dy: X Xr Y —+Y, 


as well as p1, po: S x7 S ——+ S for the canonical projections. To check that the 
above diagram is commutative, observe that the compositions 


p19 (0, X o2)0T =910N, p29 (01 X 02)9T = 029% 
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coincide with the structural morphism 0: X xs Y ——+ S and that this yields 
the desired commutativity relation (0) x 02)0T = As;roa. 
Next, to show that the diagram is cartesian, look at a scheme Z and mor- 
phisms 
fi: Z — X xr, fo: Z— S 


such that (01 X 02) 0° fi = Agro fo. Then we get 


o10N° fi =p, ° (a1 x J2) 0 fy =p, ° Agr ° fo = fo 
= p20 Agyr o fz = p20 (a1 X 02) 0 fr = 029950 fi. 
Therefore the compositions qj o f; and gj 0 f; are S-morphisms and, using the 
universal properties of fiber products, these induce a well-defined S-morphism 
LEZ X Xs Y such that ro f = fi and ao f = fo. Furthermore, f is 
uniquely determined by the latter relations, since the compositions q, o f and 


q2 © f are uniquely determined as the compositions of f, with the projections 
of the fiber product X x7 Y onto its factors X and Y. 


Corollary 12. The morphism 7: X xsY —+ X x7rY of Lemma 11 ts a locally 
closed immersion. If S ——+ T is separated, T is even a closed immersion. 


Proof. Immersions and especially closed immersions are stable under base 
change; see 7.3/13. 


Proposition 13. Let S be a base scheme and f: X + Y an S-morphism. 
Then the graph morphism I'y: X ——> X xs Y given by id: X ——> X and 
f: X —-Y is an immersion, even a closed immersion if Y is a separated 
S-scheme. 


Proof. We consider the cartesian diagram 


De aa ety le ee 


| | 


Y YxsY 
obtained in the situation of Lemma 11 by taking for a2: Y —— S the identity 


morphism on Y = S and by replacing T by S. Then the assertion follows from 
Corollary 12. 


Corollary 14. Let f: X + S be a morphism of schemes and ¢: S —+ X 
a section of f, t.e. a morphism satisfying foe = idg. Then € is an immersion, 
even a Closed immersion if f is separated. 


Proof. Viewing X as an S-scheme under f, we can say that a section ¢ of f is 
just an S-morphism ¢: S ——+ X. Then Proposition 13 applied to the morphism 
€ shows that 

Det S— S$ xs xX 
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is a locally closed immersion, and even a closed immersion if X is a separated 
S-scheme. However, I coincides canonically with ¢€ in our situation. 


Proposition 15. (i) The composition of two separated morphisms is separated 
again. 

(ii) For separated morphisms of S-schemes f: X —+ Y and f’: X' —+Y', 
their fiber product f x f': X xs X' —+Y xg Y’ is separated as well. 

(iii) Separated S-morphisms are stable under base change. 

(iv) Let f: X —+Y and g: Y ——~ Z be morphisms of schemes. If go f 
is separated, the same applies to f. 


Proof. Starting with assertion (i), look at the cartesian diagram in Lemma 11 for 
X =Y. Then if S —— T is separated, the upper row of the diagram is a closed 
immersion by Corollary 12. Now if the diagonal morphism X ——+ X xg X is 
a closed immersion, the same is true for the composition 


X — > X Xg X —+ X xp X 


by 7.3/13 and we see that X 
S —— T have this property. 

Assertion (ii) can be derived from (i) and (iii). To obtain (iii), look at 
a separated morphism X ——+ S and a base change morphism S’ ——+ S. 
Then, using 7.2/13 and applying the base change to the diagonal morphism 
X —+ X xg X yields a morphism 


XxX xg 5) > (X x5 X) xg S = (X xs iS) xg (X xs BY); 


S ——+ T is separated if X ——+ S' and 


which is a diagonal morphism again. Since closed immersions are stable under 
base change by 7.3/13, we are done. 
To settle (iv), look at the decomposition 


Ey enon gen Gg 


where I; is the graph morphism (viewing f as a Z-morphism) and p2 the pro- 
jection onto the second factor. We know from Proposition 13 that I’ is a locally 
closed immersion. Even better, being injective it is separated by Corollary 10. 
Furthermore, pp may be viewed as a fiber product of go f over Z with the 
identity on Y, the latter viewed as a Z-scheme via g. Hence, po is separated 
by (ii). But then, as a composition of two separated morphisms, f is separated 


by (i). 


Corollary 16. If X is a separated scheme (over Z), then any morphism of 
schemes X ——+ Y is separated. 


Exercises 
1. Show that a scheme morphism f: X ——~ S is a monomorphism (see Exer- 
cise 7.3/4) if and only if the diagonal morphism A: X ——+ X xg X is an iso- 
morphism. In particular, monomorphisms are separated. 
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2. 


3. 
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Show that the projective n-space P, over any ring FR is separated. 


For two S-morphisms f,g: T ——~ X on some base scheme S consider the fiber 
product T x(x xx) X with respect to the morphisms (f,g): T——+ X xg X 
given by f,g and the diagonal morphism A: X ——+ X xg X; it is called the 
coincidence scheme for f and g. Show: 


(a) The projection onto the first factor 1: T x(x x,x) X ——+ T is a locally 
closed immersion satisfying the following universal property: Every S-morphism 
yp: Z —+ T such that foy=goy admits a unique factorization through v. 
(b) 4 is a closed immersion for all S-schemes T and all S-morphisms f,g if and 
only if X is a separated S-scheme. 


(c) In particular, assume that X is separated over S, that T is reduced (see 
Exercise 7.3/8), and that f coincides with g on a dense open subscheme U Cc X. 
Then the morphisms f and g coincide on X. 


. Consider gluing data for schemes, namely schemes X; for i varying over some 


index set I, as well as open subschemes X;; C X; together with isomorphisms 
pij: Xij —+ Xj; for i,j € I such that conditions (a), (b) of 7.1/1 are satisfied. 
Give a necessary and sufficient condition on the gluing data assuring that the 
scheme X obtained from gluing the X; via the intersections X;; is separated. 


. Let X be an S-scheme, for some base scheme S. The separatedness of X cannot 


be tested locally on X. But show that the disjoint union of separated S-schemes 
is separated. 


. Let f: X —+ S be a morphism of schemes and consider closed subsets X; C X 


and S; C S such that f(X;) C S;, where 7 varies over a finite index set J. Equip 
all sets X; and S; with their reduced structures so that f induces morphisms 
fi: X; —~ S;, i € I, and assume that the X; cover X. Show that f is separated 
if and only if all f;, 7 € J, are separated. 


7.5 Noetherian Schemes and their Dimension 


The notion of dimension of a scheme X is based on the length of chains of 
closed irreducible subsets in X. Recall from 6.1/13 that a topological space X 
is said to be irreducible if it is non-empty and cannot be decomposed into a 
union X = XU X2 of two proper closed subsets X1, X2 ¢ X. Let us start with 
the following useful observation: 


Remark 1. Let X be an irreducible topological space and U a non-empty open 
subset of X. Then U is dense in X and irreducible. 


Proof. It follows from 6.1/14 (iii) that U is dense in X. Furthermore, consider a 
decomposition U = Z, U Z> into relatively closed subsets Z; and Z2 of U. This 
implies X = Z,UZy, and we see that Z, = X or Z, = X since X is irreducible. 


But then Z; = Z; NU =U for i = 1 or 2 and U is irreducible. 
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As we know from 6.1/17 for affine schemes X = Spec A, the map « +> {x} 
defines a bijection between X as a point set and the set of its irreducible closed 
subsets. We want to generalize this fact to arbitrary schemes. 


Proposition 2. Let X be a scheme. Then the map 


ox ee closed 


subsets of X \ - {x}, 
is bijective. 


Proof. First, observe that for any x € X its closure {x} is irreducible and, 
hence, that the map @ is well-defined. Indeed, if {x} = Z, U Z, for closed 
subsets 21, Z2 C {x}, we must have x € Z, or x € Z and, therefore, {a} =2Z 
or {x} = Zp. 

Now let Z be an irreducible closed subset in X and choose an affine open 
subscheme U C X meeting Z. Then the bijectivity of @ can be obtained by 
applying 6.1/17 to the closed subset ZN U of the affine scheme U, where ZU 
is irreducible and dense in Z by Remark 1. Indeed, by 6.1/17 there exists a 
point x that is dense in ZU, and we get Z = {x} since ZU is dense in Z. 
On the other hand, if x,x’ are two points that are dense in Z, we must have 
xz,x’ € ZOU and therefore x = x’ by 6.1/17. This shows that the map @ is 
bijective. 


In particular, we see that any irreducible closed subset Z of a scheme X 
admits a unique point z satisfying {z} = Z. As in Section 6.1, z is called the 
generic point of Z, whereas the points of its closure {z} (including z itself) 
are referred to as the specializations of z. Using Zorn’s Lemma, one shows that 
any scheme X admits maximal irreducible subsets; they are necessarily closed. 
These subsets cover X and are referred to as the irreducible components of X. 
The associated generic points are called the generic points of X. 


Definition 3. A scheme X is called locally Noetherian if each point « € X 
admits an affine open neighborhood U C X whose ring of global sections Ox(U) 
is Noetherian. If, in addition, X is quasi-compact, it is called a Noetherian 
scheme. 


It is clear that open or closed subschemes of locally Noetherian schemes are 
locally Noetherian again. Furthermore, we want to show that the property of 
an affine scheme to be (locally) Noetherian is equivalent to the fact that its ring 
of global sections is Noetherian. 


Proposition 4. An affine scheme X = Spec A is Noetherian if and only if its 
ring A is Noetherian. 
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Proof. The if part of the assertion is trivial. Therefore assume that X is Noethe- 
rian. Then X admits a finite covering by affine open subschemes U; = Spec Aj, 
i =1,...,n, where each A; is Noetherian. To show that A itself is Noetherian, 
look at some ideal a C A and let Z be the associated ideal in Ox. Then the 
restriction Z|y, is associated to the ideal aA; C A; by 7.3/3, and the latter is 
finitely generated since A; is Noetherian. But then a is finitely generated by 
6.8/13. 


Proposition 5. Any Noetherian scheme X consists of finitely many irreducible 
components. 


Proof. Let us first consider the case where X is affine, say X = Spec A. Then 
A is Noetherian by Proposition 4 and we see from 6.1/17 that the irreducible 
components of X correspond bijectively to the minimal prime ideals in A. It is 
known that the number of such ideals is finite in a Noetherian ring; just apply 
2.1/12 to the zero ideal in A. 

To give a more direct argument in the case of a Noetherian affine scheme 
X = Spec A, let M be the set of all non-empty closed subsets Z C X that cannot 
be written as a finite union of irreducible closed subsets of X. If M is non-empty, 
Zorn’s Lemma in conjunction with the Noetherian property shows that there 
exists a minimal element Z € M. Indeed, any descending chain Z, > Z,D... 
of elements in M must become stationary, as by 6.1/7 it is equivalent to an 
ascending chain of reduced ideals in A, i.e. of ideals that coincide with their 
radicals. Then Z cannot be irreducible and there are proper closed subsets 
Zeo GC Z such that Z = Z,U Z. Now Z, and Z, do not belong to M and 
therefore are finite unions of irreducible closed subsets in X. Consequently, the 
same is true for Z, which, however, is in contradiction with Z € M. Therefore 
M must be empty and we see that X itself is a finite union of irreducible closed 
subsets. Furthermore, Proposition 2 shows that all irreducible components of 
X occur as members of this union and, hence, that their number is finite. 

Now, let us look at a general Noetherian scheme X. Then we can use its 
quasi-compactness in order to find a finite affine open covering (U;);er of X. 
Combining Remark 1 with the affine case, there are only finitely many irre- 
ducible components of X meeting each U;. Thus, the number of irreducible 
components of X must be finite. 


Finally, we want to discuss the dimension of schemes, a notion based on 
the dimension of topological spaces. To compute such dimensions, one relies on 
the Krull dimension of rings, which we recall below; for more details on the 
dimension of rings see Section 2.4. 


Definition 6. For a topological space X, the supremum of the lengths n of 
chains of irreducible closed subsets 


Xp EXE... EG Xn CX 
is denoted by dim X and is called the dimension of X. 
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The local dimension of X at a point x € X, denoted by dim, X, is given 
by the infimum over all dimensions dimU where U is an open neighborhood of 
xin X, 

For a ring A, the supremum of the lengths n of chains 


fe Pr Gu Spy CA, 


where the p; are prime ideals in A, is denoted by dim A and is called the dimen- 
sion of A. 
The dimension is also referred to as the Krull dimension of X or A. 


For example, we see from 6.1/17 that the dimension of an affine scheme 
X = Spec A equals the dimension of its ring of global sections A. In particular, 
the polynomial ring K[t,,...,t,] in n variables over a field K is of dimension n 
(see 2.4/16) and the same is true for the affine n-space Aj. From this one easily 
concludes that the projective n-space P%, as introduced in Section 7.1, is of 
dimension n as well. Also note that by convention the supremum over an empty 
family of integers is —oo. This way the zero ring and the empty topological 
space are said to have dimension —oo. 


Definition 7. For a topological space X and an irreducible closed subset ZC X, 
the supremum of the lengths n of chains 


where the X; are irreducible closed subsets of X, is denoted by codimy Z and 
is called the codimension of Z in X. 
For a ring A and a prime ideal p C A, the supremum of the lengths n of 
chains 
Po Sh S...S Pr=pca, 
where the p; are prime ideals in A, is denoted by htp and is called the height 
of p. 


For an affine scheme X = Spec A and an irreducible closed subscheme 
Z Cc X it follows from 6.1/17 again that codimy Z = ht p, where p = I(Z) is 
the prime ideal in A associated to Z. Furthermore, one knows that the dimension 
of any Noetherian local ring is finite (see 2.4/8) and that the height of any prime 
ideal p in a Noetherian ring is finite as well (see 2.4/7). From this one easily 
deduces that the codimension of any irreducible closed subscheme Z in a locally 
Noetherian scheme X is finite. 


Exercises 


1. A topological space X is called Noetherian if every descending sequence of closed 
subsets X D Z, D Zo D ... becomes stationary. Show for a scheme X that 
its underlying topological space is Noetherian if X is Noetherian, but that the 
converse is not true in general. 
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Show that a topological space X is Noetherian (see Exercise 1) if and only if each 
open subset in X is quasi-compact. 


Let X be a scheme whose underlying topological space is Noetherian; see Exer- 
cise 1. Show that X contains a closed point. 


Let F be a quasi-coherent Ox-module on a locally Noetherian scheme X. Show 
that F is coherent if and only if it is locally of finite type. 


Let X be a locally Noetherian scheme. Show that the set of points x € X where X 
is reduced (resp. integral) in the sense that the stalk Ox, satisfies rad(Ox,2) = 0 
(resp. is an integral domain) is open in X. Hint: Use Exercise 6.8/7. 


For any scheme X prove dim X = sup,¢x (dim Ox,z). 


For a discrete valuation ring R, i.e. a principal ideal domain that is a local ring, 
consider the scheme S' = Spec R. Determine the dimension dim S as well as the 
local dimension dim, S for all points s € S. Do the same for the affine n-space A% 
and the projective n-space P%. Hint: View A% and Pj as relative schemes over S 
and look at their fibers. 


7.6 Cech Cohomology 


Consider a topological space X and an open covering L = (U;)ier of it. Further- 
more, let us fix a presheaf F, say of abelian groups, on X. Setting 


Oreestq 


for indices 79,...,i, € I, we define the group of q-cochains on LU with values in 
F by 


C4, F) = II FU ge): 


10 ye--yhqg EL 


A cochain g € C4(L, F) is called alternating if 


Dino) este (q) sgn(7) * Digy sig 


for any indices ip,...,7g € J and any permutation a € G4, (or, equivalently, 


for 


t0,-- 


any transposition  € Gg41) and if, furthermore, g;,..;, = 0 for indices 
.,%q that are not pairwise distinct; G,41 is the symmetric group of index 


q+ 1. The alternating qg-cochains form a subgroup C4(U, F) of C4(U, F). 


There is a so-called coboundary map 


d?: C4(S, F) —+ C™ (4, F), 


given by 


q+1 


(OG os cy = SY Gigecy eas Vig,.igh1? 
j=0 
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which satisfies d!t o d? = 0 and maps alternating cochains into alternating 
ones, as is easily verified by looking at transpositions of index tuples (i; means 
that the index 7; is to be omitted). Thus, we obtain a complex 


OO OU ye ee ornee 


which is called the complex of Cech cochains on S with values in F. In short, it 
is denoted by C*(L, F). Similarly, there is the complex 


= OOF EOF) ee Fee: 


of alternating Cech cochains on St with values in F, denoted by C* (LU, F). As- 
sociated to these complexes are the Cech cohomology groups 


H4(U, F) = ker d?/imd™?, 
H4(M, F) = ker d?/imd?", 


which are defined for g € N (set d~! = 0 and dz! = 0). There is a canonical 
homomorphism 


e: F(X) —+ C°(“,F) =C°,F), gh -(g 


U; ier 


called the augmentation morphism. It leads to the so-called augmented Cech 
complexes 


OCF) 2 Oo Oe ea) we 
O— FX) 2 OCF) UF) Ss CU Fees 


Note that in case F is a sheaf, the augmentation morphism ¢ yields an isomor- 
phism 

F(X) + Ayu, F) = HUY, F). 
In particular, we see that the Cech cohomology groups of level 0 do not differ 


when working with all cochains or merely with alternating ones. This phe- 
nomenon extends to higher cohomology groups as follows: 


Lemma 1. Let F be a presheaf on a topological space X and Lt an open covering 
of X. Then the inclusion v: C*(U, F) —+ C*(U,F) induces isomorphisms of 
cohomology groups 


AUF) + HLF), GEN. 


Proof. We will construct a complex homomorphism p: C* (LU, 7) —+ Ce(U, F) 
such that pov is the identity on C%(U, F) and cop is homotopic to the identity 
on C*(M, F) in the sense of 5.4/1. This will imply the assertion. 

Digressing for a moment, we consider the sequence 
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where F;, is the free Z-module generated by J*+!, namely 
Fy= @ Z-(io,-..+%q), 


and where dg: Fy ——+ Fy-1 for q > 0 is the Z-linear map given by 


qd 
lg tohste sig) = CLP ngs os Ipaerssstg 


j=0 


Since dg 0 dj4; = 0, the modules F, and maps d, constitute a complex F, of 
Z-modules. Calling a Z-linear map vy: F,, —— F, between two modules of F, 
simplicial if 


gion sin)€ = SD Zs Gaye 5s) 


for all %o,...,2, € J, it is clear that all maps d, are simplicial. 

Now fix a total ordering on J. Then we can define simplicial homomorphisms 
Yq: fy —> Fi as follows. Let ig,...,7, € I. If the indices are not pairwise differ- 
ent, set Yg(io,...,%) = 0. Else there is a unique permutation 7 of ig,...,%q such 
that in(9) < inti) < --. <tg(q), and we set Yq(ip,--- 54g) = (SENT) (tn(0)5- + - » tx(q))- 
It is easily seen that the y, constitute a complex homomorphism F', —— F,,. 
We want to show that there is a simplicial homotopy A in the sense of 5.1/3 
between y and the identity map id. 

To achieve this, we construct by induction simplicial homomorphisms 
hg: Fg ——> Foi, ¢ = 0, such that 


Yq 7 idg = Ng-1 ° dq + da41 ° hg. 


Since yo — ido is the zero map, we can start with h_; = 0 and ho = 0. If hg-1 is 
already constructed for some q > 1, a standard calculation shows that 


Yq — idg —hg-1 0 dg: Fy —— Fy 


maps F, into kerd,. Furthermore, this map is simplicial. Thus, fixing indices 
19,+++5%q € I, there is an equation of type 


@ == (Yq — idg —Ag-1 © dy) (0, ..-, ig) = Ss Cane MOGauegd) 


Seedy 


q 
(*) SS Oe EDP Gratien t=O: 


Now let 
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P= ey * (los Jos + sda): 
Then 


P=: t0,--stq . - 
dg1a = 5 ee onseg Je) 


q 
+ » Cnn Sony" : (0, Jo, - on DRS : Ja) 


Indeed, the first summand is a and the second one is trivial, as follows from 
the relation (*), transferred from F,_, to F, under the Z-linear map given by 
(Jo, -»+;Jq—1) -— (to, Jo,---;Jq-1)- Thus, defining hy: Fy ——~ Fy41 by associ- 
ating to any tuple (io,...,7,) the corresponding element a’ constructed above, 
we see that h, is a simplicial homomorphism as desired. 

Turning back to Cech cohomology, observe that any simplicial homomor- 
phism y: F, —— F, between two modules of F’, induces canonically a homo- 
morphism ¢: C*(L, F) ——~ C'(L, F). Indeed, if y: F ——~ F, is determined 
by the equations 


Ciaran. Dy 2a Nivea) 
J0 5-98 €{t0,---s8r } 
we set for any g € C*(U, F) 
PHMicmate= DY RTE + Dios 


JO ss E{t0,-r} 


The correspondence y +—+ ¢ is additive and functorial (contravariant); in par- 
ticular, ae equals the coboundary morphism d?~!: C?~!(L, F) ——+ C4%(, F). 
Thus, the morphisms 7, derived from the 7, above constitute a complex ho- 
momorphism 4*: C*(L, 7) ——~ C*(U,F) which is homotopic to the identity 
via the morphisms hy_1: C%(i, F) —+ C*1({, F). Now observe that ¥,(g) for 
any g € C4%(LU, F) is characterized by 


if ig,...,%q € J are not pairwise distinct and else by 


Val 9) ao uegtg = SET)» Gino) sorsbmcay? 


where 7 € Gy41 satisfies t7(9) < ... < ing). From this we easily see that 7* 
maps C*(L, F) onto C*(U, F) and restricts to the identity on C*(L, F). Hence, 
it induces a complex homomorphism p: C*(L, 7) ——~ C*(M, F) as required for 
our proof. 


There is an immediate consequence: 
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Corollary 2. If the covering U consists of n elements, then 


HA Fe a Py = Os tore ee ye 


Proof. We have C4(U, F) = 0 for q > n if & consists of n elements. 


Now let us consider two open coverings U = (U;)ier and UV = (V;)jey of 
a topological space X and assume that UY is a refinement of L. Hence, there 
exists a map T: J —-+ I such that V; C Uj) for 7 € J. Any such map induces 
homomorphisms 


Te FF) ——» C10, F), ge 0 
mapping a cochain g € C%(L, F) to the cochain 77(g) given by 


alt) ees = Gro), 75a) |Vig nig 
The maps 7? constitute a complex homomorphism 
T*: C*(U, F) —+ C*(%,F), 


as is easily checked, and it is clear that 7* maps alternating cochains to alter- 
nating ones. 

Although the map 7: J ——+ I might not be uniquely determined by the 
coverings £ and 233, one can show that the induced maps 


Hi(r*): HU, F) —+ H%,F), 920, 


are independent of 7. To do this, let 7’: J ——+ I be a second map satisfying 
V, C U;y) for all 7 € J. Then one verifies that the homomorphisms 


ht: CM, F) —+ Ct 1(%,F), q = 0, 


given by 


k 
(29(9)) sopcig a = Dea 1) Gedo) eost nde" Geet! G1) Wig. -tya 
k=0 


define a homotopy between 7* and 7’*. Thus, the maps H%(r*) and H‘%(7r’*) 
must coincide for all g. We will use the notation p1(L, UW) instead of H4(7*) or 
H4(7'"*). Note that p4(U, MU) = id and that p%(U, I) = p1(Y, W) o p4(M, BW) if W 
is a refinement of UJ and UV a refinement of LU. In particular, we can conclude: 


Proposition 3. Assume that the coverings U and U are refinements of each 
other. Then p%(U,%): H4(L, F) —~ H1(%,F) is bijective, and its inverse is 
p1(%, 4) for all gq. 
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In order to obtain cohomology groups on X that do not depend on a cer- 
tain covering, we fix q and take the inductive limit of the groups H%(L, F) 
for {& varying over the collection Cov(X) of all open coverings of X. Writ- 
ing U < U if UW is a refinement of £ we get a preorder on Cov(X), and we 
see that Cov(X) is directed, as the product covering (U; N Vj)ierjesy is a com- 
mon refinement of two given members (U;)jer and (V;)je7 of Cov(X). Therefore 
(A4(U, F), p1(, Oy ene citer is an inductive system. The associated limit 

HUX,F)= lim H*(U,F) 
MWeCov(X) 


exists by 6.4/2 and the explanations preceding it. It is called the qth Cech 
cohomology group on X with values in F. The above constructions can be carried 
out in the same way for alternating cochains, thus, leading to the alternating 
Cech cohomology groups 


HY(X,F) = lim HY F), 
{le Cov(X) 
which, however, coincide with the previous ones due to Lemma 1. 


As an example, we compute the Cech cohomology groups of a quasi-coherent 
module on an affine scheme. Our method is similar to the one applied in 6.6/2. 


Proposition 4. Let X be an affine scheme and F a quasi-coherent sheaf of 
Ox-modules. Then, for any finite covering U = (Ui)ier of X by basic open 
subsets in X, the augmented Cech complex 


SFO OF) 9 CF OUP) — oa: 
is exact so that H°(M, F) = F(X) and H4(M, F) = 0 for all q > 1. In particular: 


F(X) ifqg=0 
0 ifg>0 


Proof. The exactness of the augmented Cech complex at C® (LU, F) simply reflects 
the sheaf property of F. To show H4(L, F) = 0 for g > 1, let X = Spec A. Then 
we know from 6.8/10 that F is associated to an A-module M. Furthermore, if 
U; = D(f;) for elements f; € A, the f; generate the unit ideal in A since the U; 
cover X. 

Now assume gq > 1 and consider a cochain g € C4(L, F) such that d%g = 0. 
We have to construct a cochain g! € C?'(U,F) satisfying d?~'g! = g. To do 
this, look at the relation d%g = 0, which means 


qt+1 


j=0 
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for all indices ip,... ,iq41 € I. Since Uj,,..i, = D( fig .- fi,), there exist elements 
hag,...¢g © M and an integer r € N such that gig,...i¢ = Pio,..iq (Sig «+ fig)”. Then, 
writing 7 instead of 2 and shifting 71,...,%941 back to io,...,%g, we get 
4 A 
Wig oko Tigao): = ALY Tp bine tes Gg Sioa) 
j=0 


on Uj jg,...,éq> for all indices i, ip, ...,ig € I. Since Uj,i9,.ig = Vig,..gig VD(f;), there 
is some integer n € N such that the equation 


q 


OO. 2 eae) Sel steer) 


j=0 


holds already on Uj,.... i, 

Now using the fact that the elements f;, i € I, generate the unit ideal in A, 
there are elements b; € A such that )>,.,0;f7’'" = 1. Then we set up a cochain 
g € CT1(M, F) by 


Groseesig a = S- Off Niiownay a big eaTig a) 


tel 


iel 


and claim that d?~!g' = g. Indeed, using the relation (*), we have 


q 
(gia = Da ee 


gl Vigniisig 
j=0 
4 A 
SD id aie 
j=0 ie. 
= S- bi fh hig, igh mer. fae ios 
ier 
= GJio,.-siq 
for any indices %o,...,%, € J. Thus, we are done. 


Exercises 


1. Glue two copies of the affine line A} = Spec K[¢] over a field K via the 
K-isomorphisms K[¢,¢7'] -“+ K[¢,¢~'] given by ¢ + ¢, resp. ¢ -—>+ Cl. 
The resulting K-scheme X comes equipped with an affine open covering L consist- 
ing of two affine lines and equals the affine line with a double origin Ak, resp. the 
projective line Ps as explained in the introduction to the present Chapter 6.9. 
Compute the Cech cohomology groups H4(i, Ox), q > 0, in both cases. 


2. Consider the l-sphere $' = {z € C; |z| = 1} as a topological space under 
the topology induced from C. Compute the Cech cohomology groups H%(S!, Z), 
q > 0, with values in the constant sheaf Z on S!. Hint: Compute the Cech co- 
homology groups H4(LU,,Z), where UU, for integers n > 0 consists of the open 
sets 
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{z=em™-yet<v423cs', y=0,...,2n—1. 
Show that the coverings of this type are cofinal in Cov(S"). 


. Let C be the sheaf of continuous real valued functions on the 1-sphere S$! of 
Exercise 2. Compute the Cech cohomology groups H4($',C), q > 0. 


. Consider a topological space X with an open covering L& = (U;)ier where the 
index set I is provided with a total ordering. For any sheaf of abelian groups F 
on X and integers q > 0 set CAL, AS geet F (Uig,...iq)3 the latter is a direct 
summand in C4(U,F) such that the coboundary map on O4(L, F) restricts to a 
coboundary map C%(, F) —>+ C%+1({, F). Show that the canonical inclusion 
of complexes C*({,F) ——+ C*({,F) induces an isomorphism on the level of 
cohomology groups. 


. Flasque sheaves: Let X be a topological space. A sheaf F on X is called flasque 
or flabby if for every inclusion of open sets U Cc V the restriction morphism 
F(V) ——~ F(U) is surjective. Show for any flasque sheaf of abelian groups F 
on X that the Cech cohomology groups H%({, F) are trivial for all g > 1 and all 
open coverings L of X. Hint: Use Exercise 4 in conjunction with the instructions 
from [18], Chapter 5, Exc. 2.1. 


. Cup product: Let & = (U;)ier be an open covering of a topological space X and 
F a presheaf of rings on X. Consider C*(U, F) = ®ycn C4(U, F) as an abelian 
group and define the so-called cup product on it, via linear extension of the maps 


CAF) Cle) COILS), Ofer 


where q,q’ € N and 


/ nif : wife x 
S) U f liiaikd = Pigg nee Peete lu, sedis jgtg! 
for indices ig,...,ig4q’ € J. Admitting rings that are not necessarily commutative, 


show that C*(, F) is a ring under the cup product and that the multiplication 
induces a ring structure on the Cech cohomology H*(U,F) = Deen 170 F). 
Determine the induced ring structure on H°(L, F). 


. Cech resolution of a sheaf: Let F be a sheaf of abelian groups on a topological 
space X and & = (U;)ier an open covering of X. For any open subset V C X 
denote by £6 V the open covering (U;N V)ier of V. Define sheaves of abelian 
groups C?(L, F), g > 0, on X by associating to an open subset V C X the group 
of g-cochains C47(UN V, Fly). Show that the canonical morphisms 


d? 
F(V) —%- CONV, Flv),  CUMAV, Fly) > CM (UNV, Fly) 
give rise to morphisms of sheaves of abelian groups 
10 1 2 
Ger OU Fy OS ee 


which constitute a resolution of F in the sense that the sequence is exact. Hint: 
To check the exactness at positions C4(L, F) for q > 0, show d? od?! = 0 and 
use 6.5/9 in conjunction with the maps 77: C4(U, F), —+ C%1(U,F), between 
stalks at points x € X that are defined as follows. Fixing a point x € X, say 
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x € Uj, start with a germ g, € C4(U,F), induced by some g € CI(UN V, Fly), 
where V C X is a suitable open neighborhood of 7; we may assume V Cc Uj. 
Then let 74(g) be the germ at x of the element g’ € C71(UNV, Fly) that is given 
bY Gig,..yiga = Yisio,...jiq—1- Show that GENO ig. ks = Gin setg ~ ON Qisg,:4¢ TOK all 
ip, -+-,%q EI. 


7.7 Grothendieck Cohomology 


Cech cohomology is well suited for computations. However, it lacks certain gen- 
eral properties one usually expects from a cohomology theory, like the existence 
of long exact cohomology sequences; see 5.4/4 or Theorem 4 below. There is 
another approach to cohomology theory following Grothendieck, which does not 
have such disadvantages, but at the expense of more serious difficulties when 
it comes to explicit computations. Fortunately, there are basic situations where 
both theories yield the same cohomology groups so that the advantages of both 
approaches can be used. 

In the present section we will present Grothendieck’s approach to cohomol- 
ogy for the case of module sheaves on a scheme X. Similarly as exercised for 
modules over rings in Chapter 4.6, the cohomology of Ox-modules is defined 
via derived functors. The functors we want to consider are the section functor 


I'(X,-): F + I(X,F) = F(X), 


which associates to any Ox-module F the group of its global sections F(X) 
and, for a morphism of schemes y: X ——> Y, the direct image functor 


Ys: Ft— 9.F, 
where the direct image y.F of an Ox-module F is given by 
PF : Vi—+I(e(V),F), V CY open. 
Both functors are left exact, and to define their right derived functors we need 


injective resolutions as already discussed in Section 5.3. For brevity, let us write 
€ for the category of Ox-module sheaves. 


Definition 1. An object F € € is called injective if the functor Hom(-, F) is 
exact, t.e. of for every short exact sequence 


0 - E' ~€ ~E" > 0 


in € the sequence 
0 —+ Hom(€”, F) —+ Hom(€,F) —-+ Hom(&', F) —~ 0 


is exact as well. 
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As Hom(-, F) is left exact, the sequence 
0 —~ Hom(E", F) —+ Hom(€, F) —~ Hom(€’, F) 


will always be exact and we see that F is injective if and only if for any 
monomorphism €’ <—+ € and any morphism €’ ——+ F the latter admits a 
(not necessarily unique) extension € —+ F. 


Proposition 2. The category € of Ox-modules on a scheme X contains enough 
injectives, t.e. for each object F € € there is a monomorphism F ——+ T into 
an injective object ZT € €. 


Proof. Fix an Ox,,-module I, for every x € X and construct an Ox-module 
sheaf Z on X by looking at the functor that on open subsets U C X is given by 


OVS] [G 
xeU 
with canonical restriction morphisms. One might think that the stalk Z, of Z at 
any point « € X will coincide with [,. But a careful analysis shows that there 
is just a canonical map Z, —— [, and that the latter will not be injective in 
general. Nevertheless, we claim for every Ox-module ¥ that the canonical map 


(x) Homo, (F,Z) —+ || Homo, (Fr, Ie) 

TEX 
associating to a morphism of Ox-modules y: F ——+ T the family of induced 
morphisms (y,: F, ——> Ix)rex, where F, is the stalk of F at x, is bijective. 
First, the map (*) is injective since any section f € Z(U) over an open subset 
U c X is uniquely determined by its projections to I, for x varying over U. On 
the other hand, given a family of morphisms (y,: F, — > I,)rcx, the canonical 
maps 

e(U): Fu) —+ J] x. 4 Tn 

«eU «2eU 
on open subsets U C X yield a preimage y of (Yz)zex in Homo, (F,Z). 

To settle the assertion of the proposition, fix an Ox-module F and choose 
an injection F,, —~ J, into an injective Ox,,-module I, for each x € X. This 
is possible since the category of modules over a given ring contains enough in- 
jectives; see 5.3/4. Then, if Z is constructed as above, the characterization (*) 
of Ox-morphisms with target Z shows that the injections -, —~ I,, 7 € X, 
yield a morphism # ——~+ 7. Clearly, the latter is a monomorphism. Further- 
more, using (*) again, we can conclude that Z is injective. Indeed, any injection 
of Ox-modules F’ ——+ F induces a family of injections F/,—~ F,, between 
associated stalks, and the commutative diagram 


Homo, (F,Z) Homo, (F’,Z) 


[| Homox., (Fe; fe) —+ [] Homo, (Fi, In) 


tEX rex 
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shows that the upper row is surjective, since the lower row is a cartesian product 
of surjections. 


Also note that the assertion of Proposition 2 is true for quite general cate- 
gories €; cf. Grothendieck [9], Thm. 1.10.1. 


Corollary 3. Any object F € € admits an injective resolution, i.e. there is an 
exact sequence 
0 —+ F¥ —-7 —_-T' —.... 


with injective objects Z',i =0,1,... 


Recall that, just as in Section 5.4, the above exact sequence should be viewed 
as a quasi-isomorphism of complexes 


0 ~F -0 


0 ~ 7° +7! +7? foe 


where the lower row is referred to as an injective resolution of F. 
Proof of Corollary 3. We choose an embedding F ——+ T° of F into an injective 


object Z°, an embedding Z°/F ——+ T! into an injective object Z', then an 
embedding Z'/ im Z° + T? into an injective object Z*, and so on. 


Now let us define right derived functors of the section functor [= I'(X,-) 
and of the direct image functor y,, the latter for a morphism of schemes 
yp: X ——+ Y. To apply these functors to an Ox-module F, choose an injective 


resolution 
1 az 


+t? bit 


a a 


po “ae 


of F, apply the functor I to it, thereby obtaining a complex of abelian groups 


P(o®) P(at) P(a?) 


iO, oy ey ee 


0 P(X,2) FD 


and take the cohomology of this complex. Then 
H4(X,F) = R°T(X, F) = ker P'(a*)/im I'(a*") 


for q > 0 is called the gth cohomology group of X with values in F. Using the 
technique of homotopies as in 5.1/9, one shows that these groups are indepen- 
dent of the chosen injective resolution of F and that 


H4(X,-) = RI(X,-) 


is a functor on €; it is the so-called right derived functor of the section functor 
I'(X,-). Note that R°’(X,-) = I'(X,-), since the section functor is left exact 
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on sheaves. For F = Ox the cohomology groups H4(X,#) may be viewed as 
certain invariants of the scheme X. 

In the same way one proceeds with the direct image functor y., which might 
be viewed as a relative version of the section functor. Applying ¢. to the above 
injective resolution of F we get a complex of Oy-modules 


0 A; 2 
Put Pu Put 
0 ——_—> a ia —_——_—_—_> yD pL? ta 


Furthermore, the Oy-module 
R%0,(F) = ker y.a7/ im y,at! 


is called the qth direct image of F, where gq > 0. Clearly, R°v.(F) equals y.(F) 
as F is a sheaf, and one can show that R%y,(F) is the sheaf associated to the 
presheaf 


YDVH~ H4%(e"(V), Flew); 


see: [9], 3.7.2. 

Of course, the definition of right derived functors works in much more gen- 
eral situations for functors that are additive in the sense of Section 5.1. Let 
us add that, just as we have explained in 5.1/12 for projective resolutions of 
modules, there exist long exact cohomology sequences in our context as well. 


Theorem 4. Let & be a covariant additive functor on the category € of 
Ox-modules with values in the category of abelian groups or Ox-modules. Then 
every exact sequence 


B 


Ce Fe ee 0 


of objects in € gives rise to an associated long exact cohomology sequence: 


R? _ROP(a) R° RIG) 


0 R°O(F’) —“. R°O(F) — R°O(F") 


R'6(a) Rt R96) 


R'O(F') —“ R1G(F) —- RDF") 


Proof. We translate the proof of 5.1/12 to the dual situation where we replace 
projective resolutions by injective ones; a similar situation was faced in 5.4/4. 
Thus, we start out from injective cohomological resolutions 


F' hs BS F" att * 


of F’ and F” and construct a commutative diagram 
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d! 
0 a Ti ‘ Tl | qin = qin = 0 
A A A 
dq 
0 es zo 3 zo Zi = zi > 0 
A A A 
e € e” 
0 ne oe » Fr 28 
A A ry 
0 0 0 


with exact rows and columns, where the left and right columns are given by the 
selected resolutions of F’ and ¥”. The bottom row consists of the given exact 
sequence involving the modules F’, #,#” and the rows at positions above the 
bottom row are the canonical short exact sequences associated to the direct sums 
I @I. Then the maps ¢, d°, d', ... of the central column are constructed 
to yield an injective resolution of ¥, relying on the injectivity of the modules 
TZ? and Z'4 for q > 0. For this we use the argumentation given in the proof of 
5.1/12, which carries over almost literally, just by passing to the dual point of 
view. 
In particular, the rows of the above diagram yield an exact sequence 


0 "a T"* > T* " qe = 0 


of injective resolutions of F’, F, and F”. Applying the functor @ to it yields 
the sequence 


= 60") — oF 00) 6, 


and the latter remains exact since @ is additive and, hence, compatible with 
direct sums. Then, by 5.1/1, we arrive at the desired long exact cohomology 
sequence. 

Let us point out that the result 5.1/1, which concerns modules over a ring, 
is directly applicable if ® takes values in the category of abelian groups, since 
then we take the long cohomology sequence associated to an exact sequence of 
complexes of Z-modules. On the other hand, if @ is a sheaf functor, we need a 
version of 5.1/1 that applies to module sheaves. To obtain such a version, we 
have to reprove the Snake Lemma 1.5/1, replacing arguments given in terms of 
elements and their images and preimages by those involving the formation of 
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kernels, cokernels, images, and coimages of module morphisms. We leave this 
as an exercise. 


Next let us address the problem of computing derived functor cohomol- 
ogy. For example, for an injective object J € € we have R°#(Z) = #(T) and 
R41G(Z) = 0 for gq > 0 since we can use 0 —-+ J —_- (as an injective resolution 
of Z. In general, one can try to compute derived functor cohomology via Cech 
cohomology. If F is any Ox-module, there is always a canonical morphism 


H4(X, F) —+ H4(X,F) 


about which one knows that it is bijective for g = 0,1 and injective for q = 2. 
However, to compute higher cohomology groups via Cech cohomology, one needs 
special assumptions. We state the main results without proof; for details see 
Godement [7], II, 5.4 and 5.9, or Grothendieck [9], 3.8. 


Theorem 5 (Leray). Let U& be an open covering of a scheme X and F be an 
Ox-module. Assume H1(U,F) = 0 for all q > 0 and U any finite intersection 
of sets in UU. Then the canonical map 


AY (, F) —+ H4(X,F) 
is byective for all q = 0. 


Theorem 6 (Cartan). Let X be a scheme, F an Ox-module, and G a system 
of open subsets of X satisfying the following conditions: 
(i) The intersection of two sets in G is in © again. 
(ii) Each open covering of some open subset of X admits a refinement con- 
sisting of sets in ©. 
(iii) H4(U,F) =0 for allq>O0andU EG. 
Then the canonical homomorphism 


TCX) ae HK ) 
is byective for all q = 0. 

For example, let us look at an affine scheme X and let G be the system of 
all basic open subsets of X. Then the conditions of Theorem 6 are satisfied for 
the structure sheaf F = Ox and for any Ox-module F that is associated to an 
Ox(X)-module; for condition (iii), see 7.6/4. Thus, we can conclude: 
Corollary 7. Let X be an affine scheme. Then 

H(X,Ox)=0 for q>0. 


The same is true for any quast-coherent Ox-module F in place of Ox. 


336 7. Techniques of Global Schemes 


Actually, the assertion of Corollary 7 characterizes affine schemes; this is 
Serre’s Criterion: 


Theorem 8 (Serre). Let X be a quasi-compact scheme. Then the following 
conditions are equivalent: 
(i) X is affine. 
(ii) H'(X,F) =0 for all quasi-coherent Ox-modules F. 
(iii) H'(X,Z) =0 for all quasi-coherent ideals I C Ox. 


In order to prepare the proof of the theorem, let us introduce the notion 
Xp={xe X; f(z) #0} 


for any global section f € Ox(X), assuming that the relation f(x) 4 0 is read in 
the residue field k(x) of x. In particular, for any affine open subscheme U C X, 
the intersection UM X,+ equals the basic open set Du(fly) C U where fly does 
not vanish, and we thereby see that X; is an open subscheme in X. 


Lemma 9. Let X be a scheme. Then X is affine if and only wf there exist global 
sections f; € Ox(X),i€ TI, such that the following conditions are satisfied: 

(i) The scheme Xf, is affine for all i € I. 

(ii) The fi, 1 € I, generate the unit ideal in Ox(X). 


Proof. The only-if part is trivial. Therefore write A = Ox(X) and assume that 
there exist functions f; € A, 7 € I, satisfying conditions (i) and (ii). Now let 
Y = Spec A and observe that the identity map id: A —+ Ox(X) gives rise to 
a canonical morphism 

yp: X —+ Y 


by 7.1/3. Considering the schemes Y; = Spec Ay, as basic open subsets in Y, we 
conclude from condition (ii) that the Y; cover Y. Furthermore, y~'(Y;) = Xy, 
and we see from condition (i) that the induced morphisms 


are morphisms of affine schemes. In particular, y.(Ox) is a quasi-coherent 
Oy-algebra via the morphism y*: Oy —— ¢.(Ox) given by y. But then we 
can apply 7.1/6 to see that y,(Ox) is associated to an A-algebra, namely to 
Ox(X) = A. It follows that all y; are isomorphisms and, hence, that y is an 
isomorphism. Thus, we are done. 


Lemma 10. Let X be a quasi-compact scheme. Then the following conditions 
are equivalent: 

(i) X is affine. 

(ii) For every exact sequence 0 ~ F' > F » F" > 0 of quasi- 
coherent Ox-modules, the associated sequence of global sections 
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0 —~+ F'(X) —+ F(X) —~+ F"(x) —-0 


as exact. 

(iii) Condition (ii) holds for all exact sequences of quasi-coherent O x-modules 
0 ~ F' > F —+ fF" > 0 where F' is a submodule of a finite cartesian 
product O%. 


Proof. If X is affine, we know from Corollary 7 that the first cohomology group 
H'(X, F) is trivial for any quasi-coherent Ox-module F on X. Furthermore, the 
long cohomology sequence of Theorem 4 shows that the section functor '(X, -) 
is exact on the category of quasi-coherent Ox-modules. This establishes the 
implication (i) ==> (ii). 

Since the step from (ii) to (iii) is trivial, it remains to go from (iii) to (i). To 
do this, we will use the criterion provided in Lemma 9. So assume condition (iii) 
and consider a closed point « € X; such a point exists by 6.6/13 if X is non- 
empty. Furthermore, let U C X be an open neighborhood of x. We claim that 
there exists a global section f € Ox(X) such that x € Xp C U. To construct 
such an f, look at the closed subset Z = X — U in X and let Z C Ox be the 
ideal of all functions in Ox vanishing on Z, as defined within the context of 
7.3/5. Furthermore, let 7 C Ox be the ideal of all functions in Ox vanishing 
at x. Then Z’ = ZN J; is the ideal of all functions in Ox vanishing on the 
closed subset ZU {x} in X. All these ideals are quasi-coherent by 7.3/5 and, 
since x ¢ Z, the quotient 


LTE EE Se) Ee Ig SOR Se 


is a quasi-coherent Ox-module with support {x}. Now applying (iii) to the 
exact sequence 0 + 7! +7 + Ox / TF, —+ 0, there is a global section 
f € T(X) Cc Ox(X) such that f(x) # 0. Since f vanishes on Z, we have 
xe Xs; C X —Z =U, as claimed. Furthermore, let us point out that we 
may assume X to be affine, since we may take U to be affine and thereby get 
X; = Du(flv). 

Now consider the union X’ of all open subschemes of type X» C X, where 
f varies over Ox(X) under the condition that X; be affine. Then, by the above 
consideration, X’ is an open subscheme in X containing all closed points. How- 
ever, since any non-empty closed subset in X is quasi-compact and therefore 
must contain at least one closed point by 6.6/13, we see that X’ coincides with 
X. In particular, there are finitely many global sections f; € Ox(X), i € I, such 
that all X,, are affine and X = U,-,; X;,. We claim that the f; generate the unit 
ideal in Ox(X) and, hence, that Lemma 9 becomes applicable. Indeed, look at 
the homomorphism of Ox-modules 7: OL ——+ Ox given by the sections fj, 
i € I. The latter is surjective, since for each x € X there is an index i € I such 
that f; is invertible in a neighborhood of x. Hence, 7 extends to a short exact 
sequence 


Tv 


0—+ F’ _+ O1. “+ Ox —- 0. 
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But then the morphism of Ox-modules 7(X): OL (X) —+ Ox(X) is surjective 
by (iii) and, hence, the f; generate the unit ideal in Ox(X), as claimed. 


Now we are able to carry out the proof of Theorem 8. The implication from 
(i) to (ii) follows from Corollary 7, whereas the one from (ii) to (iii) is trivial. 
To derive (i) from (iii) we use the criterion given in Lemma 10 (iii). Therefore 
let F’ be a quasi-coherent submodule of some cartesian product O%. Using the 
canonical filtration 0 C Ox C O% C... C O%, the intersections F} = F'NO%,, 
i = 0,...,n, form a filtration of F’ by quasi-coherent O,-submodules; that 
the intersection of two quasi-coherent submodules of some Ox-module is quasi- 
coherent again needs to be checked on affine open parts of X only and follows 
from the criterion 6.8/6 (iii). Furthermore, using 6.8/11, the quotient Fj, ,/F; 
is isomorphic to a quasi-coherent Oy-submodule of OF /O*% ~ Ox or, in other 
words, to a quasi-coherent ideal in Ox. Then the long cohomology sequence of 
Theorem 4 in conjunction with (iii) yields the exact sequence 


HY (X,F;) —+ H"(X, Fig.) —> A(X, Fi /F)) = 0, 


showing that H'(X,F/) = 0 implies H'(X,F/,,) = 0. Thus, proceeding by 
induction, we get H'(X, F’) = H'(X, F/) = 0, which is needed for the applica- 
tion of Lemma 10. 


Exercises 


1. Let ££ be an affine open covering of a separated scheme X. Show for any quasi- 
coherent Ox-module ¥ that the canonical map H4(U, 7) ——+ H%(X,F) is bi- 
jective for all g > 0. 


2. Compute the cohomology groups H4(X,Ox), q > 0, for the affine line with 
a double origin X = Ak and the projective line X = Pi over a field K, as 
considered in Exercise 7.6/1. 


3. Let X be ascheme and F an Ox-module that is flasque; see Exercise 7.6/5. Show 
H4(X,F) =0 for all g > 0. 

4. Let X be a separated scheme admitting an affine open covering consisting of n 
members. Show for any quasi-coherent Ox-module F that H4(X,F) = 0 for all 
q2n. 


5. Let X be the affine plane AZ, over a field K with its origin removed. Compute 
H*(X,Ox) and conclude that X cannot be affine. 


6. Compute the cohomology groups H4(P%,, Opa. ), q > 0, for the projective plane 
over a field Kk. 


7. Let S be a separated scheme and A a quasi-coherent Ogs-algebra. Show that 
H4(Spec A, Ospec.a) = H41(S, A) for all ¢ > 0. 


8. Let X be a separated scheme and 0 > F' > F > F" > 0 a short 
exact sequence of Ox-modules where F' is quasi-coherent. Show that there is an 
attached long exact cohomology sequence of Cech cohomology groups: 


10. 
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0 ——+ H°(X,F’) ——~ H°(X, F) ——+ H°(X,F") 
oF ee ee 
oO 


——_——> 


Can we avoid the assumption on F’ to be quasi-coherent? 


Give an example of a sheaf of Ox-modules F on an affine scheme X such that 
H'(X,F) # 0. Hint: Consider a short exact sequence of Ox-modules where the 
section functor ['(X,-) is not right exact and apply the long exact cohomology 
sequence. 


Computing cohomology via acyclic resolutions: For a sheaf of Ox-modules F 
on a scheme X show that the cohomology groups H4(X,F), q > 0, can be 
computed replacing injective resolutions by acyclic ones, i.e. using resolutions 
0 ~F > F » F! > ... where H4(X,F") = 0 for all gq > 1 and 
all i. For example, due to Exercise 3 above we may use flasque resolutions. Hint: 
Adapt the method of Exercise 5.1/8 to the cohomological situation of module 
sheaves. For further details see Lang [17], Thm. XX.6.2. 


@® 


Check for 
updates 


8. Etale and Smooth Morphisms 


Background and Overview 


Smooth schemes in Algebraic Geometry may be viewed as analogues of mani- 
folds in Complex Analysis or Differential Geometry. Recall that a manifold is 
a ringed space that looks locally like an affine space. For example, a complex 
analytic manifold of dimension n is a ringed space (X, Ox) that is locally iso- 
morphic to open parts of the affine n-space (C”, Ocn), where Oc» is the sheaf 
of analytic functions on C”. Quite often the Inverse Function Theorem and the 
Implicit Function Theorem are used in order to show that certain subobjects of 
manifolds are manifolds again. As a typical example, consider a curve C Cc C? 
given by an equation of type f(x,y) = y” — p(x) = 0, where p € C[z] is a poly- 
nomial of degree 3 having simple roots; in fact, C’ is a so-called elliptic curve 
from which the point at “infinity” has been removed. Due to the assumption 
on the polynomial p, the gradient ($f, 3c) is non-trivial at all points of C’, and 
the Implicit Function Theorem shows that C is a submanifold of C?. Indeed, 
assuming BL (xo, Yo) # 0 for a certain point (20, yo) € C, there exists a neigh- 
borhood of (xo, yo) where the equation f(x,y) = 0 is equivalent to an equation 
of type y = g(x) for a convergent power series g in x. It follows that 


C—-C', (x,y) -—> a, 


is an analytic isomorphism locally at (29, yo). A similar reasoning applies to 
points (29, yo) € C’ where 2 (x9, yo) # 0, and we thereby see that C is a man- 
ifold. However, note that the Inverse and Implicit Function Theorems apply 
to settings of analytic (or continuously differentiable) functions, but not to a 
strict polynomial setting. Thus, even if we start with the polynomial equation 
f(x,y) = 0, we cannot expect the local solutions y = g(x) or x = h(y) to be 
polynomial as well. 

Now let us switch to the scheme situation and consider the above curve C 
with equation f(x,y) = y? — p(x) = 0 as a closed subscheme of the affine plane 
Az. Will C be a manifold in the sense of being locally isomorphic to the affine 
line AG? The answer is negative and should come as no surprise, since there 
are two clear indications for this. First, we have seen before that the Implicit 
Function Theorem, which we could conveniently use in the analytic context, is 
not available in the setting of schemes. Furthermore, the Zariski topologies on 
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the curve C and on the affine line Af are rather weak in comparison to the 
corresponding complex topologies. Thus, possible local isomorphisms between 
C and Ag would be defined on rather large open domains and the latter seems to 
be unthinkable from the analytic viewpoint. However, to really prove that there 
cannot exist a non-empty open subscheme U C C that is isomorphic to an open 
subscheme of Aj is not easy. One knows that the function field of C, namely the 
field of fractions of the ring C[x, y]/(y? — p(x)) (which is an integral domain) 
is a function field of genus 1, whereas the corresponding field of the affine line 
is the purely transcendental extension C(x) of C; the latter is of genus 0. So 
we conclude that there cannot exist any local isomorphism between C’ and the 
affine line Ag; see [15], Exercise 1.6.2 for an elementary treatment of a special 
example as well as for further information. As a result, we learn that the strict 
analogue of a manifold is not a useful notion in the setting of schemes. 

On the other hand, we can easily observe that differential calculus works 
quite well on schemes, since for any polynomial P € R[t;;i € I], where R is a 
base ring and (t;);er a family of variables, the formal partial derivatives on are 
defined and satisfy the usual rules. Relying on this fact we define the smoothness 
of schemes via the Jacobian Condition occurring as a requisite in the Implicit 
Function Theorem; see 8.5/1. To be more specific, consider a relative scheme 
X over some base S. We say that X is smooth of relative dimension r if there 
exists an open neighborhood U C X at every point x € X, together with an 
S-morphism j: U ——+ W C Ag giving rise to a closed immersion of U into 
some open subscheme W C A%, such that the following condition is satisfied: 


If ZC Ow is the sheaf of ideals corresponding to the closed immersion j, 
there are N— 1 sectiONnS Grii,--+5Gn in LT that generate I in a neighborhood of 
z =j(x) and whose Jacobian matrix satisfies 


where t1,...,tn are the coordinate functions of AS. 


Of course, the above Jacobian matrix has to be viewed as a matrix with 
coefficients in the residue field k(z). Even if the assertion of the Implicit Func- 
tion Theorem is not at our disposal, the definition of smooth schemes via the 
Jacobian Condition is nevertheless a fully satisfying alternative for the notion 
of manifolds as used in the analytic or differentiable setting. 

In order to conveniently handle the smoothness condition, it is necessary to 
put the differential calculus on schemes on a solid basis. We do this by introduc- 
ing modules of differential forms as universal objects characterizing derivations, 
a procedure usually referred to as the method of Kdhler differentials. In 8.1 
such differentials are considered on the level of commutative algebra, whereas 
the adaptation to sheaves follows in 8.2. Another feature of the smoothness 
condition is the fact that smooth S-schemes are automatically locally of finite 
presentation. This means that locally over open parts S’ of the base S such 
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a scheme can be viewed as a closed subscheme V of some affine n-space A%, 
where V is defined by finitely many sections on A%,. Since we will need some 
generalities on schemes of locally finite presentation also in later sections, we 
have included their basics in 8.3. 

After these preparations, the treatment of smoothness starts in 8.4 with the 
study of unramified schemes, a certain pre-stage for smooth schemes, whereas 
the actual theory of smoothness is explained in 8.5. The definition of smoothness 
as given above suggests a natural question right away. Namely, the Jacobian 
Condition being sufficient for the characterization of smoothness, will it also 
be necessary so that it becomes a criterion for smoothness? In other words, 
consider an S-scheme X with a point x € X and an open neighborhood U Cc X 
of x on which we are given any closed immersion j: U —-~ W C A® into some 
open part W of an affine m-space A. Then, assuming that we know X is a 
smooth S-scheme of relative dimension r, will the sheaf of ideals Z defining U 
as a closed subscheme in W be generated on a neighborhood of z = j(x) by 
m —~r local sections g,41,..-,9m in Z satisfying the Jacobian Condition 


As it will turn out in 8.5/9 the answer is yes. But the proof of this fact is highly 
non-trivial. As basic ingredient we need the characterization of smoothness via 
the so-called Lifting Property 8.5/8, a fundamental result whose proof fully 
justifies the elaborate techniques of differential modules as introduced in 8.1 
and 8.2. 

Once the characterization of smoothness via the Lifting Property is settled, 
the property of a scheme to be smooth becomes quite accessible. For example, 
we show in 8.5/13 that an S-scheme X is smooth of relative dimension r if and 
only if, locally on open parts U C X, its structural morphism X ——+ S$’ is 
the composition of an étale morphism U ——~ A‘, and the canonical projection 
AG —— S. Here étale means smooth of relative dimension 0. Note that the 
étale morphisms are precisely those morphisms that would be locally invertible 
from the viewpoint of the Invertible Function Theorem, a theorem that unfor- 
tunately is not at our disposal. In any case, interpreting étale morphisms as the 
scheme analogues of locally invertible morphisms, we see that smooth schemes 
resemble classical manifolds, indeed, since they are étale locally isomorphic to 
affine spaces. 

Another useful result on smooth schemes is the Fiber Criterion 8.5/17 stat- 
ing that an S-scheme X of locally finite presentation is smooth if and only if 
it is flat and all its fibers X, = X xg k(s) over points s € S are smooth. Fur- 
thermore, it is interesting to know that the smoothness of schemes over a field 
k can be characterized in terms of geometric regularity, i.e. of regularity after 
base change with an algebraic closure of k; see 8.5/15. This way it is possible to 
reduce the notion of smoothness to the notions of flatness and regularity. Many 
authors use this fact to set up an alternative definition of smoothness, although 
the approach through the Jacobi Condition is much more natural. 
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In order to study unramified, étale, and smooth morphisms, we need to intro- 
duce the sheaf 0}, /s of relative differential forms of degree 1 on an S-scheme 
X. In the present section we start with the necessary preparations on modules 
of differential forms in the setting of commutative algebra, working over a base 
ring R. 


Definition 1. Let A be an R-algebra and M an A-module. An R-derivation 
from A to M is an R-linear map d: A —+ M satisfying the so-called product 
rule 


d(fg) = fd(g) + 9d(f) 
for elements f,g € A. The set of R-derivations from A to M is naturally an 
A-module, which we denote by Derp(A, M). 


Remark 2. Consider an R-derivation d: A —+ M as above. Then d(r-1) =0 
for all r € R. 


Proof. Since d is R-linear, we get d(r- 1) =r - d(1). Furthermore, we have 
d(1) = d(1-1) =1-d(1)+1-d(1) = d(1) + d(1) 
and, thus, d(1) = 0. 


Let us consider a fundamental example. 


Lemma 3. Let A= R[T;; 1 € I] be the polynomial ring in a family of variables 
(Ti)ier over R and M an A-module. Then, for each family (x;)ier of elements 
in M, there is a unique R-derivation d: A—+ M such that d(T;) = x; for all 
wel. 


Proof. Since A is generated as an R-algebra by the elements T;, i € I, we see 
from Definition 1 in conjunction with Remark 2 that d: A —— M is uniquely 
determined by the relations d(T;) = x;, 1 € J. On the other hand, we can set 


aP 
se ia aT, 


tel 


ma) 


for polynomials P € A and thereby define a map d: A —+ M. By $ <— we mean 
the (formally built) partial derivative of P by the variable T;, ay an given by 


if we write P = 0”) P,T? with coefficients P, € R[T;; 7 € I — {i}]. Of 
course, the above sums can contain only finitely many non-zero terms since, 
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by its definition, a polynomial P € R[T;; i € I] is a finite linear combination 
of monomials in finitely many of the variables T;. Furthermore, the product 
n: Popo with a factor n € N is meant in terms of the Z-algebra structure 
of A. 

It can be checked in an elementary way that the map d obeys the product 
rule and, hence, is a derivation. For this it is enough to show that the partial 
derivative by T; satisfies the product rule, namely, that 


O(PQ) _ Pp OQ OP 
OT; OT; 

for polynomials P,Q € A. To verify this, write 
Po a. O= sO 


meN neN 


with coefficients Pn,Qn € R[T;; j € I— {i}]. Then we have 


OP = > m- eas inaee OQ _ > n: Os a 
a m=1 


OT; OT; 


n=1 


and therefore 


= (Sorat). (Sow. cars) +(Saa). (Somme) 
m=0 n=1 = aay 

- a SS n: Bea + s-( S- ee ae 
See ee k=1 m+n=k 

a Soe y-1 _ (PQ) 

= a, (2 em Ue 1 = 


Proposition and Definition 4. Let A be an R-algebra. Then there exists an 
A-module rR together with an R-derivation dsp: A —> oR satisfying the 
following universal property: 
For every A-module M the canonical map 
®: Homa(Qh/pz,M) —+ Derr(A, M), ypr— podarr, 
is bijective; in other words, for every R-derivation d: A —+ M there exists a 
unique A-linear map ¢: yr — + M such that the diagram 


da/R 
A i 


Myr 


is commutative. 
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By the defining universal property, the pair (Qh yp: day) is unique up to 
canonical isomorphism. We call Q%, /R the module of relative differential forms 
of degree 1 of A over R and da;pr the exterior differential of the R-algebra A. 

Furthermore, the n-fold exterior power AR a Vue for n € N its called 
the module of relative differential forms of degree n of A over R. 


Proof. Given an R-derivation d4jpz: A —— 2), jr it is easily checked that 
the composition y o d4/r for any A-linear map y: QR M yields an 
R-derivation from A to M. In particular, the map @ is well-defined, once the 
derivation d4/pr has been set up. To actually construct the pair (Qh pz: dayr), 


let us first look at the case of a free polynomial ring A = R[T;; i € I], where 
(T;)ier is a family of variables. Set Vue = AM and write (x;)je7 for the family of 
canonical free generators of AY). Using Lemma 3, there is a unique R-derivation 
dajp: A—> ir such that dajr(Z;) = 2; for all i € J, and we claim that 
(Q1, /R> d,4/p) enjoys the stated universal property. Indeed, starting out from any 
R-derivation d: A —— M, we can look at the A-linear map y: Ve —+ M 
given by x; ++ d(Tj), 7 € I. Then d = yo dar by the product rule and 
Remark 2. Moreover, since (|, IR is generated as an A-module by the elements 
da/r(Z;),7 € I, we see that v is uniquely determined by the relation d = yod,/p. 
Therefore we can conclude that, indeed, (Q, /R> d,4/p) is the module of relative 
differential forms of A over R. 

In the general case, we can interpret A as a quotient of a free polynomial 
ring, and it is enough to prove the following assertion: 


Lemma 5. Let A be an R-algebra such that the associated module of differential 
forms (Qa yps da/p) exists. Then, if A —-+ B is a surjection of R-algebras with 
kernel a C A, the differential dap induces canonically a commutative diagram 


dayr 
A A/R ‘ Ve 
dpyr | 
B86 ON p/(a- yp +A daynla)) 


where dg/r is an R-derivation of B satisfying the universal property of Propo- 
sition 4. In particular, 


QB/R = Vyp/ (a: yr + A-dajr(a)) 


and (Q4,,,dg/p) is the module of relative differential forms of B over R. 
B/Ro “B/ 


Proof. First note that OT ACS yr + A-daypr(a)) is canonically a B-module. 
Since : 
A/R 
——- Vr Vyr/(a- yr + A-dajr(a)) 
is an R-derivation whose kernel contains the ideal a C A, we see immediately 
that it factors through an R-derivation 
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dg/R 


B —> Vir/ (a . Vr + A : dajr(a)). 


The latter satisfies the required universal property, as is easily verified by relying 
on the universal property of d4;r. 


In particular, the explicit construction of the module of differential forms 
in the above proofs shows: 


Corollary 6. Let A be an R-algebra that is generated by a family (ti)ier of 
elements in A. Then the A-module of differential forms Vue is generated by 
the elements dajp(ti). 

If the t; are variables and A is the free polynomial ring R[t;; 1 € I], then 
the differential forms da;r(ti), i € 1, form a free generating system of Var: 


There is another approach to modules of differential forms, which we want 
to present now. Starting out from an R-algebra A, consider the multiplication 
map 

pL: A@p A— A, LQyh— xy, 
and set J = ker. Then yu gives rise to an isomorphism (A ®p A)/J —~+ A 
whose inverse is induced from any of the two canonical maps 


44: A—+ A@RA, LtE>2r@l, 
lg: A—+ A@pA, LtE>+1@z. 


The quotient J/3* is an (A @p A)-module and even an (A ®p A)/J-module. 
Thus, by the above isomorphism, 3/3? may be viewed as an A-module as well 
and we can think of the A-module structure of J A as being obtained from its 
(A @®p A)-module structure by restriction of scalars via either of the morphisms 
1,49: A—+ A@®RA. We claim that the map 


A—> J, LH +1@2-2@81, 


induces an R-derivation 6: A —— 3/3? and that (3/3’,6) is the module of 
relative differential forms of A over R. To justify this, some preparations are 
necessary. 


Lemma 7. For an R-algebra A let 3 be the kernel of the multiplication map 
Lb: A@p A—— A. 

(i) View A @pRA as an A-module under the morphism t,: A —+ A®@ p A, 
E> 2r@l,andJCcA@RA as a submodule. Then the elements 


1@t-t@l, téA, 


generate J as an A-module. 
(ii) If A as an R-algebra is generated by the family (t,)icr, then the elements 


1@t;-t,@1, ie], 
generate the ideal J C A@RA. 
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Proof. Clearly, all elements of type 1@t—t®1 for t € A belong to J. Moreover, 
we can write 


r@y=ry@l+(e@ljley—yel) 


for z,y € A. Now assume that )7;"_, x; ® y; for some elements 2;, y; € A belongs 
to J. Then we have per x;y; = 0 and therefore 


n 


S521 ® yi = Si 2l1®yY-Y%® 1). 
j=l 


i=l 


In particular, the elements of type 1 ®¢t—+t®1 for t € A generate J as an 
A-module, as claimed in (i). Furthermore, writing t = xy for elements x,y € A, 
we obtain 


(l@t-t@l1l)=(r@l\1@y—-y@l1)+(1@r-z@lj1@y), 


from which one derives assertion (ii) by means of recursion. 


Proposition 8. Let fo: A —~ B be a morphism of R-algebras and J C B an 
ideal such that 3? = 0. View J as an A-module under fo. 

(i) If d: A—+ J is an R-derivation, then f, = fo+d defines a morphism 
of R-algebras A — B satisfying f, = fo mod J. 

(ii) If f,: A —~ B is a morphism of R-algebras satisfying f; = fo mod J, 
then fi — fo yields an R-derivation A —~+ J. 

Thus, the correspondence f +—+ f — fo sets up a buyection between the set 
of R-algebra morphisms f: A —~ B satisfying f = fo mod J and the set 
Derr(A, 3) of all R-derivations from A to J. 


Proof. An R-linear map f,;: A —- B is a morphism of R-algebras if and only if 
it satisfies f,(1) = 1 and is multiplicative in the sense that fi(ay) = fi(x)fily) 
for all x,y € A. However, if f; = fo mod J, the equation f\(1) = 1 follows from 
the multiplicativity of f;. Indeed, using the geometric series in conjunction with 
3? = 0, the congruence f,(1) = fo(1) = 1 mod J shows that f,(1) is a unit in B. 
The latter must be idempotent and, thus, coincides with 1 if f; is multiplicative. 

Therefore it remains to show that an R-linear map f,;: A —— B satisfying 
fi = fo mod J is multiplicative if and only if the difference d = f, — fo obeys 
the product rule. To check this, let x,y € A. Then 


fila) fily) = (fol) + d(x) (foly) + d(y)) = folay) + fo(w)d(y) + fo(y)d(a), 
since d(x)d(y) € 3? = 0. Thus, f; is multiplicative if and only if 
folxy) + fol@)dy) + foly)d(e) = foley) + d(xy) = filzy) 


for all x,y € A, ie. if and only if fo(x)d(y) + fo(y)d(x) = d(xy). However, the 
latter is equivalent to the fact that d satisfies the product rule. 
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Corollary 9. For an R-algebra A let J C A@RA be the kernel of the multipli- 
cation map 1: A®p A —~ A. Then the map 


A—> J, tH>+1@2-2@l, 


gives rise to an R-derivation 6: A —+ aS: 


Proof. We look at the R-algebra morphisms 
fo, fi: A—> (A@pr A)/¥ 
that are induced from the maps 
LE—-2r@l, LE 182. 


Applying Proposition 8 to the ideal 3/3? C (A @pr A)/3’, we see that the 
difference 6 = f; — fp is an R-derivation. 


Proposition 10. In the situation of Corollary 9 the module of relative differ- 
ential forms of degree 1 of A over R is given by the pair (3/37, 6). 


Proof. For an A-module M and an R-derivation d: A ——»+ M consider the 
R-linear map 
yp: A@r A — M, xr@yH— «d(y), 


which is even A-linear if we view A ®p A as an A-module under the morphism 
ty: A——> A @pRA given by x +—~+ x @ 1. Then, since d is a derivation, we 
obtain for x,y € A 


y(1@®r-z@1)\(1@y—y@l)) 
= 9(1@ zy) — p(y@z)— v(x@ @y) + v(zy @ 1) 
= d(ry) — yd(x) — xd(y) = 0. 


Now observe from Lemma 7 (i) that 3”, as an A-module via 14;: A —+ A@pr A, 
is generated by all products of type 


(l@®r#-ze@ljley—-yeal), Lye A. 


Therefore, using the above computation, ¢ is trivial on 3? and, hence, induces 
by restriction to J an A-linear map @: 3/3? ——+ M such that the diagram 


is commutative. Since 3/3? is generated by the elements 6(z) for x € A, as 
follows from Lemma 7 (i) again, we see that @ is unique as an A-linear map 
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satisfying d = God. This shows that, indeed, (3/3*, 6) is the module of relative 
differential forms of degree 1 of A over R. 


One can easily see as a corollary that 0), jp must be trivial if the struc- 
tural morphism 1: R ——+ A is a categorical epimorphism, in the sense that 
for ring morphisms 7,7: 4 —— B an equality 7, 01 = 7) 01 implies always 
T, = 7 . For example, surjective morphisms and localization morphisms are of 
this type. Due to the definition of tensor products, the two canonical morphisms 
71,72: A —>+ A@p A coincide, when composed with 1: R —~ A. But then, if 
tis a categorical epimorphism, we get 7, = 72 and therefore Vr = 3/3 =0 
by Lemma 7 (i). 

Next we discuss some functorial properties of modules of differential forms, 
starting with the base change functor. 


Proposition 11. Let A be an R-algebra and R —~ R' a morphism of rings. 
Set A' = A@p R’. Then the exterior differential dajp: A —> Vr induces via 
tensoring with R' over R an R'-derivation 


daryR: A <= Vr Sa A’ 


and (Qhip @,4 A’, darjpr:) is the module of differential forms of A’ over R’. In 
particular, Vy ip (and Ve ®A A’. 


Proof. Using the canonical isomorphism 
pp Or Ro + jp @a(A@p R) = O42 @a A’ 


of 4.3/2, it can be checked by direct computation that dasp ®pr R’ is an 
R'-derivation satisfying the required universal property. 

Alternatively, we can base our argument on Proposition 10. To do this, we 
look at the canonical exact sequence 


0 —+ J —+ A®r A—~+ A—~ 0, 


which splits as a sequence of R-modules since the map A A @pz A, 
xZt—> x @ 1, may serve as a section of the multiplication map A ®p A —— A. 
Therefore the sequence remains exact when applying the tensor product with 
R’ over R. Now view the tensored sequence as the first row of the canonical 
commutative diagram 


0 JT@p R —- A@pASRR+ASRR 0 
0 +7! + A! @p A’ > A’ +0, 


where the lower row is the exact sequence associated to the multiplication map 
A!’ @p A’ ——+ A’. Since the canonical vertical maps in the middle and on 
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the right are isomorphisms, the same must be true for the vertical map on the 
left, and we can conclude that the canonical map 3? @p R’ —+ J? is at least 
surjective. Thus, tensoring the exact sequence 


0 ae +3 ~ 3/3? —- 0 


with R’ over R yields a commutative diagram 


J @pR —-3OrzR 3/7 ORR 0 
0 a 3” . ay re Sea 0 


with exact rows, where the left vertical map is surjective and the middle vertical 
map is an isomorphism. But then the right vertical map 3/3? @z R’ —~ 3/3” 
is an isomorphism as well, as follows by diagram chase or from the Snake 
Lemma 1.5/1. Now it can be checked directly from its definition in Corollary 9 
that the exterior differential 6: A ——+ 3/3? carries over via tensoring with R’ 
over R to the exterior differential 6’: A’ —+ 3'/J”. 


Proposition 12. Let f: A —-+ B be a morphism of R-algebras. Then there 
is a canonical sequence of B-modules 


Vr ®@4 B—+ QBIR — OBA =e) 
and the latter is exact. 


Proof. 'To introduce the morphisms of the sequence, look at the commutative 
diagram 


da/R 1 
A Qarr 
f p 
d y 
B/R if: 
B OQpsR ) 


where y is the unique A-linear map provided by the universal property of the 
exterior differential d4/p. For this to work well, note that dg;po f: A — OBR 
is an R-derivation from A to 0}; /Ro the latter being viewed as an A-module via 
f: A—— B. Since OBR is a B-module as well, we obtain from y a B-linear 
map Ur @,4 B— OBR: Furthermore, the diagram 


dz/R 


B 


QB/R 
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shows the existence of a canonical B-linear map 03, IR 
canonical maps of the sequence 


OBA so that the 


(*) yr @a B— Qp/R ——— QA =r) 


are clear. 

To show the exactness assertion, we use the fact based on the left exactness 
of the functor Hom that (*) is exact if and only if, for all B-modules M, the 
corresponding sequence 


0 —+ Homp(Q%/4,M) —+ Homa(Q/pz,M) —+ Homp(Qh;p @a B, M) 


is exact. Since Homa (Qh jp @4 B,M) = Homa(Q4/p, M) (see Exercise 4.3/8), 
we can use Proposition 4 to write the latter sequence as 


(#2) 0 —~ Dery(B, M) Ee Derr(B, M) is Derr(A, ), 


where wu is the forgetful map interpreting any A-derivation B ——~ M as an 
R-derivation and v the composition map of R-derivations B ——+ M with 
f: A —~ B. Then, clearly, u is injective and vo u = 0 by Remark 2. 

To show that the sequence (**) is exact, it remains to check the inclusion 
kerv C imu. To do this, let d: B ——~ M be an R-derivation belonging to 
the kernel of v and, thus, satisfying do f = 0. Then d is even an A-derivation 
because for a € A and x € B the product rule yields 


d(a- x) = f(a)- d(x) +- (do f)(a) =a-d(a). 


This shows d € imu, as required. 


If the morphism f: A ——>+ B is surjective, we have OBA = 0 by Remark 2 
and the exact sequence of Proposition 12 can be continued to the left: 


Proposition 13. Let f: A ——~ B be a surjection of R-algebras with kernel 
aC A. Then there is a canonical sequence of B-modules 


a/a” —+ Qj p @4 B—+ Qe )p —> 0 
and the latter is exact. 


Proof. The exterior differential d4/p: A —+ 2), IR yields via restriction to a an 
R-linear map a —+ QR» sending a? into a- oT by the product rule. Thus, 
dajr induces a map a/a® —+ Q),/a-Qh)p and we see that the latter is A- 
or (A/a)-linear, since for « € A and a € a we have 


d4/p(xa) = rd ajp(a) ++ ad4/p(x) E rda/pr(a) +a: Qayr- 


Now using the surjectivity of f: A B, we can identify VM jp/AQ rp with 


Vue ®, B, thereby obtaining a B-linear map a/a? —~ Ve ®,4 B. Combining 
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the latter with the canonical map Ve ®, B— OBR from Proposition 12, 
we want to show that the resulting sequence 


a/a” —+ Qhjp @4 B—+ Qe )p —> 0 


is exact. 

Indeed, f being surjective implies 0; jA = 9, as we have already pointed 
out. Hence, the map Vue ®, B— OBR is surjective by Proposition 12. On 
the other hand, this map is already known from Lemma 5. Namely, it coincides 
with the canonical surjection 


y/o yr —* Qyr/ (a yr + A-dajr(a)), 


whose kernel is generated by the image of d4/r(a) in Q1, IR /aQ, jr: Consequently, 
the sequence mentioned in the assertion is exact. 


Proposition 14. Let A and B be two R-algebras. Then there exists a canonical 
isomorphism of (A ®r B)-modules 


(Qiyr@rB) © (A®@r Mp) > Vennyr- 
Furthermore, if 
6: A —+ Vyrp, 52: B—+ Obip 


are the exterior differentials of A and B, the exterior differential of A @pB 
corresponds to the R-linear map 


6: A@pz B— (Qyp@rB) © (Ar QB/R) 


given by 
t@yt— [d(z)@y] ® [x @ da(y)]. 


Proof. Clearly, 6 as defined in the assertion is R-linear and it is easily checked 
that it is even an R-derivation. Namely, for 2’,2” € A and y’,y” € B we have: 


5((a" @ y') : (a" @ y")) 
== =I” Q yy") 
Ae (y'y")] ® [(2'x") ® d2(y'y")] 
= [(2'5:(2") + 2"5i(x')) @ (y'y")] © [(2’2") @ (y'ba(y") + y"B(y))] 
= [(2’ a0: ((2") By") +(e” @y")- (A) @y’)] 
® [(e’ ® y') ; (x” @ 5o(y")) an (x @ y") . (x ® 5a(y'))] 
ps [(2’ Q y’) ; 5(a” Q y")| of [(a” Q y") : O(a’ Q y')] 


To show that 6 is the exterior differential of A @r B, consider an R-derivation 
d: A@p B —~ M from A @pr B to some (A @pz B)-module M. Let 


a1: A—+ A@zr B, og: B—+A®@RB 
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be the canonical morphisms and write M7), for the A-module obtained from 
M by restriction of scalars via o,. In the same way, let M,g be obtained by 
restriction of scalars via a2. Then 


d, =doo,: A—~+ Mya, dz = doo: B—+ M)z 
are F-derivations and the corresponding A-, resp. B-linear maps 
yr —+ Mya, QpiR —> Mp 

induce (A ®p B)-linear maps 

yi: Ayr @rB— M, — v2: A@rQ%/p—- M 
and, thus, an (A ®p B)-linear map 

p= ($1, $2): Qayr @r B) © (A@RQ%/z) —>* M 
such that for v’,2” € A and y’,y” € B we have 

[i(2') @y'] ® [2" @ da(y")] —— dla’): (Ley) + (2"@1)- daly"). 


Using the product rule for d, one easily checks that yo 6 = d. Furthermore, 
since (Qe @rB) © (A@r OBR) as an (A pz B)-module, is generated by 
6(A @p B), it follows that y is uniquely determined by the relation yo d = d 
and we see that, indeed, 6 is the exterior differential of A @p B. 


Exercises 


1. For a field K, consider the coordinate ring A = K[t1,t2]/(t3 — t3) of Neile’s 
parabola, as in Exercise 6.2/6. Show that the A-module of relative differential 
forms ea /K can be generated by two elements, but that it is not free. Conclude 


once more that the scheme Spec A cannot be isomorphic to the affine line Ak. 


2. Let A be an R-algebra, S C A a multiplicatively closed system, and Ag the cor- 
responding localization of A. Show by elementary computation that the module 
a relative differential forms Uns IR is given by the localization (08 / p)s and that 
the map 


ies: Lee 


serves as the exterior differential of As over R, where d4;p: A —+ oF R denotes 
the exterior differential of A. Conclude that the exact sequence of Proposition 12 
reduces to an isomorphism Vir @,4 Ag 4 6/R and, in particular, that 


Vy g/a = 0: 


3. Consider a local K-algebra A with maximal ideal m, where K is a field such 
that the projection A ——+ A/m restricts to an isomorphism kK —~+ A/m. 
Show that the exact sequence of Proposition 13 reduces to an isomorphism 
m/m? —~> Vc @a K. Hint: Use the direct sum decomposition A = kK @ m. 


10. 


11. 
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Modules of relative differential forms Qh K for field extensions L/K: 


. Determine 2}, /K for a simple algebraic extension L = K(x) where z is separable, 


resp. purely inseparable over K. 


. If L/K is separable algebraic, then Qo = 0. Hint: Reduce to the case of finite 


separable extensions. 


. If L/K is generated by n elements, say L = K(a1,...,2n), then Qh Kk is generated 


over L by the n elements dz/x(x1),---,dp/K(%n). Hint: Observe Exercise 2. 


. Let E be an intermediate field of the extension L/K and (x;)jey a family of 


elements in Z such that L = E(a;;7 € J). For variables X;, 7 € J, look at the 
canonical morphism of E-algebras 7: E[X;;7 € J] —— L given by Xj; +— 2; 
and let (fi)ier be a family of polynomials generating the ideal ker 7. Show that 
the following assertions are equivalent for a given K-derivation 6: E ——+ V into 
some L-vector space V and for a family (vj)j;e7 of elements in V: 

(a) There exists a K-derivation 6’: L —-+ V extending 6 that satisfies 6'(x;) = v; 
for all 7 € J. 

(b) For any polynomial f € K[X;;j7 € J] write f? © V[Xj;7 € J] for the 
“polynomial” obtained by transporting coefficients with 6. Then the equations 


O(a) 4 SF (a) vj = 0, ied, 
jeder re 


hold for the tuple x = (x;)jeJ. 


Moreover, if there exists an extension 0’ as in (a), it is unique. 


. Let E be an intermediate field of the extension L/K. Show that the canonical 


map Ver pz L —~+ OF x of Proposition 12 is injective if and only if every 
K-derivation E ——+ L admits an extension as a K-derivation L ——~ L. 


. For a finitely generated field extension L/K, show that QF jR= 0 is equivalent to 


L/K being separable algebraic. Hint: If Qh /K = 0, choose an intermediate field 
K CEC L such that E/K is purely transcendental and L/F is algebraic. If 
L/E is separable, use Exercises 7 and 8 to show that the extension E/K must 
be trivial. Otherwise, derive a contradiction if there should exist an intermediate 
field K Cc E’ c L such that L/E’ is a non-trivial simple extension which is purely 
inseparable. 


Show that there exist examples of algebraic extensions L/K that are not separa- 
ble, but nevertheless satisfy or ik = 0. 


Assume that L/K is generated by n elements, say L = K(21,...,%n). Show that 
transgrad, DL < dimy Qh <n and, moreover, that transgrad, LD = dimy Qh 
holds if and only if L/K is separably generated, i.e. if and only if L is separa- 
ble algebraic over a purely transcendental extension of K. Hint: After a suitable 
renumbering of the elements x; there exists an integer r < n such that the differen- 
tial forms dz/x(21),.--,4p/K(@r) are a basis of Qh KR: Setting EF = K(21,...,2,) 
show 07, /z = 9 and conclude from Exercise 9 that the extension L/E is separable 
algebraic. 
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Now we want to generalize the construction of modules of differential forms, as 
presented in Section 8.1, from rings to schemes. To do this, let us consider a base 
scheme S and an S-scheme a: X —— S. Furthermore, let A: ¥ ——+ X xg X 
be the diagonal embedding, which as we know from 7.4/1, is a locally closed 
immersion. In particular, there exists an open subscheme W C X Xs X such 
that A(X) C W and the induced morphism X ——~ W is a closed immersion; 
for simplicity the latter will be denoted by A again. Let FJ C Ow be the 
associated quasi-coherent ideal defining A(X) as a closed subscheme of W. 
Then the Ox-module 
Qkjs = A(T/T’) 

is called the sheaf of relative differential forms of degree 1 of X over S. Note that 
the explicit construction of the inverse image sheaf in 6.9/2 and 6.9/3 shows 
that Q /s is well-defined, independent of the choice of W. For example, we can 
assume that W is the largest open subscheme in X x s X such that A(X) is 
closed in W; cf. 7.3/12. Since J is quasi-coherent, the same is true for 7/7’, 
and it follows from 6.9/5 that 04, /s 18 quasi-coherent as well. 

To give a description of 04, js 01 local affine open parts of X, consider affine 
open subschemes V = SpecR C S and U = SpecA Cc X such that o(U) CV. 
Then the morphism U ——» V induced from o corresponds to a ring morphism 
R —~ A equipping A with the structure of an R-algebra. Let J C A @pR A be 
the kernel of the multiplication map A @r A A. Then Jluxyu = 3 and 
using 6.9/4 in conjunction with 8.1/10 we obtain isomorphisms 


A I/Plo = (3/¥ @rega A” &I/P = Vp. 


Note that the tensor product is meant as the coefficient extension of 3/3? 
with respect to the multiplication map A @r A A and that the result- 
ing A-module coincides with 3/3’, due to the isomorphism (A@zA)/J —~+ A. 
Furthermore, we see from 8.1/10 that the exterior differential d4/pz: A —> oR 
is induced from the morphism of Og-modules 


dx/g: Ox = Qx/s 


mapping a section f of Ox to the residue class of p3(f) — pi(f) in J/T7*, where 
D1, p2: X Xs X —+ X are the projections onto the factors X. Also in this case 
dx g is called the exterior differential of X over S. Let us add that, just as in 
the case of rings, the sheaf Os of relative differential forms of degree n of X 
over S, for some n €N, is defined as the nth exterior power /\” Qs: 


Proposition 1. Let 0: X —— S be an S-scheme. Then, as a quasi-coherent 
Ox-module, the sheaf of differential forms OKs together with its exterior dif- 
ferential dx;g: Ox —> Q%X/s is uniquely characterized up to canonical isomor- 
phism by the following universal property: 
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Given affine open subschemes U = SpecA C X and V = SpecR Cc S 
satisfying o(U) C V, there is a unique isomorphism Q%X/slU fod Oy, such 
that the restriction of dx;g to U is induced from the exterior differential 
dajr: A— Ur: 


Proof. Taking into account the universal property of the modules of differential 
forms Oy /R? it is clear from the above consideration that the sheaf of differen- 
tial forms 04. /s admits the stated property. The uniqueness assertion for (4. /s 
follows then by means of a gluing argument. 


Applying the above result to the affine n-space X = A% and choosing a 
set of global coordinate functions t),...,t, on X, we can conclude from 8.1/6 
that in this case the Ox-module of differential forms Oks is free of rank n, 
namely isomorphic to O%, and admits the sections dx,s(tj), 1 = 1,...,n, as 
free generators. 


Corollary 2. Let A be an algebra over a ring R and dajp: A—+ Ve the 
exterior differential of A. Then, for any localization Ay of A by some element 
f € A, there is a canonical isomorphism 


a/R = ir @a Af 
such that the exterior differential of Ay is given by the map 


a f"dajr(a) — adajr(f") 
da,jp: As —> Qajp @a Ay, foo Pr - 


Proof. The isomorphism AR mS Ure ®a Ay, is obtained from Proposition 1, 
together with the commutative diagram 


dayR 


Meee 
A; —* jp @a Az 


where the horizontal maps are the exterior differentials of A and Ay. Then, 
using d = da,/r as an abbreviation, we get for a € A and r € N the equation 


a 


aa) =a -f) =a ar) +P -a(z) 


and, thus, 


as claimed. 
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The assertion of Corollary 2 can just as well be obtained by checking via 
elementary computation that the above map da, ;pr is, indeed, an exterior differ- 
ential of Ay; see Exercise 8.1/2. Then the module of differential forms O%s of a 
relative scheme a: X —+ Scan be obtained by gluing quasi-coherent modules 
of type Vip: where U = SpecA C X and V = Spec R C S vary over all affine 
open subschemes of X and S$ such that o(U) C V. Proceeding like this, it is 
not necessary to consider the diagonal morphism Ax/g: X ——+ X xg X, and 
the results 8.1/7 up to 8.1/10 become dispensable. 

Finally, we want to indicate how to generalize the results 8.1/11 up to 
8.1/14 to sheaves of differential forms on schemes. As a general observation, let 
us point out that any morphism of S-schemes f: Y ——+ X induces a canonical 
morphism FOX)8 — Oy 7g of Oy-modules. In the case of affine schemes, say 
X = Spec A, Y = Spec B, and S = Spec R, the latter corresponds to the mor- 
phism of B-modules 9, [REA B— OQ, jp given by the canonical commutative 
diagram 
dar 


A Vr 
f 1p 
BP Ob, 


This way every differential form w € 1), IR induces an element w®1 € 10, pR® AB 
and, taking its image, a differential form in 0}, /R: The same is true for sheaves of 
differential forms. Every section w of Os gives rise to a section w’ in f* (Qs) 
and, taking its image under the canonical morphism fis — O75; toa 
section w” of Oy 75: It is common practice to call w’, just as well as w”, the pull- 
back of w, using the notion f*(w) for both quantities. Of course, if ambiguities 
are possible, one has to be careful about specifying the intended type of pull- 
back. 

Now, fixing a base scheme S, it is straightforward how to generalize the 
results 8.1/11 up to 8.1/14 by means of gluing techniques to the scheme case: 


Proposition 3. For an S-scheme X and a base change morphism S”’ ——+ S' 
consider the resulting S'-scheme X' = X x gS", as well as the attached projection 
p: X' —+ X. Then the canonical morphism 


Pk s rs QV s1 
is an isomorphism. 
Proposition 4. Let f: Y —— X be a morphism of S-schemes. Then there is 
a canonical exact sequence of Oy-modules 


fQk/s 7 Q¥ 75 ae OW) x i. 


Proposition 5. Let X be an S-scheme and j: Y —+ X a closed subscheme, 
given by a quasi-coherent ideal IT C Ox. Then there is a canonical exact sequence 
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of Oy-modules 


where T/T? is interpreted as the inverse image j*(Z/Z?). 


Proposition 6. Let X, and X» be S-schemes and write p;: X1 x5 X2 —~> Xj, 
i =1,2, for the projections onto the factors of the fiber product of X, and Xo. 
Then the canonical morphism of Ox,x5x,-modules 


PQ, /s ® p32, /s ae Ox xgXo/s 


is an isomorphism. 


Exercises 


1. Consider a monomorphism of schemes $’ ——+ S,, for example, a locally closed 
immersion; see Exercise 7.3/4. Show for any S’-scheme X that the canonical 
morphism of Ox-modules ons je Or /s! is an isomorphism. Hint: Use Exer- 
cise 7.4/1. 


2. Consider the affine line with a double origin X = A}, over a field K, as described 
in the introduction to Chapter 6.9. Compute the sheaf of differential forms OF /K* 


3. Consider the projective n-space X = P% over an affine base scheme S. 


(a) Show that the sheaf of differential forms 04, js is locally free of rank n in 
the sense that each point « € X admits an open neighborhood U Cc X where 
XX slu > OF. 

(b) Compute O78 for the projective l-space X = P4. Show that this module 
does not admit non-zero global sections and, hence, that it cannot be free (if S is 
non-trivial). Hint: Let S = Spec R. As in Section 7.1, construct P} by canonically 
gluing the affine lines Xo = Spec R[F] and X; = Spec R[?] for variables to, t1. 
Furthermore, define a quasi-coherent Ox-module Ox(—2) (the so-called Serre 
twist with index —2, as to be introduced in Section 9.2) by gluing Ox,, the free 
module generated by so = 1 on Xo, with Ox,, the free module generated by s; = 1 


on Xj, via the equation s; = (72)?s0 on Xp M X1. Show that QX/5 ~ Ox(—2). 


4. Consider the diagonal embedding A: X —+ Xx gX for a relative scheme X over 
some base scheme S. Let W be an open subscheme of X x5 X such that A factors 
through a closed immersion X ——»> W and let 7 C Ow be the corresponding 
quasi-coherent ideal. Show: 


(a) 7g = 0 is equivalent to J = J. 


(b) Assuming that 7 is locally of finite type, the stalk V5.2 at some point 7 € X 
vanishes if and only if A is a local isomorphism at 2, i.e. if and only if there is an 
open neighborhood U c X of x such that A restricts to an isomorphism between 


U and an open subscheme of X xg X. 


For example, the assumption on J to be locally of finite type is fulfilled, due to 
8.1/7 (ii), if X is locally of finite type over S in the sense of 8.3/4. 
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Invariant differential forms on group schemes: Let G be an S-group scheme over 
a base scheme S and y: G xg G —~+ G the morphism defining its group law, as 
well as ¢«: S —+ G the unit section and i: G —— G the formation of inverses; 
see Section 9.6 for the notion of group schemes. For any S-morphism g: T —+ G 
(i.e. a T-valued point of G with T viewed as a “test scheme”), we obtain from 
G a T-group scheme Gr by applying the structural morphism T’ ——+ S as base 
change. Then we can consider the left translation by g on G, or better Gr, namely 
the morphism 


gr xid I 
Tg? Gr ~ T x7 Gp —— Gr X7 Gr —— Gr, 


where T as an index always means base change with respect to T ——+ S; note 
that 7, is an isomorphism. 

We say that a global differential form w € Q4%, / g(G) is invariant under left trans- 
lation with g if the pull-back of w to Gr, again denoted by w, satisfies T7w = w 
using the identification 4G [r= 0G, /T furnished by the isomorphism Ty. Fur- 
thermore, we say that w is left-invariant if it is invariant under the left translation 
by every T-valued point g of G for T varying over all S-schemes. In the same 
way, one defines right-invariant differential forms using right translations on G. 


(a) Take for G the additive group Ga, and the multiplicative group Gy,¢ intro- 
duced in Exercise 7.1/1 and specify an invariant differential form on G generating 
Nis as a free Og-module. 


(b) Passing to S-group schemes of general type, show for every wo € I'(S, e*NG/5) 
that there is a unique left-invariant differential form w € Of js(G) satisfying 
e*wW = wo in e*NG ig: 

(c) Conclude that by extending sections in e*NG js to left-invariant sections of 
Qs we get a canonical isomorphism P*e*QG/5 ~ Qs) where p: G —— Sis 
the structural morphism of G. 

Hints: To establish the uniqueness in (b), use the so-called universal point given 
by T = G and the identity morphism T ——~ G. For the existence part in (b) 
reduce to the case where wo is induced by a differential form w’ € OF /s defined 
in a neighborhood of the image of the unit section ¢. Pull back w’ with respect to 


the multiplication morphism G x5 G —. G and write y*w! = wy ® we accord- 

ing to the decomposition QGy 6G/s = PING) s ® PNG) 5 of Proposition 6. Then 

define w as the pull-back of wa with respect to the twisted diagonal morphism 
ne 

G Aye) G xg G. If necessary, consult [5], 4.2, for further details. 


8.3 Morphisms of Finite Type and of Finite Presentation 


Before discussing unramified, étale, and smooth morphisms we introduce cer- 
tain finiteness conditions that are satisfied by such morphisms. On the side of 
algebras these are similar to the finiteness conditions introduced for modules in 
1.5/3. 
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Definition 1. Let A be an algebra over some ring R and yp: R—-~ A the 
corresponding structural morphism. We call A, as well as vy, of finite type if 
there exists an exact sequence 


6 — Se Pipe) A: 


where R[t1,...,tn] is a polynomial ring in finitely many variables t1,...,tn over 
R and where ® is a surjection of R-algebras. If, in addition, ® can be chosen 
in such a way that the ideal a = ker® is finitely generated, then A and y are 
called of finite presentation. 


For example, we see from 1.2/9 that any localization map 
R—~+ R[a™'] = R[t]/(1 - at) 
of a ring FR into its localization by some element a € R is of finite type and even 


of finite presentation. As a further observation note: 


Lemma 2. Let A be an R-algebra and 


C=24—=3 ie al a 


an exact sequence as considered in Definition 1. Then, if A is of finite presen- 
tation, the ideal a = ker ® is finitely generated. 


Proof. If A is of finite presentation, there exists a surjection of R-algebras 
@': R[t,,...,t),] —+ A where a’ = ker @'’ is finitely generated. Then the mul- 
tiplication map 


®": Rity,...,tm] @x Ritl,...,t,] —- A, p@qr—~+ O(p)-H(q), 


is surjective and we claim that it has a finitely generated kernel. Indeed, look 
at the finitely generated ideal R[ti,...,tm] @ra’ C ker &”. Dividing it out and 
using the right exactness of tensor products 4.2/1, we arrive at a surjection 


Rts trl @RpA=Alt,...,tm] — A 


whose kernel is generated by the elements ¢; @ 1 — 1 @ ®(t;), i =1,...,m, as is 
easily verified. Therefore ker &” is finitely generated by 1.5/5 (ii). 
Now look at a commutative diagram of type 


0 ——+ ker 6” ——+ R[ti,...,tm] @r R[t,...,t] at = 


i | | 


0 > a > Rlti,...,tm] > 0 


where the middle vertical map 7 sends t; ® 1 to t; fori =1,...,m and1® ti to 
a &-preimage of P(t!) for 7 = 1,...,n. Of course, 7 is surjective. Therefore the 
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left vertical map ker 6” ——+ a must be surjective as well. But then the ideal 
aC R[ti,...,tm] is finitely generated since the ideal ker &” is finitely generated 
in R[ti,...,tm] @r R[t,...,U]. 


Furthermore, we will need some standard facts: 


Lemma 3. (i) Ring morphisms of finite type are stable under base change, i.e. 
if R ——+ A is a ring morphism of finite type, then for any ring morphism 
R —~ R’ the induced morphism R! ——+ A ®pr R’ is of finite type. The same 
holds for ring morphisms of finite presentation. 

(ii) The composition of ring morphisms of finite type is of finite type again. 
The same holds for ring morphisms of finite presentation. 


Proof. Assertion (i) is a consequence of the right exactness of tensor products 
4.2/1. To establish (ii), look at the composition R + A —*. B of two ring 
morphisms and choose surjections 7: R[T] ——~ A and 2’: A[T’] —— B, 
where T and J” are systems of variables. Then we can consider the composition 
of surjections 


©: R(T] @p R(T] 2 A@p R(T] = A[T’] —— B. 


Now if w and w are of finite type, we can suppose that T and 7” are finite 
systems of variables and we see that wo y: R —+ B is of finite type. If y and 
w are of finite presentation, we can suppose that, in addition, ker C R[T] and 
ker a’ C A[T”] are finitely generated. As ker® C R[T] ®p R[T’] is generated 
by (ker 7) @ 1 and (7 @ id)-preimages of generators of ker 7’, it follows that ker & 
is finitely generated and, hence, that wo y is of finite presentation. 


Definition 4. A morphism of schemes f: X + Y is called locally of finite 
type (resp. locally of finite presentation) at a point x € X if the following holds: 
There exist affine open subschemes U C X and V CY, say U = SpecA 
and V = Spec B, such that x € U and f(U) C V, and such that the induced 
morphism of rings B —-+ A is of finite type (resp. finite presentation). 
We say that f is locally of finite type (resp. locally of finite presentation) 
if the corresponding property holds at all points « € X. 


For example, any closed immersion is locally of finite type and any open 
immersion is locally of finite presentation. Furthermore, Lemma 3 shows that 
morphisms of locally finite type (resp. locally finite presentation) are preserved 
under base change and under composition. 

Let us add along the way that a morphism of schemes f is said to be of 
finite type if f is locally of finite type and quasi-compact. Moreover, f is said to 
be of finite presentation if f is locally of finite presentation, quasi-compact, and 
quasi-separated. As usual, we would like to show: 


8.3 Morphisms of Finite Type and of Finite Presentation 363 


Proposition 5. The following conditions are equivalent for a morphism of 
affine schemes f: Spec A ——+ Spec B: 

(i) f is locally of finite type (resp. locally of finite presentation). 

(ii) The morphism of rings B —+ A associated to f is of finite type (resp. 
of finite presentation). 


Proof. Let us write X = Spec A and Y = Spec B. We have only to show that 
condition (i) implies (ii). Assume first that f: X —+ Y is locally of finite type 
(resp. locally of finite presentation) at a certain point x € X. Then there are 
affine open subschemes U C X and V C Y where U is a neighborhood of x such 
that f(U) C V and the corresponding morphism of rings 7: Oy(V) —-> Ox(U) 
is of finite type (resp. finite presentation). Choosing a section b € B such that 
f(x) € D(b) C V, we may localize o by b and thereby assume using Lemma 3 (i) 
that V is a basic open subset of Y. Furthermore, since the localization map 
B —~ B[b“'] is of finite presentation, we see from Lemma 3 (ii) that Ox (U) 
is even of finite type (resp. finite presentation) over B. In particular, we may 
assume V = Y. In a similar way it is possible to replace U by the basic open 
subset D(g) attached to a suitable section g € A. 

Now, assume that f is of finite type at all points x € X. Combining the 
above argument with the quasi-compactness of X (see 6.1/10), there are finitely 
many sections g; € A,i = 1,...,n, such that the ring morphisms B —+ A[g;"] 
are of finite type and the D(g;) cover X or, what is equivalent to the latter, 
such that there is an equation een aig; = 1 for certain sections a; € A. Then 
consider a B-subalgebra A’ C A of finite type containing all sections a;,g; and 
large enough such that all morphisms 1;: A’[g;'] ——> A[g;'], i = 1,.--,n, 
induced from the inclusion A’ *—-+ A are isomorphisms. To show that the 
latter is possible, observe first that all 4; are injective, since the localization 
morphisms A’ —-+ A’[g;'] are flat by 4.3/3. Moreover, A[g;'] is a finitely 
generated B-algebra. So if h = 7 € A[g;"] for some a € A and r € N is any of 
the finitely many generators, we ‘may add a to A’. Thereby we can assume that 
all generators h belong to A’[g;'] and, hence, that A’[g;'] = A[g;'}. 

By our construction, the morphism f: Spec A ——+ Spec B admits a fac- 
torization 

Spec A —-+ Spec A’ —~ Spec B 
with a morphism 7 that is an isomorphism over all basic open subschemes 
D(gi) C Spec A’, i = 1,...,n. Since the equation 7", aig; = 1 persists in A’, 
the D(g;) cover Spec A’ and it follows that 7 must be an isomorphism. Thus, 
we see from 6.6/9 that A’ coincides with A so that A is of finite type over B. 

It remains to consider the case where f is locally of finite presentation. Then, 
by the above reasoning, we know already that the ring morphism B —— A is 
of finite type so that there is an exact sequence 


0 — 36 = Bieta to) 


where the surjection ® gives rise to a closed immersion Spec A ——~ A}. Pro- 
ceeding as in the finite type case, there is a finite covering of Spec A by basic 
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open subsets D(g;), i =1,...,n, such that A[g;‘] is of finite presentation over 
B. Taking ®-preimages of the g; in B[t1,...,tm], we extend these sections to 
sections on A’Z, denoted by g; again. Thus, using the flatness of localization 
maps and localizing the above exact sequence by g; yields an exact sequence 


= G; _ 
Q ——~ a; —— Blt, ..-,tm] Lg; ial — > Alg; | —S 0, 


where a; =a- B[ty,...,tm][g;']. We claim that a; is a finitely generated ideal 
in B[ti,...,tm][g;']. Knowing this, we see that the quasi-coherent Og»-ideal 
associated to a is locally of finite type in the sense of 6.8/12. Then it follows from 
6.8/13 that a is finitely generated and, hence, that A is of finite presentation 
over B. 

To show that all a; are finitely generated, look at the canonical commutative 
diagram with exact rows 


B[t1,...,tm] [{] ——~ A[g;*] ——-0 


0 ——+ a; —— B[th,...,tm] [977] —— A[g;7"] —— 0, 


0 —— a 


where ¢ is an additional variable that is mapped to g;*, horizontally and verti- 
cally. The middle vertical map is surjective. Hence, the same is true for the left 
vertical one. Furthermore, the kernel a’ is finitely generated by Lemma 2, since 
Al[g;'] is of finite presentation over B. But then a; must be finitely generated 
as well, and we are done. 


Finally, let us mention a particular property on closed points of schemes 
that are locally of finite type over a field. 


Proposition 6. Let X be a scheme that is locally of finite type over a field k. 
Then any locally closed point x € X is closed, i.e. if x is closed in a certain 
open neighborhood U Cc X, then x is already closed in X. 


Proof. Assuming that x is locally closed in X, there exists an affine open sub- 
scheme U C X such that x is closed in U. Hence, the residue extension k(x)/k 
is finite by 3.2/4. Now let U be an arbitrary affine open neighborhood of x in 
X, say U = Spec A, and let p, C A be the ideal corresponding to x. Then 
A/p, C k(a) is finite over k and we see from 3.1/2 that A/p, must be a field. 
Therefore p, is a maximal ideal in A and, consequently, x is closed in U. Thus, 
for every affine open part U C X the intersection {x} U is closed in U and 
this implies that x is a closed point in X. 


Exercises 


1. For aring R and a multiplicatively closed subset S C R consider the localization 
morphism R ——+ Rg. Show that R —— Rg is of finite type if and only if it is 
of finite presentation. 
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2. Let a: A —~+ B be a finite morphism of rings, in the sense that B is a finite 
A-module via o. Show that B is an A-algebra of finite presentation via o if and 
only if B is an A-module of finite presentation via o. 


3. Let 0: A —+ B bea morphism of rings that is of finite presentation. Show that 
there exists a morphism of rings a’: A’ —+ B’ such that: 
(a) A’, resp. B’ is a subring of A, resp. B. 
(b) A’ is Noetherian and o’ is of finite type. 
(c) o is obtained from o’ by coefficient extension with A over A’. 


Sometimes this is useful to reduce problems on morphisms of finite presentation 
to the Noetherian case. 


4. Let X be a scheme that is locally of finite type over a locally Noetherian base 
scheme S. Show that X is locally Noetherian and that it is locally of finite pre- 
sentation over S. 


5. Let f: X —+ Y and g: Y —~+ Z be morphisms of schemes. Show: 
(a) If go f is locally of finite type, the same is true for f. 


(b) If go f is locally of finite presentation and g is locally of finite type, then f is 
locally of finite presentation. 


6. Let X ——+ S be a morphism of schemes that is locally of finite type. Show that 
the diagonal morphism X ——+ X x g X is locally of finite presentation. 


7. Let f: Y —~ X bea locally closed immersion of schemes and let U Cc X be 
an open subscheme such that f factors through a closed immersion Y ——> U. 
Let Z C Oy be the corresponding quasi-coherent ideal. Show that f is locally of 
finite presentation if and only if the ideal Z C Oy is locally of finite type. 


8.4 Unramified Morphisms 


Now we are ready to discuss unramified morphisms of schemes. As will be seen 
from Theorem 3 below, such morphisms may be viewed as a certain generaliza- 
tion of finite separable field extensions. 


Definition 1. A morphism of schemes f: X ——+ S is called unramified at 
a point x © X if there exists an open neighborhood U C X of x as well as a 
closed S-immersion! j: U —+ W Cc A% into an open subscheme W of some 
affine n-space A% over S such that: 

(i) If Z C Ow is the sheaf of ideals associated to the closed immersion j, 
there exist finitely many sections generating T in a neighborhood of j(x). 

(ii) The differential forms of type dg for sections g of I, where d stands for 
the exterior differential dynjg: Oxnjs —— Qh ss generate Qhes at j(x). 

The morphism f is called unramified if it is unramified at all points of X. 


' An S-immersion is an S-morphism that is an immersion. 
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Let us explain more closely the terms occurring in the definition. An im- 
mersion j: U ——- W C A% as required for an open neighborhood U C X of « 
exists if and only if f is locally of finite type at x. In conjunction with condi- 
tion (i) this is equivalent to the fact that f is locally of finite presentation at 
x. Moreover, in condition (ii) we require that Q)n js 18 generated at j(x) by all 
differential forms obtained from certain local sections of Z at j(x). Since ie /s 
is a quasi-coherent Ogn/s-module that is locally of finite type by 8.1 /6, this 
condition may be viewed as a local condition at j(#), or even as a condition on 
the level of stalks at j(x), just according to the following lemma: 


Lemma 2. Let X be a scheme and F a quasi-coherent Ox-module of locally 
finite type. Furthermore, let fi,..., f, be local sections of F at a point x © X 
that are defined in an open neighborhood U C X of «x. Then the following 
conditions are equivalent: 

(i) There exists an affine open neighborhood U' C U of «x such that the 
elements fi|u: generate F on U', t.e. such that F(U’) = S0_, Ox(U) filu’. 

(ii) The stalk of F at x satisfies F, = S7\_, Oxxfia, where fix is the germ 
of f, at x. 

(iii) F, @o,,, K(@) = I, k(x) fin, where k(x) = Ox./(pz) is the residue 
field of Ox at x and Tia denotes the residue class of the germ fia € Fr. 


If the equivalent conditions of the lemma are met, we say that F is generated 
at x by the local sections fi,..., fr. 


Proof of the lemma. The implications (i) => (ii) => (iii) are trivial. Moreover, 
we have (iii) => (ii) by Nakayama’s Lemma in the version of 1.4/11, since F 
is assumed to be locally of finite type. Now, to go from (ii) to (i), assume (ii) 
and consider an affine open neighborhood U’ c U of « together with sections 
g1,---,g9s € F(U’) generating F on U’. Then the germs gix,..-,9s,0c € Fe 
generate the stalk F,, and there are coefficients a;;. € Ox, such that 


r 


Gj = So Gije fies P= lyasags: 


i=1 
Taking U’ small enough, the germs aj; € Ox. extend to sections aj; € Ox(U’) 
and, shrinking U’ even more if necessary, we may assume 


T 


94 = >_ as filv, jJ=Hl,...,8. 


i=l 


Then fi,...,f- generate the Ox-module F on U’, as required in (i). 


If a morphism of schemes f: X ——+ S is unramified at a point x € X, it 
follows from the preceding lemma that f is unramified in an open neighborhood 
of x. Therefore the unramified locus of f, namely, the set of all points in X 
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where f is unramified, is open in X. Let us consider an example. For a field k, a 
polynomial p € k[#] in one variable t, and X = S = Aj consider the morphism 
f: X —~ S corresponding to the morphism of k-algebras 


f*: Os(S) = k[t] —+ k[t]=Ox(X),  th—+p. 


Let us determine the locus in X where f is unramified. To construct an 
S-immersion of X into an affine n-space A%, we use the graph morphism of 
7.4/13, viewing f as a morphism of k-schemes. Thus, writing t’ instead of ¢ for 
the coordinate function on S, we extend f*# to a surjection 


j*: k[t,t’] —— k[E], t' — p, tr—-+t, 
thereby obtaining a closed S-immersion 
pode ft): X =A, —— XX SHAG 


which can suggestively be described by « +—- (x, f(x)). The corresponding 
ideal ker j* C k[t,t’] is generated by p — t’ and we see that f is unramified at 
a point x € X if, as a sufficient condition, the differential form 


generates the module of differential forms Nar at j(x); note that dt’ = 0 by 
8.1/2, since t’ is a section living on the base S. Now observe that M/s 
free Ons -module, generated by the differential form dt. Thus, we see that f is 
unramified at 2, if ® (x) # 0, or in other words, if p — p(x), as a polynomial 
in k(z)[t], does not admit multiple zeros in algebraic extensions of k(x). This 
condition is necessary as well, as can be deduced with the help of 8.2/5 from 
the characterization of unramified morphisms given below in Theorem 3 (ii); 
for details see the proof of Corollary 5. 

Moreover, let us point out that any immersion is unramified, as soon as it 
is of locally finite presentation. Also it can be shown in a straightforward way 
that unramified morphisms are stable under base change, composition, and the 
formation of fiber products; see Exercise 1. 

Now let us state the main characterization theorem for unramified mor- 
phisms. 


is a 


Theorem 3. Let f: X —— S be a morphism of schemes that is locally of 
finite presentation. Then, for points x € X and s = f(x) € S, the following 
conditions are equivalent: 

(i) f is unramified at x. 

(ii) Ox sa = 0. 

(iii) The diagonal morphism A: X —-+ X xg X is a local isomorphism at 
x, i.e. there exists an open neighborhood U C X of x such that its image A(U) 
is open in X Xs X and A induces an isomorphism U —~+ A(U),. 
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(iv) X, =X xg Speck(s) is unramified over Spec k(s) at x. 

(v) Consider the morphism between stalks fi#: Og, ——+ Ox. Then the 
maximal ideal m, C Ox.» is generated by the image fi#(m,) of the maximal 
ideal ms C Os, and the induced map between residue fields k(s) ——+ k(z) 
defines k(x) as a finite separable extension of k(s). 


Before starting the proof, let us derive some consequences from the theorem. 
We will write [],-; Xi for the disjoint union of a family of schemes X;, 7 € J, 
just gluing these via empty intersections. This way (Xj);er becomes an open 
covering of [],<; Xi. 


Corollary 4. A morphism of schemes X ——-+ Speck, where k is a field, 
is unramified if and only if we have X = [],<,Speck; where the morphisms 
Spec k; ——~ Speck correspond to finite separable extensions of fields k —> k;. 


Proof. Every morphism |],.; Speck, —+ Speck of the type mentioned in the 
assertion is unramified by Theorem 3 (v). For the converse it is enough to show 
that every affine open subscheme of X is a disjoint union of schemes Spec k; as 
stated in the assertion. Thereby we are reduced to the case where X is affine, say 
X = Spec A. If X ——+ Speck is unramified, we see from Theorem 3 (v) that 
the stalk Ox, at any point x € X is a finite separable field extension of k. In 
particular, every prime ideal of A is maximal and minimal as well. Furthermore, 
since X ——+ Speck is locally of finite type, the same is true by 8.3/5 for A as 
a k-algebra. In particular, A is Noetherian by Hilbert’s Basis Theorem 1.5/14 
and we see from 2.1/12 that X consists of only finitely many closed points, all 
of which must be open as well. In particular, X = [],.. Spec k(x), where as 
seen above, each field k(x) = Ox,, is a finite separable extension of k. 


Corollary 5. Let f: X ——S be a morphism of schemes that is unramified 
at a point x € X. Furthermore, let U C X be an open neighborhood of « and 
j: U + W C A any closed S-immersion from U into an open subscheme 
W CAS. Then the corresponding quasi-coherent ideal IT C Ow is generated in 
a neighborhood of j(x) by finitely many sections of I and the differential forms 
of type dg for sections g of Z generate the module of differential forms Qin js 
at j(x). 

In other words, the defining condition in Definition 1 for the property of f to 
be unramified at a point x € X, is independent of the choice of the S-immersion 
j: U —>W CAS. 


Proof. Let us consider a closed S-immersion j: U ——> W with corresponding 
quasi-coherent ideal ZC Ow as stated. Since f: X —— S is locally of finite 
presentation at x, we conclude from Lemma 8.3/2 that Z is generated in a 
neighborhood of j(x) by finitely many sections of Z. Then look at the exact 
sequence 

Lie —7 PQs — Qu 7s #0 
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of 8.2/5. Since f is unramified at x € X, we have Qi) 5» = 0 according to 
Theorem 3 (ii) and the assertion follows from the surjectivity of the map 


Beil —- (QWs) — Vn js0/ Lehn se 


in conjunction with Nakayama’s Lemma in the version of 1.4/11. 


Now we turn to the proof of Theorem 3, starting with the equivalence be- 
tween (i) and (ii). Since f: X ——+ S is locally of finite presentation at 2, 
there is an open neighborhood U Cc X of x together with an S-immersion 
j: U —+ W C Ag into an open subscheme W of some affine n-space A% such 
that the corresponding quasi-coherent ideal J C Ow is generated at j(x) by 
finitely many sections of Z. If f is unramified at 7, we may assume that, in 
addition, the module of differential forms he js 18 generated at j(x) by the 
differential forms dg attached to sections g in Z. Thus, considering the exact 
sequence 

Lyd? =e ji Qw/s 7 Qs a= 
of 8.2/5, as well as the corresponding exact sequence of stalks at x (see 6.5/9), 
we find that d,: Z,,/Z2 —— POQWs0 is surjective and, hence, that Qs» =0. 
Conversely, if Q7;/¢,, is trivial, the morphism Z,/Z7 —> (j*Qiy/s)« is surjective 
and it follows with the help of Nakayama’s Lemma as in the proof of Corollary 5 
that f is unramified at x. 

Next, in order to establish the equivalence (ii) <= (iii), decompose the 
diagonal embedding X X xg X into a closed immersion A: X ——+ W 
and an open immersion W —+ X xg X. Let J C Ow be the quasi-coherent 
ideal defining (the image of) X as a closed subscheme of W. Then we have 
Qkys = A*(T/T*) by the definition given in 8.2. Thus, 2\,,¢ is trivial if and 
only if A*(7/7*) is trivial. Now consider an affine open part V C W and let 
U = A71(V) be its restriction to X. Then U is affine open in X. Furthermore, 
using 6.9/4 we get 


AN T/P?\O) = (FIP? VV) Gow(v) Ox(U) = (F/T?V(V); 


since J/J? is an Ow/J-module. Therefore A*(7/77) = 0 is equivalent to 
TIF = 0 and, thus, to J = J’. It follows that Q%x/8 = 0 is equivalent to 
As ew a 

Let z = A(x). Since f: X —— S is locally of finite presentation and, in 
particular, of finite type at x, we see from 8.1/7 (ii) that 7 is of finite type on an 
open neighborhood of z and the same follows for 2 /s On an open neighborhood 
of a. As a consequence, the stalk 04. [Sx Ob © is trivial if and only if 04, /s is trivial 
on an open neighborhood of «x. Likewise, J, = J? is equivalent to the equation 
J = J* on an open neighborhood of z. Therefore the above considerations 
show that OK) 50 is trivial if and only if 7, = 72. Now let m, C Ow. be the 
maximal ideal of the stalk of Ow at z, where J, C m, since z € A(X). Then we 
have oe cm, C J, and Z, = ae implies Z, = m,J,. Moreover, the latter 
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yields J, = 0 by Nakayama’s Lemma 1.4/10, as J, is a finite Ow,.-module; see 
8.1/7 (ii), the argument employed above. Consequently, (24, /S = 9 is equivalent 
to J, = 0 and, hence, to the fact that Z vanishes on an open neighborhood of 
z. However, the latter signifies that A is a local isomorphism at 2. 

The implication (i) => (iv) is trivial, since unramified morphisms are com- 
patible with base change. For the reverse implication it is enough to derive (ii) 
from (iv). To do this, assume that X, is unramified at x over k(s) and observe 
that the implication from (i) to (ii), which has already been established, yields 
OK, /k(s),2 = 0 and, hence, using 8.2/3, 


Q%X/s,0/MsQ%) 5,0 = OX/s,0 @oz,, k(s) = OX, /k(s),a =0, 


where m, is the maximal ideal in Os. Then, if m, is the maximal ideal in Ox 2, 
the equation 


Q75,2/Ms) 5,0 = 
yields 
O%/s,¢/ M250 =0 


and therefore OK) 50 = 0 by Nakayama’s Lemma 1.4/10. 

Accessing condition (v), let us establish the implication (v) => (ii) first. 
Since the equivalence of conditions (i) through (iv) has already been settled, we 
may assume S = Speck(s). Then Ox, is a field by condition (v) and we claim 
that x gives rise to an open subset {x} C X. To justify this, choose an affine 
open neighborhood U = Spec A of x in X and let tr: A —-+ k(x) = Ox, be 
the canonical morphism. It follows that U' = Spec A’ with A’ = A/ker7 equals 
the closure of {x} in U and that there are inclusions 


k(s) —+ A!’ —+ k(2). 


Observing that the field k(x) is finite over k(s) by our assumption, we can 
conclude from 3.1/2 that A’ is a field. Furthermore, since k(x) = Ox, is a 
localization of A’, we see A’ = k(x). Hence, x is a closed point in U such that 
the corresponding maximal ideal m, C A is minimal as well. 

Now let p;,...,p, be the remaining minimal prime ideals in A. Their number 
is finite by 2.1/12, due to the fact that A is Noetherian; use that A is of finite 
type over k(s) by 8.3/5, in conjunction with Hilbert’s Basis Theorem 1.5/14. 
Then p; Z m, for all i so that « ¢ V(p,)U...UV(p,). On the other hand, 
since m, 1 ();_, pi = rad(A) by 1.3/4, we see that U — {a} = Uj_, V(p;) and, 
hence, that the set {x} is open in U, as well as in X. As a consequence, we can 
conclude that the stalk 0}, /sw 18 given by the k(x)-module of differential forms 
Oca/a(s)" 

By our assumption, k(x)/k(s) is a finite separable extension of fields and 
we claim that this implies 


Qe sa = Qi (a) /k(s) == 0: 
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Indeed, if k is a field and k’/k a finite separable extension, then it is generated by 
a primitive element, say k’ = k(a), where the corresponding minimal polynomial 
p € k{t] of a over k is separable. Using the canonical isomorphism k’ ~ k[t]/(p), 
we get from 8.1/5 


Qh rk = Que re/ (P Qian + k[t] - dp) = (k'- dt)/(k'- p'(a) - dt), 


where p’ is the derivative of p. However, p'(a) 4 0 since p is separable. Therefore 
we get Qh rn = 0. 

To finish our proof, we establish the implication (iii) => (v). Let us consider 
the fiber X, of f: X —— S' over the point s, as well as the corresponding stalks 
at x and s, thereby obtaining commutative diagrams 


xX Xs Oxe —75 Ox./MOx 2 
S Spec k(s) , Oss Ogs./Ms = k(s) , 


where m, is the maximal ideal of Os,,. Now, writing m, for the maximal ideal of 
Ox, it is clear that m, = m,Ox,, is equivalent to m,/m,Ox,, = 0. Furthermore 
the residue extension k(x)/k(s) is the same for f: X —~+ S and its fiber 
f.: X; —— Speck(s). It follows that f satisfies condition (v) if and only if 
the fiber f, does. Thus, in view of the fact that condition (iii) is stable under 
base change, we may replace the S-scheme X by its fiber X, over s and thereby 
assume S' = Spec k for a field k. Moreover, we can pass from X to an affine open 
neighborhood of x so that we are dealing with an affine k-scheme X = Spec A 
of finite type. Shrinking X even more, we can assume that, in addition, the 
diagonal morphism X ——+ X x; X is an open immersion. 

To derive condition (v) in this situation, it is enough to show that the 
k-algebra A = Ox(X) is a finite direct product of fields that are finite separable 
over k. Fixing an algebraic closure k of k, we see from Lemma 6 below that A 
is such a direct product if and only if the k-algebra A @, k is a finite direct 
product. of copies of k. In other words, we may assume that k is algebraically 
closed. 

Doing so we claim that the Zariski topology of X = Spec A coincides with 
the discrete one (where every subset of X is open). Since the closure of any 
point of X contains a closed point, it is enough to show that all closed points 
of X are open. Therefore consider a closed point z € X. Since A is of finite 
type over the algebraically closed field k, we can read k(z) = k from 3.2/4. In 
particular, we may interpret z as a k-valued point z: Spec k ——> X and, hence, 
as a section of X over k. Then consider the morphism 


h: X —+X x, X, yt— (y, 2), 


where using the projections p,, po: X x,X ——+ X, the morphism p,oh coincides 
with the identical morphism id: X ——+ X and pz oh is the composition 
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X —+ Speck + X 


of the structural morphism of X with the section given by z. Then the 
h-preimage of the diagonal A(X) C X x, X coincides with {z}, since any 
w € X satisfying h(w) € A(X) yields 


w= pi(h(w)) = p2(h(w)) =: 


Therefore, as claimed, {z} is open in X, since A(X) is open in X xz X by our 
assumption. 

Having shown that X carries the discrete topology, all points of X are open 
and closed. Since X is affine and, hence, quasi-compact by 6.1/10, it consists 
of only finitely many points and, thus, is the disjoint union of open subschemes 
concentrated at the points of X. To show that A = Ox(X) is a direct product of 
copies of k = k we may assume X = {x}, where the residue field k(x) coincides 
with k, as shown above. Then A/rad(A) ~ k and the isomorphisms 


(A @; A) /(rad(A) ®, A+ A ®, rad(A)) ~ A/rad(A) @, A/rad(A) 


show that X @, X consists of a single point, just as X does. Furthermore, by 
our assumption the diagonal embedding X ——+ X @,; X or, in other words, the 
multiplication map A @, A —— A is an isomorphism. However, for a non-zero 
k-algebra A the latter can only be the case if the structural morphism & ——+ A 
is an isomorphism, since otherwise the multiplication map A®,A—~ A would 
have a non-trivial kernel. Thus, X = Speck and we are done. 


Lemma 6. Let A be a k-algebra where k is a field. Fixing an algebraic closure 
k of k, the following conditions are equivalent: 

(i) The k-algebra A is a finite direct product of fields that are finite and 
separable over k. 

(ii) The k-algebra A ®, k is a finite direct product of copies of k. 


Proof. To pass from (i) to (ii), consider a finite separable field extension k'/k. 
Choosing a primitive element a € k’, we may assume k’ = k(qa). Let p € k[t] 
be the minimal polynomial of a over k and p= TTj-1(¢ — aj) its factorization 
over k, where the zeros a,,...,a, € k are pairwise different, as p is separable. 
Then the Chinese Remainder Theorem yields 


kB ~ Ble /(») ~ [] Rel /(¢- 3) ~ [TF 


from which the implication (i) => (ii) is easily derived. 

Conversely, if (ii) is given, we have rad(A) = 0 since rad(A @, k) = 0, and 
the canonical map A —+ A ®,k is injective. Furthermore, using 3.1/6, we see 
that the latter map is integral, since A ®; k is generated over A by k and k is 
integral over k. Also we know that 
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Now if p is a prime ideal in A, the quotient A/p is an integral domain that is finite 
and, hence, integral over k. Therefore A/p is a field by 3.1/2. Furthermore, we 
see from the Lying-over Theorem 3.3/2 that every prime ideal of A is restriction 
of a prime ideal in A @, k. It follows that A, just as A ®, k, can contain only 
finitely many prime ideals p1,..., ps. Since the quotients k; = A/p; are fields, 
all p; are maximal as well as minimal, and the Chinese Remainder Theorem in 
conjunction with rad(A) = 0 shows A ~ []}_, k;. Then 


i=1 


implies rad(k; ®, k) = 0 for all i and we claim that therefore all k; are separable 
over k. Indeed, consider an element a € k; for some 7 and let p € k[t] be its 
minimal polynomial over k. Then, if p = [[i_,(¢ — aj)" is the factorization of 


p over k, the inclusion 


TL FLA/¢ — 05)” ~ REA]/(p) = ka) @e B — i @e 


j=l 


shows that all multiplicities n; must be trivial and, hence, that k;/k is separable. 
This finishes the step from (ii) to (i). 


Exercises 


1. Show that unramified morphisms are stable under base change, composition, and 
the formation of fiber products. Hint: For compositions use the argument in the 
proof of 8.3/3 (ii) showing that the composition of two morphisms of locally finite 
presentation is of locally finite presentation again. 


2. Consider the canonical morphism K [t;,t2](tit2) ——+ K[ti] x K [te] for vari- 
ables t,t2 over a field K. Show that the associated morphism of K-schemes is 
unramified. 


3. Consider Neile’s parabola X = Spec K [t1,t2]/(t3 — t?) over a field K and the 
attached K-morphism f: Aj; —+ X, as in Exercises 6.2/6 and 6.7/3. Determine 
the unramified locus of f. 


4. Let f: X + Y be a monomorphism of schemes. Show that f is unramified if 
and only if it is locally of finite presentation. Hint: Exercise 7.4/1. 


5. Let f: X ——+ Y be a morphism of schemes that is locally of finite presenta- 
tion. Show that f is unramified if and only if for each Y-scheme T and each 
Y-morphism g: T ——+ X the Y-morphism (g,idr): T ——+ X xy T is an open 
immersion. 


6. For two S-morphisms f,g: T ——» X on some base scheme S consider the co- 
incidence scheme Z = T X(xx,x) X as in Exercise 7.4/3; it is a locally closed 
subscheme of T and even a closed subscheme if X is separated over S. Show that 
Z is an open subscheme of T if X is unramified over S. 
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7. Unramified extensions of discrete valuation rings: Let R —+ R’ be an integral 
extension of discrete valuation rings. Let K’/K be the attached extension of fields 
of fractions and k’/k the residue extension modulo maximal ideals. Show that the 
corresponding scheme morphism Spec R’ —+ Spec R is unramified if and only if 
the extensions K’/K and k'/k are finite separable and satisfy [K’: K] = [k’: k]. 
Hint: Use Exercise 3.1/8. 


8.5 Smooth Morphisms 


In the introduction to the present Chapter 7.7 we have already explained that 
the Jacobian Condition known from Differential Geometry provides a rather 
natural device for defining smooth morphisms in Algebraic Geometry. In the 
following we will discuss this approach in detail. 


Definition 1. A morphism of schemes f: X —— S is called smooth at a point 
x € X (of relative dimension r) if there is an open neighborhood U C X of x 
together with a closed S-immersion j: U —+ W C A% into an open subscheme 
W of some affine n-space A% such that: 

(i) If Z C Ow is the sheaf of ideals corresponding to the closed immersion 
j, there are n— rr sections Gr4i,..-;Gn in LT that generate Z in a neighborhood 
of z =j(x); in particular, we assume r <n. 

(ii) The residue classes dg,+1(Z),.--,gn(z) € Qin gs Bh(z) of the differential 
forms dgr41,---,;Gn are linearly independent over k(z). 

We say that f 1s smooth on X if it is smooth at all points of X. Moreover, 
f is called étale at x (resp. étale on X) if it is smooth of relative dimension 0 
at x (resp. smooth of relative dimension 0 at all points of X). 


The notation Qin js ® k(z), as used above, is an abbreviation for the 
k(z)-vector space 


1 ~ol 1 
OQyn/s2 @Ogn,2 k(z) = Qanjg,2/MQan gz , 


where m, C Oax,, is the maximal ideal and k(z) = Oaz,z/Mz the residue field of 
z. To relate the definition of smoothness to the Jacobian Condition, let t,,...,t 
be the coordinate functions on A% and imagine the elements g,41,.-., Jn Occur- 
ring in Definition 1 as rational functions in t),...,t, with coefficients living on 
the base S. It follows from the construction in the proof of 8.1/4, recalled in 
8.1/6, that the differential forms dt,,...,dt, give rise to a free set of generators 
of Qe Is: Thus, there are equations 


n 


dg; = S > aijdty, pert lee, 


i=l 


with unique sections a;; in Og. Using formal partial derivatives, a reasoning 
similar to the one in the proof of 8.1/3 shows 
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Oq; 
dg; = Ysa jg=ert+l,...,n. 


Hence, the linear independence of the residue classes dg,+1(z),...,d9@n(z) is 
equivalent to the relation 


for the Jacobian matrix of 9,41,..-,9n at z. Thus, we can say that a morphism 
f: X — S is smooth at a point « € X if, locally at x, there is an immer- 
sion into some affine n-space Ag such that the Jacobian Condition is satisfied. 
However, it is highly non-trivial to show that this condition is satisfied for every 
immersion into an affine m-space A@’ as soon as it is satisfied in one particular 
case. This is the so-called Jacobian Criterion in Algebraic Geometry, which we 
will prove later in Proposition 9 using as basic ingredient the so-called Lifting 
Property for smooth morphisms; see Theorem 8 below. 

Note that the structural morphism A’ ——~ S of the affine n-space over a 
base scheme S is a trivial example of a smooth morphism. Also observe that a 
morphism f: X ——~ S is locally of finite presentation at a point x € X if it is 
smooth at x. Furthermore, if f is étale at x, it is unramified at x in the sense 
of 8.4/1; see also Proposition 6 below. 

For an S-scheme X with structural morphism f: X ——~ S, the relative 
dimension at a point x € X is usually defined as the topological dimension 
dim, f = dim, X, at x of the fiber X, = f~'(s) over s; for the definition of 
local dimensions see 7.5/6. We will show in Proposition 4 below for smooth 
morphisms that the relative dimension in this sense coincides with the one as 
specified in the setting of Definition 1. 

Let us start now proving some elementary facts on smooth morphisms. 


Proposition 2. Smooth (resp. étale) morphisms are stable under base change, 
composition, and the formation of fiber products. 


The proof is straightforward from the definition of smooth and étale mor- 
phisms; see Exercise 1. 


Proposition 3. Let f: X —— S be locally of finite presentation. Then the set 
of all points x € X where f is smooth of relative dimension a given number r, 
is open in X. 


Proof. Consider a point « € X where f is smooth of relative dimension r 
and look at a situation as in Definition 1. Then we have an open neighbor- 
hood U Cc X of x together with a closed S-immersion j: U —-> W Cc A% and 
its associated quasi-coherent ideal J C Ow. Furthermore, there are sections 
Qrtis+++3Gn of Z generating ZT in a neighborhood W’ Cc W of z = j(x) such that 
the residue classes dg,+1(z),.--,dgn(z) € Qin js ® k(z) are linearly independent 
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over k(z). Since the differential forms dt,,...,dt, attached to the coordinate 
functions of A% yield a free generating system of Qe js, we can enlarge the 
system dg,+1(z),-..,dn(z) to a k(z)-basis of Qinjs ® k(z) by adding r residue 
classes of the dt;, say by adding dt,(z),...,dt,(z). Then 8.4/2 shows that the 
differential forms dt,,...,dt,,dgp11,---;€9n generate Qin js at z and therefore 
also on a certain neighborhood of z, for example on W' Cc W. Hence, for any 
z' € W’ the n residue classes 


dhl 2)) 21. (die); does (2 \y2ck Wane) Qhess ® k(z’) 


will form a k(z’)-basis of Qa jgBk(z'), which is a k(z’)-vector space of dimension 
n, and we see that the residue classes 


dgr4i(z'),..-,dgn(z') € Qha/s ® k(z’) 


are linearly independent for all z’ € W’. Thereby we have shown that the 
defining property of the smoothness of f at 2 automatically extends to a certain 
neighborhood j~!(W’) of x. Consequently, the set of points in X where f is 
smooth of relative dimension r, is open in X. 


Proposition 4. Let f: X —— S be smooth of relative dimension r at a point 
x € X. Then, indeed, r coincides with the relative dimension dim, f of f at x. 


Proof. Replacing X by a suitable open neighborhood of x, we can assume that 
f is smooth of relative dimension r at all its points. Since the smoothness is 
preserved by base change due to Proposition 2, we may pass to the fiber of f over 
s = f(x) and thereby assume that S is the spectrum of a field k. Furthermore, 
we may assume that X is affine, say X = Spec A, where A is a k-algebra of 
finite type. In particular, A is Noetherian then by 1.5/14 and the same is true 
for its localization Ox... 

If A is an integral domain, we know from 3.3/8 that htm = dim A for all 
maximal ideals m Cc A. We then have dim, f = dim, X = dimU for every 
non-empty open subscheme U C X since the closed points of U are dense in X; 
use Hilbert’s Nullstellensatz 3.2/6. In the general case, X will consist of finitely 
many irreducible components C),...,C, (see 7.5/5), so that 

dim, X = max dim Cj. 
2eC; 
In particular, there is an index %p such that dim, X = dim C;,, and we can find 
an affine open subscheme U C X that is contained in C;,, but disjoint from all 
other C;. Since we have required f: X ——~+ Speck to be smooth of relative 
dimension r at all its points, we may replace X by U, forgetting about the 
initial point x. This way we are reduced to the case where X is irreducible. 

Next choose an algebraic closure k of k and apply the base change k/k 
to f, thus obtaining a morphism f: X ——+ Speck that is smooth again by 
Proposition 2. Furthermore, we have dim A@; k = dim A by 3.3/6. Similarly as 
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just explained, we may replace X by an irreducible open part. Thus, we have 
reduced our original problem to the situation where k is algebraically closed 
and X is affine and irreducible. Furthermore, taking for x any closed point in 
X, we have dim, X = dim Ox, by 3.3/8 and it remains to show dim Ox, =r. 

Now assume that there is a closed immersion j: X ——+ W C AZ into 
some open subscheme W C Ag where the conditions of Definition 1 are sat- 
isfied. Then there are local sections g,41,...,gn in Z defining X as a closed 
subscheme on a neighborhood of z = j(x) in W such that the residue classes 
dgr+i(Z),---;49n(z) € Qin js ® k(z) are linearly independent over k(z). Note 
that k(z) = k, due to 3.2/4 and the fact that k is algebraically closed. 
In particular, the maximal ideal m, C Ow, corresponding to z is of type 
m, = (t1 — G,...,tn — Cn) for the coordinate functions t; on A% and suitable 
constants c; € k. Now, looking at the exact sequence 


m, /m — Qo, ./k @ow,. (Zz) — Oi (e)/k atl 


of 8.1/13, the first map is an isomorphism by reasons of vector space dimensions. 
Therefore we can enlarge the system g;41,...,9n to a system 91,...,9n € Mz 
defining a closed subscheme in a neighborhood of z that is étale over S at z. 
Then 91,.--,;9n generate m, by Nakayama’s Lemma in the version of 1.4/11 
and we thereby see that g-41,..., gn are part of a system of parameters in Ow,-. 
Thus, we conclude from 2.4/13 that dimOx,. = dim Ow.-/(gr41,---,9n) = 7; 
as desired. 


Proposition 5. Let f: X —— S be smooth of relative dimension r at a point 
xe xX. Then OKs is locally free of rank r at x. 


Proof. Consider a situation as in Definition 1, namely, an open neighborhood 
U Cc X of x together with a closed S-immersion j: U —-> W C A% and with as- 
sociated quasi-coherent ideal ZC Ow. Then there are local sections 9,41, --- 5 9n 
in Z generating Z in some neighborhood W’ Cc W of z = j(x) such that the 
residue classes dg,+1(z),---,dgn(z) € Qin js ® k(z) are linearly independent 
over k(z). As in the proof of Proposition 3 we may assume that the differential 
forms dt,,...,dt, obtained from the first r coordinate functions of A% together 
with dg-14,..-,€9n generate Qing on some affine open neighborhood of z, say 
on W’. Fixing such generators, we get a short exact sequence of quasi-coherent 
Ow -modules 
USS Oy Qiajslw" aa. 


that splits since he /s is free. Then ® may be viewed as a quotient of Oj, 
and, hence, is locally of finite type. Furthermore, we get R @ k(z) = 0 from 
our construction, since a split short exact sequence remains exact under coeffi- 
cient extension; for example, use 4.1/8. Now Nakayama’s Lemma 1.4/10 yields 
Rz = 0 and, hence, that 7 is trivial in a neighborhood of z. Therefore, on some 
neighborhood of z, say on W’, the differential forms dt,,..., dt,,dgp+1,---,49n 
give rise to a free generating system of Qin /s? and the exact sequence 


378 8. Etale and Smooth Morphisms 
2 xCl 1 
Ll) Qanis Sg 


from 8.2/5 shows that Qs is freely generated on W’ by the images of the 
differential forms dt,,...,dt,. In particular, Os is locally free at x of rank r. 


Proposition 6. The following conditions are equivalent for a morphism of 
schemes f: X —— S: 

(i) f is étale. 

(ii) f ts smooth and unramified. 


Proof. Assume first that f is étale at some point x € X, and consider an open 
neighborhood U C X of x with a closed S-immersion j: U —+ W C A%, where 
TZ C Ow is the associated quasi-coherent ideal, as in Definition 1. Furthermore, 
let g1,-.-,9n be local sections generating Z on some neighborhood of z = j(x) 
and assume that the residue classes dgi(z),...,d9n(z) € Qin js BK(z) are linearly 
independent so that they form a k(z)-basis in Qin js ® k(z). Then Nakayama’s 
Lemma in the version of 1.4/11 shows that the differential forms dq,...,dgn 
generate the module Qe js at z. Therefore f is unramified at x and, as an étale 
morphism, smooth at x as well. 

Conversely, assume that f is smooth of some relative dimension r and, in 
addition, unramified. Then, fixing a point x € X, there exists an open neigh- 
borhood U Cc X together with a closed S-immersion j: U ——+ W Cc A% and 
associated quasi-coherent ideal ZC Ow as in Definition 1, namely, such that Z 
is generated in a neighborhood of z = j(x) by local sections g,41,..., 9, where 
the residue classes dg,+41(z),---,dgn(z) € Qiajs ®k(z) are linearly independent. 
Since f is unramified at x, the differential forms dg attached to sections g in 
TZ will generate the module he js at 2 by 8.4/5 and therefore also the vec- 
tor space Qh 7s ® k(z), which is of dimension n over k(z). From an equation 
9 = O41 4g With sections a; in Ow we conclude 


dg(z) = 7 (ai(z)dgi(z) + gi(z)da;(z)) = 7 ai(z)dgi(z) 
i=rt+l i=rt+l 
because of gp41(z) = ... = gn(z) = 0, and we see that the residue classes 
dgr+1(Z),---;@9n(z) are even a basis of Qin js ® k(z). Therefore we must have 


r =0, and f is étale at x. 


Moreover, one can show that the condition étale is equivalent to flat 
and unramified; see Corollary 18 below. For example, one easily verifies that 
a finite separable extension of fields k’/k gives rise to an étale morphism 
Spec k’ —-+ Speck. Then we conclude from 8.4/4 for a morphism X ——~ S$ 
with S' the spectrum of a field that the conditions étale and unramified coin- 
cide. On the other hand, the difference between unramified and étale morphisms 
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becomes already apparent, when considering immersions. As we know from Sec- 
tion 8.4, any immersion of schemes is unramified, provided it is locally of finite 
presentation. However, étale immersions are open: 


Lemma 7. An immersion f: X ——+ S is étale if and only if it is an open 
ammersion. 


Proof. If f: X ——+ S is an open immersion, we may interpret S as the trivial 
affine space A and X as an open subscheme of A%. Then the identical morphism 
j: X —+ X C A& shows that f is étale at all points x € X. 

Conversely, assume that f is étale. We only need to consider the case where 
f is a closed immersion, claiming that in such a situation f is an open immersion 
as well. To prove this we can work locally on X. Therefore consider an open 
neighborhood U Cc X of some point x € X, together with a closed S-immersion 
j: U —+ W C Ag into some open subscheme W of A% such that the defining 
conditions for f being étale at x in the sense of Definition 1 are satisfied. Then 
we can assume U, S, and W to be affine with rings of global sections A, R, and 
A’ and, furthermore, that there are global sections g1,...,4n € Ow(W) = A’ 
generating the quasi-coherent ideal J C Ow attached to j with the property that 
the differential forms dg,,...,dg, generate OW)s at z =j(x). Thus, if t,...,ty 
are the coordinate functions of A%, we have the following commutative diagrams 


_—— re Ces Ve A Ak 


Rlth,..-,te] 


on the level of schemes, respectively, on associated rings of global sections. As 
the morphism R ——- A is surjective, we may modify the variables t,,...,t, in 
such a way that their images in A’ belong to the kernel of A’ ——- A and, thus, 
to Z. Then there are equations 


n 


tilw = >_ ai9%, jJHl,.-.,7, 


i=l 


with coefficients a;; € Ow(W). Using g;(z) = 0 for all 7 as in the proof of 
Proposition 6, the attached equations on the level of differential forms 


n 


dt; (z) = Do ayl2)do(2), PS dienes 


i=1 


show that the determinant det(a,;) is a unit on some neighborhood of z. Hence, 
the matrix (a;;) is invertible at z. Shrinking S, U, and W if necessary, we may 
even assume that (a;;) is invertible on all of W. Then the elements ty|y, ... , tnlw 
generate the ideal Z on W since the same is true for g1,..., g,. Thus, applying 
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the base change given by the zero section S ——+ A% to the open immersion 
W ——~ Ag, we end up with a morphism U ——+ S that, by its construction, 
is an open immersion coinciding with the restriction of f to U. Since such a 
consideration is possible for all « € X, the closed immersion f is open. 


Next we discuss the fundamental characterization of unramified, smooth, 
and étale morphisms via the so-called Lifting Property. 


Theorem 8 (Lifting Property). For a morphism f: X ——~ S of locally finite 
presentation the following conditions are equivalent: 
(i) f is unramified (resp. smooth, resp. étale). 
(ii) For every S-scheme Y where Y is affine and for every closed subscheme 
Y CY given by a quasi-coherent ideal J C Oy satisfying J? = 0, the canonical 
map 
®: Homs(Y,X) —+ Homs(Y,X) 


is injective (resp. surjective, resp. bijective). 


Proof. We start by looking at unramified morphisms. In this case both condi- 
tions (i) and (ii) are local on X and local over S. Therefore we may assume X 
and S to be affine, say X = SpecA and S = Spec R. Let B be an R-algebra 
and 3 C B an ideal satisfying J? = 0. Then we know from 8.1/8 that for any 
R-algebra morphism y: A —+ B, the mapping w +—~ w—y defines a bijection 
between the set of R-algebra morphisms w: A ——+ B satisfying W = y mod J 
and the set Derr(A, 3) of all R-derivations from A to J. 

If f is unramified, we read Qs = 0 from 8.4/3 so that Derr(A, 3) = 0. It 
follows that any R-algebra morphism w: A —-+ B satisfying W = y mod J will 
coincide with y and, hence, that @ is injective. To show the converse, consider 
the multiplication map A ®pr A A. Let J C A ®RA be its kernel and 
set B = (A @pr A)/3*. Then the square of the ideal 3/3? = JB C B is trivial 
and we can look at the canonical map : Hompy(A, B) —~ Homp,(A, B/JB). 
Now, if @ is injective, we get Derr(A,3/3?) = 0, as explained above. Since 
3/9 coincides with the module of differential forms Vr by 8.1/10, we get 
Hom(Q);p,4;z) = 0 and, thus, Q/,, = 0 so that f is unramified by 8.4/3. 

Next we deal with smooth morphisms. By its definition, the smoothness of 
the morphism f: X ——~ S in condition (i) can be tested locally on X. That 
the same is possible for the corresponding lifting property in (ii) is not obvious 
at all and requires a special argument. Postponing this problem for a moment, 
let us look at a “local” situation where f: X ——~ S is a smooth morphism 
of relative dimension r and where X and S are affine, say X = SpecA and 
S = Spec R. Let j: X ——+ W C Ag be a closed immersion of X into an open 
affine subscheme W = Spec A’ of some affine n-space A% = Spec R[t1,..., tn], 
where W is assumed to be basic open in A% so that A’ is a localization of the 
polynomial ring R[ti,...,t,]. Let 3 Cc A’ be the ideal attached to j. Choosing 
X small enough, we may assume as in the proof of Proposition 5 that there are 
elements g1,..-,9n € A’ such that their associated differential forms dg,,...,dgn 
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form a set of free generators of Q1 IR and, in addition, g-11,...,Gn generate the 
ideal 3 c A’. Then the residue classes of the latter elements generate 3/3? as a 
module over A ~ A’/3 and it is easily seen that the exact sequence from 8.1/13 
gives rise to a short exact sequence 


(x) 0 —+ 3/3? —-+ Vir @4 A — Vr —+ 0 


that is split. 

Now let Y = Spec B be an affine S-scheme and Y C Y a closed sub- 
scheme given by some ideal b C B satisfying 6? = 0. We have to show that 
every R-algebra morphism ¢: A ——~+ B/b lifts to an R-algebra morphism 
yy: A —-+ B. The corresponding problem for A’ in place of A can be solved, 
using the universal properties of polynomial rings and their localizations. For 
this to work well, observe that an element b € B is a unit if and only if its 
residue class b € B/6 is a unit. The latter is true because all elements of type 
1+e€ B with € b are invertible, namely, (1+ ¢)~' = 1 —e due to c? = 0. 
Thus, there exists an R-algebra morphism : A’ —~+ B such that the diagram 


Al A =A'/3 
ab e 
B B/6 


is commutative. Then we have necessarily ~(3) C 6 and ~ gives rise to an 
A-linear map 


w': 3/3? —+ b/b? = 6. 


As the above short exact sequence (*) is split, we see that w’ extends to an 
A-linear map q”": Vir @,4 A —+ 6 as follows: 


0 


3/P? —+ Vy jp @a A— Vyp 


ay! 
yy 


b 


In particular, ~” induces by composition with the canonical maps 


A! daryR 


> Vip ~ Vip @ar A 


an R-derivation 6: A’ ——~ b satisfying |; = d|z. Since the image of 6 is 
contained in 6, we see from 8.1/8 that ~ — 6: A’ ——+ B is a morphism of 
R-algebras giving rise to the desired lifting y: A = A’/3 ——+ B of G, due to 
the fact that J C ker(w — 4). 

Now, to derive the lifting property for a smooth morphism of general type 
f: X —~ S, let Y = Spec B be an S-scheme that is affine and let Y C Y bea 
closed subscheme, given by a quasi-coherent ideal 7 C Oy satisfying 7? = 0. 
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Furthermore, let @: Y ——+ X be an S-morphism. Then, working relatively 
with respect to affine open parts in X lying over certain affine open parts in 
S and applying the above special case, we can find a (finite) basic affine open 
covering (Y;)ier of Y such that Q|y,,y lifts to an S-morphism yj: Y; —-+ X for 
alli € I. As the lifting process is only unique in the unramified case, we cannot 
expect that two liftings y%, Yi for 2,7 € I will coincide on the intersection Y;NY;. 
To analyze the difference between yj and ¢;, let us simplify our notation and 
assume X and S to be affine, say X = Spec A and S = Spec R. Then, writing 
Y, NY; = Spec B,;, as well as 6; = J(Y;NY;), the liftings y/ly,,y, and Yily.ny; 
correspond to two R-algebra morphisms A ——~ B,; that are congruent modulo 
b;; and we see from 8.1/8 that these will differ by an R-derivation A —— 6;;. 
Now observing that 6;; is a B,;/6;;-module, due to b, = 0, and viewing b,; as 


an A-module via the morphism A —~+ B;;/b6;; obtained from @: Y —~ X, we 
get 


Der,(A, b:;) aad Homa (Qh, b;;) oe Homg,;/o;; (Qayr Ba (Bi; /6:;), bi;). 


If we switch back to the previous notation, where X and S are not necessarily 
affine, the consideration above shows that the obstruction for gluing the mor- 
phisms yi: Y, —+ X to a lifting of g: Y ——- X consists of a cocycle on the 
basic open covering (Y; Y)jer of Y with values in the sheaf 


Homo _(e" Xs, J); 


which is a quasi-coherent sheaf of O;-modules. To explain the quasi-coherence 
in more detail, note that for a scheme Z and sheaves of Oz-modules F, G on 
Z, the sheaf Homo, (F,G) is given by the functor 


U -— Homo, |, (Flu, Gly), 


which is canonically an Oz-module. If F and G are quasi-coherent, the compat- 
ibility between Hom and localizations for ordinary modules (see Exercise 4.3/9 
or Bourbaki [6], H, § 2, no. 7, Prop. 19) shows that the sheaf Homo, (F,G) is 
quasi-coherent as well, provided F is locally of finite presentation in the sense 
of 6.8/12. In our case, F = PQs is quasi-coherent by 6.9/4, since Qs is 
quasi-coherent. In fact, it is even locally free of finite type, since the same is 
true for Oks by Proposition 5. Thereby we see that F = POX) 5 is locally 
of finite presentation and it follows that Home (G0 js: J) is quasi-coherent. 
Also note that the compatibility result mentioned above is not really needed in 
our situation where F is locally free of finite type, since it is trivial then. 

Now, Homa, (F275, J) being quasi-coherent, we can conclude from 7.6/4 


that the first Cech cohomolgy of this sheaf is trivial and it follows that the 
cocycle obtained from the above local liftings yi: Y; ——~ X can be resolved. 
Therefore these morphisms can be modified by means of derivations as in 8.1/8 
to yield local liftings y;: Y; —-+ X of @ that coincide on all overlaps of the cover- 
ing (Y;)icer- Thus, they can be glued to define a global S-morphism y: Y —+ X 
providing the desired lifting of @. 
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It remains to show that the surjectivity of @ in (ii) implies the smoothness 
of f. Since condition (ii) is maintained when shrinking X and S, we may work 
locally on X. Furthermore, since f is locally of finite presentation, we can assume 
that X has been realized as a closed subscheme of some affine n-space A%, given 
by a quasi-coherent sheaf of ideals ZC Og» of locally finite type. Then it is 
enough to show that the exact sequence from 8.2/5 extends to a short exact 
sequence 


0 —+ T/T? —_- Qhas S0xn Oe > OKys 20 


that is locally split. Indeed, as it is locally split, the sequence remains exact when 
tensoring it with the residue field k(x) at any point x € X. Therefore, choosing 
local sections gn—r,---;9n of Z at x such that their images form a basis of the 
k(x)-vector space Z/Z? ® k(x), Nakayama’s Lemma in the version of 1.4/11 
shows that these elements generate Z at x. Furthermore, the residue classes 
dgn—r(X),---,4Gn(x) are linearly independent in Qin js ® k(x) by construction 
so that f is smooth of relative dimension r at x. 

We would like to establish the above locally split exact sequence more gen- 
erally for a smooth S-scheme W in place of A%. To do this, we assume S, X, 
and W to be affine, say S = Spec R, X = Spec A, and W = Spec A’, where 
A = A'/3 for some finitely generated ideal 3 C A’. Applying the surjectivity 
of the map @ in (ii) to the identical morphism id: X ——+ X, we see that the 
identical map 

@=id: A'/I —- A’'/3 = (A'/9’)/(G/V) 
admits a morphism of R-algebras 


yg: A/3 — A'/P 


as a lifting. Therefore the canonical exact sequence of R-modules 


Qe St A A 
is split, since y may be viewed as an R-linear section of 7. Furthermore, the 
difference id 4//32 —p 0 7 gives rise to a retraction 


FAS — aD? 


of the inclusion v. Since id4//32 and yo 7m are R-algebra morphisms on A/S? 
that are congruent modulo 3/3? by construction, we conclude from 8.1/8 that 7, 
being the difference of these two maps, is an R-derivation. Composing 7 with the 
projection A’ —— A’/3?, it induces an A’-module morphism Unip —> 3/3’ 
mapping any differential form of type da for a € J to the residue class a € 3/3? 
associated to a. Therefore Q1, IR 3/3’ gives rise to a retraction of the 


canonical morphism 3/3? ——+ OR /R@A! A occurring in the exact sequence of 
8.1/13, and we see that the latter sequence extends to a short exact sequence 
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0 —+ 3/3? —~ Qy;p G4 A—+ Vp —> 0 


that is split. This settles the implication (ii) => (i) for smooth morphisms. 

Finally, the remaining equivalence between (i) and (ii) for étale morphisms 
follows with the help of Proposition 6 by combining the corresponding equiva- 
lences for unramified and smooth morphisms. 


We can show now as a consequence of the Lifting Property of Theorem 8 
that the characterizing property for a smooth morphism in Definition 1 is in- 
dependent of the choice of the immersion U —-> W Cc A% and that, moreover, 
the affine n-space A% and its open part W may be replaced by any smooth 
S-scheme Z. 


Proposition 9 (Jacobian Criterion). Let j: X ——+ Z be a closed S-immersion 
of S-schemes where j is locally of finite presentation, and let I C Oz be the 
associated quasi-coherent ideal. Consider a point x € X such that Z, as an 
S-scheme, is smooth at z = j(x) of relative dimension n. Then the following 
conditions are equivalent: 

(i) X is smooth over S at x of relative dimension r. 

(ii) There exists an open neighborhood of x on which the exact sequence of 
8.2/5 yields a short exact sequence 


Q —+ L/L? —+ j*Q%)5 —+ Xk);3 —+ 0 


that is split. Furthermore, dimg,z) Q%x/3 @ k(z) =r. 

(iii) Let ti,...,tn and m,...,gn be local sections in Oz, such that the as- 
sociated differential forms dt,,...,dtn give rise to a free generating system of 
QF) 5.2 and g1,...,9n generate the ideal T,. Then, after a suitable renumbering 
of the elements t; and g;, we can assume that gr4i,.--,9n generate Z and the 
differential forms dt,...,dtr,dgr4i,---,€9n generate the module of differential 
forms QF 75 on an open neighborhood of z. 

(iv) There exist local sections g,41,---,9n € Oz, generating I, such that 
dgy41(Z),---,;4Gn(z) are linearly independent in QF 78 ® k(z). 


Proof. The implication (i) ==> (ii) is a consequence of Theorem 8 and its proof. 
Indeed, if X is smooth at x of relative dimension r, then the structural morphism 
f: X —— S satisfies the Lifting Property on some open neighborhood of 2. 
As shown in the last step of the proof of Theorem 8, the exact sequence from 
8.2/5 extends locally at x to the split exact sequence of (ii) and and we see that 
dim, ) Qs ® k(z) =r using Proposition 5. 

As for (ii) => (iii), use the fact that the exact sequence from (ii) remains 
exact when tensoring it with the residue field k(x) = k(z), since it is split locally 
at x. Then (iii) is easily obtained with the help of 8.4/2. Furthermore, since O75 
is a locally free Oz-module of rank n by Proposition 5 and since the latter is 
generated at z by the differential forms attached to local sections of Oz. (see 
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8.1/6), we can read from 8.4/2 that local sections t),...,t, € Oz, as in (ii) will 
always exist. Therefore the implication from (iii) to (iv) is straightforward. 

Finally, the implication (iv) => (i) is clear if, for some open neighbor- 
hood V C Z of z, there would exist an open S-immersion V ——+ A®. As we 
cannot assume this in the general case, we must rely on the smoothness of Z 
at z and choose an open neighborhood V Cc Z of z together with a closed 
S-immersion j’: V ——+ W c A into an open subscheme W of some affine 
m-space A? such that the defining conditions for Z to be smooth at z are sat- 
isfied. Thus, if Z’ C Oy is the quasi-coherent ideal attached to j’, there exist 
local generators g/,41,..-,9), of Z’ at 2’ = j'(z) such that the residue classes 
dgi.41(2'),-.-,dgi,(2’) are linearly independent in QWs ® k(z’). Now replace 
Z by V and X by j-1(V) so that we may assume V = Z, and choose local 
sections g/.,,,.-.,g}, in Ow extending the sections g-41,...,gn to some open 
neighborhood of z’. Then we see: 


(a) The sections gi.1,...,g9), generate the quasi-coherent ideal attached to 
the closed immersion j' oj: X ——+ Z —+ W at 2’. 

(b) dgp41(2’),---,€Gm(z’) are linearly independent in QWs @ k(z’). 

Assertion (a) follows from the fact that for two surjective ring morphisms 
p: Ay —» Ap, and q: Ag —~ Az the kernel of the composition gop is generated 
by ker p and arbitrarily chosen p-preimages of generators of ker q. In a similar 
way one obtains (b), just tensoring the exact sequence 


G/B, g— hye —0 


with k(z) = k(z’) and using the properties of the sections g;. Together, (a) and 
(b) say that X is smooth at x. 


In particular, we can read from conditions (iii) or (iv) that the characterizing 
property for X to be smooth of relative dimension r at a point x € X is 
independent of the choice of the closed S-immersion j: U —-> W C A&, where 
U c X is an open neighborhood of « and W an open subscheme of some affine 
n-space A%. We may even assume W = A%, for some open subscheme 5S’ C S$ 
now, as suggested from the fact that X should be locally of finite presentation 
at x. However, note that this simpler version is not suitable for introducing the 
notion of smoothness in Definition 1, since it does not allow shrinking of X in 
a flexible way. 

Also let us recall from the beginning of this section that the condition on 
the linear independence of the residue classes dg,+1(z),..-,d9n(z) € O75 Bk(z) 
in (iv) can be checked via looking at the Jacobian matrix. Indeed, we know 
from Proposition 5 that QF 15.2 is free of rank n if Z is smooth at z of relative 
dimension n. Thus, if dt,,...,dt, are free generators of QF s21 then for any 
given sections g,41,---;9n € Oz,, there are equations 


n 


dg; = S > aijdty, pert lyeegn, 


i=l 
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with unique coefficients a;; € Oz,., and the residue classes 


n 


dg;(z) = S- aj;(z)dti(z), j=rtl,...,n, 


i=l 


are linearly independent in Qs ® k(z) if and only if rg(a,;(z)) =n—r. 


Proposition 10. Let f: X ——- Y be a morphism of S-schemes, where X is 
smooth at a point x € X and Y is smooth at y = f(x). Then the following 
conditions are equivalent: 

(i) f is smooth at x. 

(ii) The canonical morphism a: (FFQ¥ 75) —. OX /s2 is left invertible, i.e. 
there is a retraction 3: O50 — (f*OQy/s)2 satisfying Boa = id. 


(iii) The canonical morphism (f*Q575) @ k(x) aes Q%x/s ® k(x) is injective. 


Proof. Starting with the implication (i) => (ii), consider the exact sequence 
* a 
f° 073 —+ Qx)g —+ Ayy —* 0 


from 8.2/4. If f is smooth at x, then all occurring Ox-modules are locally free 
of finite type at x, due to Proposition 5, and we have 


rg X50 = 1g f*(Q375).0 +rg X01 


since relative dimensions are added when composing smooth morphisms. Fur- 
thermore, the exact sequence 


0 > ima > Oks “a sy > 0 


splits at x since aa is free. Lifting a k(x)-basis of im a®k(x), we can proceed 
as in the proof of Proposition 5 and see with the help of Nakayama’s Lemma 
that ima is locally free of finite type at x. But then the exact sequence 


0 —— ker a ——- f*OQ¥)5 —> ima — 0 


shows in the same way that ker a is locally free of finite type at x as well. Now 
observe that the above rank formula yields rg(ker a), = 0. Therefore we get the 
exact sequence 


ee (f*Q379)2 ana OX) —, Ky Fase, 


which splits since 4, /y.« 18 free. Thus, (ii) is clear. 

Next, (ii) ==> (iii) is valid for trivial reasons. To show (iii) => (i), we start 
with the special case where Y = Ag. Let t),...,t, be the coordinate functions 
of A® and let 9; = f#(t;) for i = 1,...,n. Then we see from (iii) that the residue 
classes dg,(a),...,d9,,(x) are a linearly independent in OQ) g@K(2). Now use the 
fact that X is smooth at x of some relative dimension r. Shrinking X and S if 
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necessary and taking them affine, we can find a closed immersion j: X ——> A®. 
By the Jacobian Criterion we can assume that the corresponding ideal ZC Oan 
is generated by global sections h,41,...,4m whose associated differential forms 
give rise to a set of linearly independent residue classes dh,+1(z),...,@hMm(z) in 
Qi js ® k(z), where z = j(x). Now look at the morphism 
6S kaye ae ae 

which is a composition of closed immersions; use 7.4/13 in conjunction with 
7.4/8, as well as 7.3/13. Choosing extensions g1,.--, 9n € Oam(A®) of G1,---5Gn: 
the m — (r — n) elements 


gi — t+ ++ Gn — tn, Reet <s ylin 


will generate the quasi-coherent ideal in Oa» corresponding to the above closed 
immersion (j, f). Since the differential forms dt,,...,dty € Qh sy are trivial, 
the differential forms attached to the above functions are simply 


dgi,...,d9n, Ahyps1,..-,dhm € heyy, 


and we may interpret these as pull-backs of the corresponding differential forms 
in Qhejs if we use the structural morphism Y ——~ S as base change. Then, by 
8.2/3, it is enough to show that the residue classes 


dgi{Z), dG, (2) dhypii(Z),-..,Mm(Z)  € Qhm/s ® k(z) 


are linearly independent. To verify this, use the fact that X is smooth at 2. 
Thus, applying the Jacobian Criterion of Proposition 9 yields a sequence 


0 — L/L? — j'Qn/5 —+ Qkjs —> 0 


which is exact and split at x. In particular, the sequence remains split exact 
if we tensor it with the residue field k(~) = k(z). Now observe that by our 
assumption (iii) the images of dgi(z),...,dgn(z) in O%/s ® k(x) are linearly 
independent. Moreover, dh,.41(z),...,dhm(z) are linearly independent by con- 
struction. Since the latter residue classes are induced from sections in Z, the 
exactness of the above sequence, tensored with k(x), shows that the whole sys- 
tem is linearly independent. Thus, it follows that f: X ——~ Y is smooth at x 
of relative dimension r — n. 

To deal with the general case, assume X and Y to be smooth at 2, resp. y, 
namely, of relative dimension r, resp. s. Let hy,...,h; be local sections in Oy 
whose attached differential forms dh,,...,dhs induce a basis of OF 75 ® k(y). 
Shrinking X and Y if necessary, we may assume that the h; are global sections 
in Oy. Then we see from (iii) that there exist local sections g.41,...,9, in Ox 
such that 


a( f*dh,)(x), PERE a(f*dhs)(x), dgs41 (x), wa , dg,(x) 
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is a basis of Qs @ k(x). Taking X small enough, we may assume that 
Ys+1,-+-,9r are global sections in Ox. Then the S-morphisms 


9 = (Gs4+1.-++3 Gr): X —+ AG, 
h=(h,...,hs) :Y¥ —+ AS 


induce a commutative diagram 


xX (f.9) Y xs AQ° Pp Y 
hxid 
(hof,g) 
AS , 


where p is the projection onto the first factor. By the special case dealt with 
above, we see that (ho f, g) is étale at x and, likewise, that h is étale at y. Then, 
by a base change argument, h x id will be étale at all points in p~'(y), and it 
follows from Lemma 11 below that (f,g) is étale at x. Since f = po (f,g) isa 
composition of two smooth morphisms, it is smooth and we are done. 


Lemma 11. Let f: X ——+Y and g: Y —~ Z be morphisms of schemes 
where g is unramified. Then, if go f is unramified (resp. smooth, resp. étale), 
the same is true for f. 


Proof. Let us first show that f is locally of finite presentation. To do this, look 
at the cartesian diagram 


Re ee 


f fxid 


: geen ee 


derived from 7.4/11, where the morphisms 


o,: X —— S§, Oo: Y —+ S, S —-T 
have been taken as 


f:X —Y, 


? 


id: Y —+Y, g:Y —+Z 


and where A is the diagonal morphism attached to g. Since g is locally of finite 
type, we can read from 8.1/7 (ii) that A is locally of finite presentation. This 
property remains unchanged under base change; thus, (id, f): X —+ X xzY 
is locally of finite presentation as well. It follows that f, as a composition of 
(id, f) with the projection p: X xz Y ——~ Y, is locally of finite presentation 
because p is obtained from go f via base change with g: Y ——+ Z. 

To see that f is unramified, resp. smooth, resp. étale, provided go f admits 
this property, we use the Lifting Property from Theorem 8. Let T’ be a Y-scheme 
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that is affine and let T C T be a closed subscheme, given by a quasi-coherent 
ideal Z C Of satisfying Z? = 0. Then, if @: [J ——+ X is a Y-morphism 
and y: T ——+ X a Z-morphism lifting %, it follows that y is necessarily a 
Y-morphism, since the canonical map 


Hom;z(T,Y) —-+ Hom;z(T,Y) 
is injective, due to the fact that g is unramified. Thereby we can derive without 


problems the desired Lifting Property for f if the corresponding one for go f is 
known. 


Let us formulate Proposition 10 especially for the case of an étale morphism 
f: X —— Y. Since relative dimensions are added when composing smooth 
morphisms, we see with the help of Proposition 5: 


Corollary 12. Let f: X ——+Y be a morphism of S-schemes where X is 
smooth at a point x € X and Y smooth at y = f(x). Then the following 
conditions are equivalent: 

(i) f is étale at x. 

(ii) The canonical morphism (f*Qy/s)¢ —+* Qk g_ 18 an isomorphism. 


The assertion of the corollary suggests to view étale morphisms as certain 
analogues of maps that, for example in the setting of Differential Geometry, 
satisfy the assumptions of the Inverse Function Theorem and thereby are locally 
invertible. However, note that étale morphisms are not locally invertible in 
Algebraic Geometry, at least not in the general case. Such a behavior can only be 
put into effect if the Zariski topology is replaced by the more general concept of 
the étale topology. Furthermore, in Differential Geometry the Implicit Function 
Theorem suggests that smooth morphisms may be viewed as local fibrations by 
open subsets of affine n-spaces. The same is true in Algebraic Geometry if we 
localize the category of schemes by étale morphisms in the sense of formally 
viewing the latter as being invertible. 


Proposition 13. For a morphism f: X —+ S anda point x € X the following 
conditions are equivalent: 

(i) f is smooth at x of relative dimension r. 

(ii) There exists an open neighborhood U Cc X of x and a commutative 
diagram 


ea 
flu . 
S 


where g is étale and p is the structural morphism. 
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Proof. Since the composition of smooth morphisms is smooth again, condition (i) 
is a consequence of (ii). Conversely, if f is smooth at x of relative dimension 
r, the module of differential forms 0}, /s is locally free at 2 of rank r and, as 
exercised in the proof of Proposition 5, there are local sections g),...,g, in Ox 
such that the attached differential forms dg,...,dg, generate /s freely at x. 
Then m,..., 9, define an S-morphism g: U ——-> A on some open neighborhood 
U Cc X of « and Corollary 12 shows that g is étale at x. Using Proposition 3, 
we may assume that g is étale on U. 


Proposition 14 (Existence of étale quasi-sections). For a smooth morphism 
fi xX S and a point s € S consider a closed point x € X, of the fiber 
X, = X xg k(s) of f over s such that the extension k(x)/k(s) is separable. 
Then there exists an étale morphism g: S' —+ S together with a point s' over 
s such that the morphism f': X xs S' —+ S' obtained from f via base change 
with g admits a section h: S' —+ X xg S' where h(s’) lies over x and satisfies 


k(h(s')) = k(@). 


Proof. Let f be smooth at x of relative dimension r and let 7 C Ox, be the 
quasi-coherent ideal of all functions vanishing at x. Since f is locally of finite 
type, the extension k(x)/k(s) is even finite by 3.2/4 and the corresponding 
morphism Spec k(x) ——+ Speck(s) is étale. Viewing Speck(x) as a closed 
subscheme of X, and using that X, is smooth over k(s) of relative dimension r, 
we conclude from the Jacobian Criterion of Proposition 9 that there exist local 
generators 9,,...,g9, of the ideal 7, such that their attached differential forms 
dg,,.-.-, dg, give rise to a basis of OX, /e(s) = Q%x/8 @ k(s) at x. 

Now lift g,,...,9, to local sections g,,...,9, in Ox, defined on some open 
neighborhood U Cc X of x. Let S$" be the closed subscheme of U defined by 
9i;--+;9r- Then we see from the Jacobian Criterion again that g: S’ —— S is 
étale at x. Shrinking S” if necessary, we may assume by Proposition 3 that g is 
étale at all points of S’. But then the canonical morphism h: S’ ——+ X xg S' 
is a section of f’: X xg S’ ——~ S’ having the desired properties. 


The assumption in the above proposition that the fiber X, contains a closed 
point « with a separable residue extension k(x)/k(s) is always fulfilled, provided 
X, is non-empty. Indeed, using Proposition 13 one can show for a smooth scheme 
X over a field k that the set of its closed points x € X with separable residue 
extension k(x)/k(s) is dense in X. 

Next we want to characterize smooth schemes over fields in terms of regu- 
larity. Recall from 2.4/18 that a local Noetherian ring A with maximal ideal m 
is called regular if m can be generated by dim A elements. Likewise, a locally 
Noetherian scheme X is called regular at a point x € X if the local ring Ox,, is 
regular. If Ox, is regular for all points x € X, the scheme X is called regular 
or non-singular. Since any localization Ay of a regular Noetherian local ring A 
by a prime ideal p C A is regular again (see Serre [24], Prop. IV.23), it follows 
that a locally Noetherian scheme X is regular if and only if it is regular at all 
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its locally closed points, i.e. at all points that are closed in some open part of 
X. Also note that locally closed points are automatically closed if X is locally 
of finite type over a field; see 8.3/6. 


Proposition 15. Let X be locally of finite type over a field k. Then, for a point 
x € X, the following conditions are equivalent: 

(i) X is smooth over k at x. 

(ii) There is an open neighborhood U Cc X of x such that U ®, k' is regular 
for all field extensions k'/k. 

(iii) There is an open neighborhood U C X of x and an extension of fields 
k'/k such that k' is perfect and U @; k’ is regular. 

(iv) OK is generated by dim, X elements. 


Proof. Note that X is locally Noetherian by 1.5/14 since it is locally of finite 
type over a field. To show that (i) implies (ii), we apply Proposition 13 and 
consider an étale (and, hence, unramified) morphism g: U ——~ Aj, defined 
on an open neighborhood U Cc X of x. Then we conclude from 8.4/3 for each 
closed point u € U that the maximal ideal m, C Ox, is generated by the 
maximal ideal mgi4) C Oaz g(u) and therefore by r elements, since the localization 
of a polynomial ring k[t,,...,t¢,] at a maximal ideal is a regular local ring 
of dimension r; see 2.4/17. Furthermore, as U is smooth over k of relative 
dimension r, we get dim Ox, = dim, X =r from Proposition 4 so that Ox, is 
regular by 2.4/18. But then, since U is locally of finite type over a field, all its 
locally closed points are closed by 8.3/6 and we see that U is regular. The same 
consideration can be carried out after base change with any field extension k’/k, 
which establishes (ii). 

The next step from (ii) to (iii) is trivial. Therefore assume (iii). In order to 
derive (iv), we may assume k = k’ and, hence, that k is perfect. Indeed, if we 
can establish the equivalences of the proposition for k’ in place of k, then (iii) 
will imply that X ®, k’ is smooth over k’ at all points lying over x. From this 
we can conclude via condition (ii) of the Jacobian Criterion that X is smooth 
over k at x, say of relative dimension r. But then OX ke is a free Ox ,-module 
of rank r by Proposition 5, where r = dim, X by Proposition 4. Consequently, 
we are reduced to the case where k is perfect. 

Next, observe that all local rings at points u € U are integral domains 
by 2.4/19 because these are regular local rings. Since local rings belonging to 
the intersection of two different irreducible components of U cannot be integral 
domains, U must be the disjoint union of its irreducible components. Restricting 
U to one of these, we may assume that U is irreducible. Then 3.3/8 implies 
dim, X = dim Ox, for every closed point u € U. Moreover, by the same result, 
it is enough to prove that OX eu is generated by dim Ox, elements for all closed 
points u € U. 

Let u € U be such a closed point. As k is perfect and X is of locally finite 
type over k, the field k(w) is a finite separable extension of k so that Qi cuy/k =0 
by 8.4/3. Hence, we get an exact sequence 
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m,,/m:, — OX ku @ k(u) — Qi cuy/k =0 


from 8.1/13. Since X is regular at u, we have dim,(,) m,/m? = dim Ox,, and 
(iv) follows from 8.4/2. 

It remains to derive (i) from (iv). Since X is locally of finite presentation at 
x, there is an open neighborhood U Cc X of x together with a closed immersion 
j: U —+ W C Af where the associated quasi-coherent ideal ZC Oy is locally 
of finite type. Look at the exact sequence 


L/D? — jn, —> 7), —+ 0 


of 8.2/5 and let r = dim, X. Then dim,;.) Qu, @ k(x) < r by (iv). Thus, using 
Nakayama’s Lemma in the version of 1.4/11 and observing (iv), there exist local 
sections g-41,---;Gn in Z at x such that the corresponding differential forms 
dgy+1,---;49n generate a free direct factor in QW kx of rank n—r. Shrinking W 
(as well as its closed subscheme U) if necessary, we may assume that g;+41,..-; 9n 
are defined on all of W and, thus, give rise to a closed subscheme U’ C W where 
U CU’. We may even assume that U’ is smooth over k of relative dimension r 
at all its points. Since r = dim, U’ by Proposition 4, we see that U is a closed 
subscheme in U’ satisfying dim, U = dim, U’. Now let u € U be a closed point 
that is a specialization of x. Since the implication (i) => (ii) has already been 
established, the local ring Oy’, is regular and, hence, by 2.4/19, an integral 
domain. Therefore, using 3.3/8, the local dimension dim, U’ must coincide with 
dim Oy, and we have 


dim O7.,, > dim, U =dimyV’ = dim Oy:% ; 


However, the surjection o: Ou, ——> Oy. corresponding to the closed im- 
mersion U ——+ U’, in conjunction with Oy, being an integral domain shows 
dim Oy, < dim Oy, if o has a non-trivial kernel; see 2.4/14. Consequently, 7 
will be an isomorphism and U C X is smooth at x over k. 


For example, one can read from conditions (iii) and (iv) in Proposition 15 
that X is smooth if and only if X is geometrically regular in the sense that 
X ®, k is regular for an algebraic closure k of k. However, note that a locally 
Noetherian k-scheme that is regular or, in other terms, non-singular, may fail 
to be geometrically regular and therefore might not be smooth. Just look at a 
k-scheme Spec k’ where k’/k is a finite extension of fields that is not separable. 
There is a slightly weaker notion: a k-scheme X is called geometrically reduced 
if all stalks of the structure sheaf of X @; k are reduced in the sense that they 
do not contain (non-trivial) nilpotent elements. 


Corollary 16. Let X be locally of finite type over a field k. If X is geometrically 
reduced, the smooth locus of X is open and dense in X. 


Proof. The smooth locus is open in X by Proposition 3. To show that it is dense 
as well, we must show that X is smooth at all its generic points. To do so, let x 
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be a generic point of X. Restricting X to an open neighborhood of x, we may 
assume that X is affine, say X = Spec A. Then A is of finite type over k due 
to 8.3/5 and, hence, Noetherian by 1.5/14. Assuming that x is the only generic 
point of X, we see using 6.4/7 that A is reduced and, hence, an integral domain 
with field of fractions k(x). In particular, the local dimension dim, X equals 
the Krull dimension d = dim A by 3.3/8 and it follows from 3.3/7 that d is the 
transcendence degree of the extension of fields k(x)/k. 

By our assumption, k(2) @, k is reduced for an algebraic closure k of k. In 
other words, the extension k(«)/k is separable; cf. [3], 7.3/2 and 7.3/7. But then 
we can use [3], 7.4/11, to see that Qh(e)/k is a k(x)-vector space of dimension 
d, the transcendence degree of k(x)/k. Since OK /k @k(a) x Qin) /k by 8.1/11 
and since d coincides with the local dimension of X at x, Proposition 15 in 
conjunction with 8.4/2 shows that X is smooth at «. 


In most of the literature, smoothness is introduced via the so-called Fiber 
Criterion. Basically this criterion says that the smoothness of a morphism of 
schemes f: X —+ S' can be checked fiberwise, provided f is flat. The latter 
means that all local morphisms f#: Os, f(2) —+ Ox, at points x € X are flat 
in the sense that Ox. is a flat Og f(q)-module via fi. This clearly is a local 
notion, but also note that a morphism of affine schemes Spec B ——~ Spec A 
is flat if and only if the corresponding ring homomorphism A —— B is flat; 
use 4.3/5. However, we would like to point out that the concept of flatness for 
scheme morphisms is much more complicated than the notion of smoothness in 
terms of the Jacobian Condition. It is for this reason that we did not base the 
definition of smoothness on the Fiber Criterion. 


Proposition 17 (Fiber Criterion for Smoothness). Let f: X ——+ S' be locally 
of finite presentation. Then the following conditions are equivalent for a point 
x € X and its image s = f(x): 

(i) f is smooth at x. 

(ii) f is flat at x and the fiber X, = X xg k(s) is smooth at x over k(s). 


Proof. To derive (ii) from (i), we have only to show that the smoothness of f at 
x implies that f is flat at 2. For this we can assume that X and S are affine, say 
X = Spec A and S = Spec R and, furthermore, that R is Noetherian. In order to 
reduce to the Noetherian assumption, we consider a situation as in Definition 1, 
namely a closed immersion j: U ——> W Cc A§% from an open neighborhood 
U c X of x into an open subscheme W of some affine n-space Ag. Shrinking 
X, we can assume U = X and, in addition, that W is basic open in A%, say 
W = D(h) where h € R[ty,...,tn] is a global section in the structure sheaf of 
Ag. Furthermore, if f is smooth of relative dimension r at x, we can assume 
that there are polynomials g,41,...gn € R[ti,...,tn] globally generating the 
quasi-coherent ideal Z C Ow associated to the closed immersion j. In addition, 
we may assume that there are polynomials g,,...,9, € R[t1,...,t,] such that 
the differential forms dg,,...,dgn generate Qin 7s at all points of W. In partic- 
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ular, this way f is assumed to be smooth of relative dimension r at all points of 
X. Now choose a Z-subalgebra of finite type R’ C R, large enough to contain 
all coefficients of the polynomials h, g1,..., Gn necessary to describe the above 
situation, including some auxiliary polynomials that are used to relate the dif- 
ferential forms dg; to the canonical ones dt; on W. Then 4: X W c Ab 
naturally descends to a closed R’-immersion X’ ——+ W’ Cc A‘, showing that 
f: X —~ Spec R is obtained via base change with R/R’ from a smooth mor- 
phism f’: X’ ——+ Spec R’. If we can show that f’ is flat on X’, it will follow 
from arguments of base change like 4.4/1 that f is flat on X = X’ @p R and, 
in particular, at 7. Thereby we are reduced to the case where the base ring R 
is a Z-algebra of finite type and, hence, is Noetherian by 1.5/14. 

Now assume S = Spec R with R being Noetherian. Starting out from an 
auxiliary scheme Z = A% and using induction, it is enough for the implication 
(i) => (ii) to consider an affine situation where Z is a smooth S-scheme that is 
already known to be flat over S' and where X is a closed subscheme of Z, defined 
by a single section g € Oz such that the residue class dg(x) € Qs @ k(x) is 
non-trivial and, hence, f: X ——+ S is smooth at x. The multiplication by g 
defines a morphism of Oz,,-modules uw: Oz, —+ Oz, giving rise to the short 
exact sequence 


0 ——- Oz,./ ker p —— Oz =—_ + Oxe —+ 0). 


The latter remains exact when tensoring it over Og, with the residue field k(s). 
Indeed, since the fiber Z, is smooth over k(s) at x, we see that Oz, ® k(s) 
is regular by Proposition 15 and, hence, an integral domain by 2.4/19. As g 
induces a non-zero element in Oz, ®k(s), the multiplication by g yields a short 
exact sequence 


0 —+ Oz,¢ ® k(s) —+ Oz. ® k(s) —+ Ox,¢ ® k(s) — 0, 


which we may interpret as being obtained from the former one by tensoring 
with k(s) over Os,,. But then the long Tor sequence of 5.2/2 yields 


Tory *” (Ox, k(s)) =0, 
due to the fact that Z is flat over S and, hence, Tor, ** (Oz, k(s)) = 0 by 
5.2/7. Therefore we can conclude from Bourbaki’s Criterion [6], III, §5, no. 2, 
Thm. 1 (iii) with J the maximal ideal of Os, that Ox,. is flat over Os, and, 
hence, f: X —— S is flat at x. 

To pass from (ii) to (i), we may assume that S' is affine, say S = Spec R, and 
that X is a closed subscheme of some affine n-space A‘, say given by a finitely 
generated ideal J C R[ti,...,t,]. Using the fact that the fiber X, is smooth at 
x of some relative dimension r, the Jacobian Criterion of Proposition 9 shows 
there are elements g,41,.--,9n € J such that, locally at x, the induced elements 
Tr+is-++>Jn define Xs as a closed subscheme of Aj/,) and the residue classes 
dG,.44(@),-..,d§,(x) are linearly independent in an (3) ® k(x), where the 


latter coincides with Qin ip ® k(x) by 8.1/11. 
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Now let X’ be the closed subscheme in A’ that is defined by the ideal 
J = (Gr41;-++>9n). Then X’ is smooth at x of relative dimension r and J Cc I 
implies X C X’. Furthermore, the fibers X, and X! coincide locally at x. Since 
X is flat over S' at x, the short exact sequence 


G6 Oi a Pe 0 


remains exact at x when tensoring it over R with k(s); use 5.2/9. Therefore 
J/I @p k(s) vanishes at x and Nakayama’s Lemma 4.10 yields (J/I), = 0. 
Thus, X and X’ coincide locally at x and we see that X is smooth over S at x 
since this is true for X’. 


We have already pointed out that a finite separable extension of fields gives 
rise to an étale morphism between associated schemes. Thus, we conclude from 
8.4/4 that a scheme morphism f: X ——~ S with S the spectrum of a field is 
étale at a point « € X if and only if it is unramified at 2. Keeping this in mind, 
the Fiber Criterion for smooth morphisms of Proposition 17 in conjunction with 
the one for unramified morphisms of 8.4/3 shows: 


Corollary 18. A morphism f: X —— S is étale at a point x € X if and only 
if it is flat and unramified at x. 


Furthermore, we see with the help of Proposition 15 that a morphism of 
schemes f: X —— S is smooth if and only if it is locally of finite presentation, 
flat, and has geometrically regular fibers. Such a characterization is often used 
in order to get a rapid definition of smooth morphisms. 

Also let us mention the fact that every flat morphism f: X ——+ S that is 
locally of finite presentation, is open in the sense that it maps open subsets of 
X onto open subsets of S. Therefore smooth and étale morphisms are open; see 
EGA [14], IV, 2.4.6. 

Finally, let us refer to the local structure of étale morphisms; see Raynaud 
[23], V. For example, relying on this result, it is immediately clear that étale 
morphisms are flat. In conjunction with Proposition 13 the same follows for 
smooth morphisms. This may replace the direct argument we have used to 
prove the Fiber Criterion of Proposition 17. 


Proposition 19. Let f: X ——+ Y be a morphism of schemes that is étale at a 
point x € X. Then there exists an affine open neighborhood tT: Spec A -——+ Y 
of f(x) together with a commutative diagram 


(eg 


Spee( Aft] /(p)), > X 
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where p,q € A[t] are polynomials in one variable t such that p is monic and the 
derivative p' of p is invertible on Spec(A[t]/(p))q. Furthermore, o is an open 
immersion and can denotes the canonical morphism. 


The proof is based on a famous result of Zariski (see EGA [14], IV, 18.12.13): 


Theorem 20 (Zariski’s Main Theorem). Let f: X ——+ Y be quasi-finite and 
separated and Y quasi-compact and quasi-separated. Then there exists a com- 


mutative diagram 
X< g -Z 
* 4 
x 


where g is an open immersion and h ts finite. 


Note that a morphism f: X —— Y is called quasi-finite if for every y © Y 
the fiber X, carries the discrete topology. Furthermore, f is called finite (see 
9.5/1 and 9.5/3) if for every affine open subscheme V C Y the preimage f~'(V) 
is affine and the morphism f#(V): Oy(V) ——+ Ox(f-1(V)) is finite in the 
sense that Ox(f~1(V)) is a finite Oy(V)-module via f#(V). 


Exercises 


1. Show that smooth morphisms are stable under base change, composition, and the 
formation of fiber products. Compute relative dimensions in these cases. Hint: 
For compositions use the argument in the proof of 8.3/3 (ii) showing that the 
composition of two morphisms of locally finite presentation is of locally finite 
presentation again. 


2. Let A be a smooth algebra over a ring R, in the sense that the associated scheme 
morphism Spec A ——+ Spec R is smooth. For a multiplicatively closed subset 
S Cc A, give a condition assuring that the localization Ag is a smooth R-algebra 
as well. 


3. As in Exercise 8.4/2 consider the scheme morphism f: X ——+ S associated to 
the canonical K-morphism K [#1, t2]/(tit2) —+ K [ti] x K [te] for variables t1, ta 
over a field K. Show that f is not étale on all of X, although it is unramified. 
Determine the étale locus of f. 


4. Consider Neile’s parabola X = Spec K [t1, t2]/(t3 — t?) over a field K as in Exer- 
cise 6.7/3. Determine the smooth locus of X over K. 


5. A morphism of schemes f: X ——+ S is called formally unramified (resp. for- 
mally smooth, resp. formally étale) if f satisfies the corresponding lifting prop- 
erty, i.e. if for every S-scheme Y where Y is affine and for every closed subscheme 
Y CY given by a quasi-coherent ideal 7 C Oy of square 7? = 0, the canonical 
map Homs(Y, X) —+ Homs(Y, X) is injective (resp. surjective, resp. bijective). 


10. 


11. 


12. 
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Show that such morphisms are stable under base change, composition, and the 
formation of fiber products. 


. Let X be a scheme that is smooth of relative dimension 1 over a field. Show that 


all local rings Ox, at closed points x € X are discrete valuation rings. 


. Let K = k(t) be the function field in a variable t over a field k of characteristic 


p > 2. Consider the curve X given by the equation y? = x? — t in the affine plane 
AZ., ie. X = Spec K [t1, to] /(t3 — t) +t) for variables t),t2 and show that X is 
regular, but not smooth over kK. Determine its smooth locus. 


. Let f: X —+ S bea smooth morphism. If S$ is regular, show that X is regular 


as well. In particular, conclude for any regular ring R, in the sense that all lo- 
calizations Ry by prime ideals p C R are regular Noetherian local rings, that the 
polynomial ring R[X1,...,X,] in finitely many variables X1,..., Xn is regular 
as well. 


. Consider a smooth scheme X over a field k. Show that the set of closed points 


x € X such that the residue extension k(x)/k is separable, is dense in X. Hint: 
Reduce the assertion via Proposition 13 to the case where X = Aj. Do this either 
by using that flat and, hence, étale morphisms are open, or avoid this result by 
a weaker direct argument. 


Descent of smoothness: Let tT: S’ —+ S be a faithfully flat morphism of schemes, 
in the sense that 7 is flat and surjective, and f: X ——~ S a morphism that is lo- 
cally of finite presentation. Show that f is smooth if and only if the corresponding 
morphism f x idg:: X xg S’ —+ S$" obtained by base change with 7 is smooth. 
Hint: Use the results of Section 4.4. 


Group schemes over a field: Let G be a k-group scheme of locally finite type over 
a field k; see Section 9.6 for the notion of group schemes. Show that G is smooth 
over k if and only if it is geometrically reduced. Give an example of a field k and 
of a k-group scheme of finite type that is reduced, but not smooth. 


Henselization of a local ring: Fix a local ring R and set S = Spec R. A local 
R-algebra is a local ring R’ with a structural morphism R —-+ R’ that is lo- 
cal. Furthermore, R’ is called an essentially étale R-algebra if there exists an 
étale morphism S’ ——+ S$ with a point s’ € S’ lying over the closed point 
s € S such that R —- R’ coincides with the inherent morphism between stalks 
Oss ——+ Oss. Show for an essentially étale local R-algebra R’ and any local 
R-algebra A that the canonical map Homr(R’, A) ——+ Hom,(k’, ka) is bijec- 
tive, where k, k’, and ky are the residue fields of R, R’, and A. Conclude that 
the inductive limit R’ over all essentially étale local R-algebras exists and is a 
local R-algebra with residue field k. It is called the henselization of R and is 
characterized by the fact that every étale morphism X ——+ Spec R? is a local 
isomorphism at all points « € X over s where the residue extension k(x)/k is 
trivial. 


® 


Check for 
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9. Projective Schemes and Proper Morphisms 


Background and Overview 


The notion of compactness is fundamental in Topology and far beyond. For 
example, given a complex analytic space or manifold, one wishes to construct 
a compact closure of it, a so-called compactification. The projective n-space Pé 
for instance may be viewed as a compactification of the affine n-space AZ. Quite 
often suitable compactifications can make the original object more accessible. 

A literal translation of the compactness condition to the scheme case leads 
to quasi-compactness, as schemes do not satisfy the Hausdorff separation axiom. 
In particular, all affine schemes, including the affine n-space over an affine base, 
are quasi-compact. However, this clearly indicates that quasi-compact schemes 
will not be the “right” analogues of compact spaces in analysis. Indeed, there is 
a perfect adaptation of compactness to schemes, the notion of properness, which 
will be introduced in 9.5/4. For example, the projective n-space P% over some 
base scheme S is proper, cf. 9.5/9, whereas the affine n-space A% for n > 0 is not, 
unless S is the empty scheme. We will deal with basic material on proper mor- 
phisms in Section 9.5, including the valuative criteria on separatedness 9.5/17 
and properness 9.5/18. Also we give references for several fundamental theo- 
rems like Chow’s Lemma 9.5/10, the Proper Mapping Theorem 9.5/11, and the 
Stein Factorization 9.5/12, whose proofs can readily be studied departing from 
the knowledge of the present chapter. 

If X is a relative scheme that is proper over its base S (assumed to be affine 
in the following), one might ask if X is already projective in the sense that it 
admits a closed immersion over S into some projective n-space P. In particular, 
if the latter is the case, there are global coordinates on X , homogeneous though, 
but which can nevertheless serve for a convenient description of X over S. 
Due to Chow’s Lemma 9.5/10, proper schemes can always be dominated by 
projective ones, but not all proper schemes are projective. In fact, it is one of 
the guiding themes of the present chapter to study conditions assuring that a 
given scheme X admits an immersion into the projective n-space P% and, thus, 
can be characterized in terms of homogeneous coordinates. The main criterion 
for this is the existence of ample invertible sheaves on X; cf. 9.4/10. 

Using an ad hoc gluing technique, the projective n-space P% has already been 
constructed in 7.1. However, to deal conveniently with projective spaces of more 
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general type, we study in 9.1 so-called Proj schemes attached to graded rings. 
In principle, their construction is similar to the construction of affine schemes, 
although the details are quite different. So let A = @,,cy An be a graded ring 
in the sense of 9.1/1 and write Ay = ®,,.) An for its so-called irrelevant ideal. 
Then the homogeneous prime spectrum of A, denoted by Proj A, is the subset 
of the whole prime spectrum Spec A consisting of all graded prime ideals that 
do not contain the irrelevant ideal A,; see 9.1/2 for the notion of graded ideals. 
The set Proj A comes equipped with a natural topology, the Zariski topology 
inherited from the Zariski topology of Spec A. Furthermore, the sets of type 


D,(f) = D(f)M Proj A 


for basic open subsets D(f) C Spec A and homogeneous elements f € A form a 
basis of the Zariski topology on Proj A; see 9.1/12. But most importantly, the 
sets D;(f), which are referred to as the basic open subsets of Proj A, carry a 
natural structure of an affine scheme, namely D;(f) = Spec Acp), where As) is 
the homogeneous localization of A by f; see 9.1/13. Gluing the schemes D,(f) 
along the intersections 


DAF) ODF) = DFP’) = Spec Ary 
we obtain a scheme, namely the scheme Proj A attached to the graded ring A. 
For example, we can view the polynomial ring R[t),...,t,] in a set of variables 
to,..-,tn over a ring R as a graded ring or, better, as a graded R-algebra by 
defining the grading via the total degree function. Then the corresponding Proj 
scheme Projp R[to,...,tn] is just the projective n-space P}. 

From affine schemes we know that any morphism of rings B ——+ A gives 
rise to a morphism Spec A ——~ Spec B between associated affine schemes. 
A similar fact for morphisms of graded rings and Proj schemes is true only 
in some very special situations; see 9.1/20 and 9.1/21 for results of this type. 
However, working over some base ring FR there is an ingenious way to character- 
ize R-morphisms X ——~ P’} from an arbitrary R-scheme X to the projective 
n-space P'). Recall from 7.1/3 that for any R-scheme Y there is a canonical 
bijection 

Hom,”(Y, Ab) ~ Hom, (R[t1, newer tn] 5 Oy(Y)) S&S Oy(Y)”. 


Thus, if we are given an R-morphism f: X ——~ P, we can cover PB by n+1 
copies U; of A‘, as in 7.1, say 


n 7 a t tn 
PR aU = Uspeor |e. F| 


for a set of variables to,...,tn, and thereby describe each of the restricted mor- 
phisms f;: f~'(U;) ——+ U; by a set of n sections in Ox(f~1(U;)), namely 
» to tn 


the ones obtained via pull-back from the “variables” ,..., (neglecting the 


constant Z = 1) on Uj. The “variables” . satisfy some obvious relations on dou- 
ble and triple intersections of the U; and these are maintained on preimages. 
Indeed, a careful analysis of the situation shows that the pull-backs of the “vari- 
ables” *,..., = can conveniently be denoted as “fractions” = ..., 22, although 
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50,---,%n do not make sense in terms of sections of Ox, just as to,...,t, can- 
not be interpreted as sections of the structure sheaf of P?. However, to,...,tn 
make sense as sections of Serre’s invertible sheaf Op» (1), which we construct on 
P; use 9.2 and, in particular, 9.2/7 as a reference and note that an invertible 
sheaf £ on a scheme X is just an Ox-module that, locally on X, is isomor- 
phic to Ox itself. Then the pull-back £ = f*(Op»(1)) is invertible on X and 
50,---,5n make sense as sections of £, namely as the pull-backs of to,...,tn. 
Using shel a setting, we get the assertions of 9.4/4 and 9.4/5 showing how to 
set up a bijection between R-morphisms X ——+ P’% and equivalence classes of 
data (L£, 80,..., Sn), where £ is an invertible sheaf on X and the s; form a set 
of global generators for L. 

Let us mention along the way a very interesting application of Proj schemes, 
namely the technique of blowing up, which is a key ingredient for resolving 
singularities on schemes. For a ring A and an ideal J C A we consider the direct 
sum of A-modules A = Biro L 7 and view it as a graded A-algebra, where 
I¢ Cc A is the dth power ideal of I and, of course, [° = A for d = 0. Then the 
canonical scheme morphism 7: Proj A —+ Spec A is called the blow-up of the 
closed subscheme Spec A/J ——+ Spec A on Spec A. It is interesting to know 
that the blow-up morphism 7 is characterized by a universal property involving 
invertible ideal sheaves. Namely, the ideal J C A generates an invertible ideal 
sheaf on Proj A and, furthermore, any scheme morphism Y ——+ Spec A where 
I generates an invertible ideal sheaf on Y admits a unique factorization through 
a: Proj A —+ Spec A; cf. Exercise 9.2/10. 

As a special example, let us look at Neile’s parabola X given by the equation 
x3 — x3 = 0 in the affine plane A% over a field K; cf. Exercise 6.2/6. Fixing 
variables t, t;, tg, we have 


X = Spec K [t, ta] /(t3 — t?) 
and it is not hard to see that the K-algebra morphism 
K[t,,t2] —~ K[#], ii pas 


induces an identification of A = K [t1, t2|/(t3 — t?) with a subring of the poly- 
nomial ring A [t], namely 


A —™ {Sati Cy =o} ee ah ap 


ieN 


In fact, A'[t] is the normalization of A, since t is integral over A and K'[t] is 
normal itself; use 3.1/10. Now let 7: Aj, ——+ X be the morphism given by 
the inclusion A ——+ K[t]. We know that 7 is bijective, although it is not an 
isomorphism. Indeed, writing 0’ € X for the point corresponding to the maximal 
ideal m = (f;, f2) = (¢?, #8) C A, the only preimage above 0 is the origin 0 € Ax. 
Furthermore, since A ——+ K[t] becomes bijective after localization by t? € A, 
we see that 7 is an isomorphism above X — {0} and, thus, will be bijective. 
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Using 2.4/17, all localizations of the polynomial ring A'[t] by maximal ideals 
are regular local rings of Krull dimension 1. This corresponds to the fact that 
Ak is non-singular at all its points and the same is true, of course, for X — {0'}, 
due to the isomorphism Ak — {0} —~+ X — {0/}. However, the point 0’ € X 
is singular, since the local ring Ap is not regular. Indeed, t? defines a system of 
parameters in Aj, which implies that A, is of Krull dimension 1. On the other 
hand, we have A/m ~ K and dimg m/m? = 2 and this forbids Am to be regular 
by 2.4/18. Therefore X has precisely one singularity, namely 0’. The same would 
follow from the Jacobian Criterion 8.5/9 in conjunction with 8.5/15, at least if 
K is algebraically closed. 

To demonstrate that blowing up might be useful for resolving singular- 
ities, let us show that the above normalization morphism 7: Ak ——+ X 
is just the blow-up of the point 0’ on X, namely the canonical morphism 
Proj A —~ Spec A where A = QZ, m“. Indeed, the irrelevant ideal BZ, mé 
of A is generated by ¢? and t?, viewed as homogeneous elements of degree 1 in A. 
Therefore Proj A = D,(t?)UD,(t?) = D,(t?) since D,(t?) = Dx (t®) = D, (#3), 
and it follows that Proj A reduces to Spec Ai), where Aq) is the homogeneous 


localization of A by t?. Now consider the canonical inclusions 
méc_+ #4K[t],  deéN. 


Certainly, for d = 0 we get the strict inclusion A —+ A[t], but all other 
inclusions are bijective! Thus, viewing A as a subring of the graded ring 
B= @xXot4K [t], the homogeneous localization Az) will coincide with the 
homogeneous localization Bw). If we write ¢’ instead of t? as a homogeneous 
element of degree 1 in B, we see that B = K[#][t’] is a polynomial ring in two 
variables, the degree function being given by the degree in t’. But then it is clear 
that the homogeneous localization Bw) = Ba coincides with K[t]. Therefore 
the blow-up of 0’ on X is the morphism A} ——+ X induced from the inclusion 
A —+» K[#] and, thus, coincides with the normalization morphism 7. 

After this digression to the world of blowing up, let us look a bit closer at 
the already mentioned criterion 9.4/10 relating ample invertible sheaves to pro- 
jective embeddings. We fix a relative scheme X over some base ring R assuming 
that X is quasi-compact and quasi-separated. An invertible sheaf £ on X is 
called ample if some tensor power £L®” of it admits global generators s9,..., Sn 
such that each X,,, defined as the open subscheme of X where £L°™ is gener- 
ated by s;, is quast-affine. The latter means that X,, is quasi-compact and can 
be viewed as an open subscheme of an affine scheme. If, in addition, X is of 
finite type, the criterion 9.4/10 asserts that, for m big enough, £°” and the 
sections s; define an immersion of X into the projective n-space P®. As a main 
ingredient for the proof we need a careful analysis of quasi-affine schemes; cf. 
9.4/7. 

There are several interesting applications of the projectivity criterion based 
on ample invertible sheaves and we will discuss one of them, namely the pro- 
jectivity of abelian varieties. As we will show in 9.6, any abelian variety admits 
an ample invertible sheaf and therefore is projective. The construction of such 
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an invertible sheaf is done in terms of divisors. Therefore we need to discuss 
the theory of divisors first (see 9.3), including their relationship to invertible 
sheaves. This is quite laborious and involves a lot of details, but at the end 
we get an equivalence between Weil divisors, Cartier divisors, and invertible 
sheaves, provided the scheme that we work on is sufficiently nice; cf. 9.3/16. 

To supply some idea about the nature of abelian varieties, fix a field K. 
An abelian variety over K is a K-group scheme A that is proper, smooth, and 
irreducible. The term K-group scheme is most conveniently characterized by 
the fact that there is a K-morphism y: A x, A —— A defining a “group law” 
on A, in the sense that it induces for each K-scheme T a group structure on 
the set of T-valued points Hom, (T, A); see 9.6 for more details. The simplest 
examples of abelian varieties are elliptic curves (with a rational point); these 
exhaust all abelian varieties of dimension 1. Let us show how to access such 
elliptic curves over the field K = C. Consider = Z@ Zw forw Ee C—Rasa 
subgroup of the additive group of C, a so-called lattice, and look at the quotient 
C/I. The latter is a torus (life belt) from the topological point of view and a 
compact Riemann surface (complex analytic manifold of dimension 1) from the 
analytic point of view. On C/T lives the so-called Weierstrap o-function ¢(z) 
as a meromorphic function. It satisfies a well-known differential equation 


9 (2)? = 4p(z)* — gow(z) — gs, 


where gy and g3 depend on w and the polynomial 4.x° — ga — g3 has only simple 
roots. Furthermore, the map C/I” ——+ P2(C) that is symbolically described 
by z H— (g(z) : 9'(z) : 1) gives rise to an isomorphism between C/I and the 
submanifold FE defined in the complex projective plain P2(C) by the equation 


yz = 4a? — gox2* — 32°. 


Thus, E may be thought to be a subscheme of the projective plain PZ. Fur- 
thermore, one can deduce from the addition theorem for g(z) that the group 
law transported from C/I to E corresponds to a morphism of C-schemes 
E xc E —— E. In other words, E is an abelian variety over C of dimen- 
sion 1 and one knows that all abelian varieties over C of dimension 1 are of this 
type. This is the classical analytic background of the fact that abelian varieties 
— here of dimension 1 — are projective. In higher dimensions it is still true that 
an abelian variety over C, say of dimension d, comes from an analytic quotient 
C4/Toa, where Iq is a lattice of rank 2d of the additive group C?. However, 
a given quotient of type C4/Ibq is algebraizable to become an abelian variety 
only if the lattice Igy satisfies Riemann’s period relations; see Mumford [21], I 
for more details. 
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In Section 7.1 we have introduced the projective n-space P% by gluing affine 
n-spaces A’ over a base scheme S. Now we want to discuss a more general 
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construction method for schemes of similar type. Let us start with some prepa- 
rations. 


Definition 1. A graded ring is a ring A with a decomposition A = ®yez An 
into a direct sum of subgroups A, C A such that Am + An C Amin for all 
m,n e€ Z, 


Note that the product A; - A, is meant as the set of all products a-b 
where a € A,, and b € A,. The elements of A, are called homogeneous of 
degree n. In particular, the zero element 0 € A is homogeneous of every degree 
n and it is the only element enjoying this property. Moreover, we have 1 € Ao 
and see that Ag is a subring of A. In most cases we will assume A, = 0 for 
n <0, talking then about an N-grading or a grading of type N on A. But the 
general case of Z-graded rings will be of interest for us as well, notably when 
dealing with localizations. As a typical example of an N-graded ring we can 
consider the polynomial ring R[X] in a set of variables X over some ring R, 
where the grading is induced from the total degree of polynomials. Likewise, 
the corresponding ring R[X,X~'] of Laurent polynomials in X is a Z-graded 
ring. 


In the following let A be a graded ring of general type. Then every element 
f €¢ A admits a unique decomposition f = )7,,¢7 fn into homogeneous elements 
fn € An, where f, = 0 for almost all n € Z. We call f, the homogeneous 
component of f of degree n. Furthermore, an ideal a C A is called graded or 
homogeneous if, given any f € a, all its homogeneous components f,, belong to 
a; in other words, if we have a = @,,<7(aM A,). Also note that for a graded 
ideal a C A the residue ring A/a = @,,-7 An/(aM An) is graded again. 


neZ 


Remark 2. An ideal a Cc A is graded if and only if it is generated by homoge- 
neous elements. 


Proof. Let a be an ideal in A. Choosing generators for a, we can decompose these 
into homogeneous components. If a is graded, all these components belong to a 
and therefore generate a. In particular, we see that graded ideals are generated 
by homogeneous elements. 


Conversely, let (g;)icr be a family of homogeneous elements in A, where 
gi is homogeneous of degree n;. Then the ideal a = (g;;7 € I) generated by 
these elements is homogeneous. Indeed, look at some element f € a and at a 
homogeneous component f’ of f, say of degree n’. To show f’ € a choose an 
equation f = rer ag; with elements a; € A where a; = 0 for almost all 7 € J. 
Let ai be the homogeneous component of a; of degree n’ — n;. Then, using the 
condition Am + An C Am+n in conjunction with the direct sum decomposition 
A= @ro An, we get f’ = >°,., ag; and, hence, f’ € a. This shows that a is 
graded. 
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Remark 3. The formation of sums, products, intersections, and radicals of 
graded ideals yields graded ideals again. 


Proof. The assertion follows from Remark 2 for sums and products of graded 
ideals and is clear for intersections, due to the definition of graded ideals. Now 
consider a graded ideal a C A and a non-trivial element f € rad(a) of its radical. 
There is an exponent t > 0 such that f’ € a. Write f = fo+ fi where fo € A 
is the non-zero homogeneous component of highest degree of f and f; the sum 
of all its homogeneous components of lower degree. Then the binomial formula 


f=(fot fi) = (1s i. 


i=0 


shows that fj is a homogeneous component of f', namely of degree tng if fo 
is homogeneous of degree no. Since a is graded, f§ belongs to a and we get 
fo € rad(a). Replacing f by fi = f — fo, we can show by induction that 
all homogeneous components of f belong to rad(a) and, hence, that rad(a) is 
graded. 


Remark 4. A graded ideal p C A is prime if and only if fg € p for homoge- 
neous elements f,g € A implies f Ep org Ep. 


Proof. We have only to show that a graded ideal is prime as soon as it satisfies 
the prime ideal condition for products of homogeneous elements. Therefore let 
p C A bea graded ideal and let f,g € A such that fg € p. Proceeding indirectly, 
assume that neither f nor g belongs to p. Then f and g admit homogeneous 
components that do not belong to p and we may assume that all homogeneous 
components of f and g belonging to p are trivial. Similarly as in the proof of 
Remark 3, write f = fo+ fi and g = 909 + m1 where fo and go are the non-zero 
homogeneous components of f and g of highest degree. By our construction, 
fo and go do not belong to p. However, fogo is a homogeneous component of 
fg © p and, thus, contained in p since p is graded. Now if p satisfies the prime 
ideal condition for products of homogeneous elements, we see that fo or go must 
belong to p, contradicting our assumption. 


Next we want to look at localizations of graded rings. Let A = @,,<z An bea 
graded ring and f € A a homogeneous element, say of degree d, so that f € Ag. 
Passing to A,;, the localization of A by the multiplicative system generated by 
f, we introduce the subgroups 


Ain = {FR EApy ken, a € Antea} © Ap, neéeZ, 


and claim that these give rise to a grading on Ay. Intuitively speaking, we 
assign to a fraction of type FE where a € A is homogeneous of some degree r, 
the homogeneous degree n = r — kd. Note that, even if the grading on A is 
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of type N, the grading on the localization A, will not preserve this property, 
except for trivial cases. 


Proposition 5. Let A be a graded ring and f € A a homogeneous element. Then 
the subgroups Ar, C Af, as introduced above, give rise to the decomposition 
As = Bnez Asn and the latter defines a grading on Ay. 


Proof. Clearly we have As = )),.czApfn, aS well as Agm > Agn C Afmin for 
integers m,n € Z. Thus, it remains to show that the sum of the subgroups 
Apn C Ag is direct. 

To do this, assume that f is homogeneous of degree d and look at an equation 
ee h, = 0 for some elements h, € Ay, where h,, is trivial for almost all 
n € Z. By the definition of A;,,, there exist exponents k,, € N and homogeneous 
elements a, € An+z,,a such that h, = ie for alln € Z, and we may assume that 
dy, and ky are trivial for almost all n € Z. Then, choosing ¢ > max{k, ; n € Z} 


big enough, we get 
» pa, =0 


neZ 


as an equation in A, where the summands f’*a, are homogeneous of degree 
éd+n. Since A is a graded ring, we must have f’~*"a, = 0 in A and therefore 


hn = Fee = 0 for all n € Z. 


Definition 6. Let A be an N-graded ring and f € A an element that is homo- 
geneous of degree > 1. Then the subring Ayo C Arf of all homogeneous elements 
of degree 0 in Af ts called the homogeneous localization of A by f. The latter 
is denoted by Af). 


When dealing with homogeneous localizations of type Af), as just intro- 
duced, it is reasonable, but not really necessary, to assume the homogeneous 
degree d of f to be > 1. For example, if A is a graded ring and f € A a homo- 
geneous element of degree 0, then the subring Ayo of all homogeneous elements 
of degree 0 in A; coincides with the localization (Ag), of the subring Ag C A 
by f. 

Homogeneous localizations of graded rings play a central role for the con- 
struction of projective schemes, similarly as do ordinary localizations of rings 
within the context of affine schemes. To prepare the discussion of such schemes, 
we want to establish a basic lemma on homogeneous localizations. Also note 
that, simplifying our terminology, a graded ring will in the following be tacitly 
understood as a graded ring of type N, unless we talk explicitly about a grading 
of type Z. 


Lemma 7. For a graded ring A consider homogeneous elements f € Ag and 
g € A. of degrees d,e > 1. Then there is a canonical isomorphism 
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d\ —k _ (d-1)k 
= a g g “a 
A(fg) (Ac) p-ege > (fg)* iy = (f.) flerDR 
where a € Ata+eyr for kK EN. 


Proof. We look at the canonical isomorphism 
a: Agg ~~ (Af) sega 


of 1.2/10, which amounts to rewriting fractions of type Gar as fractions with 


a numerator in Ay and a power of f-°g? as denominator. For example, the 
mapping described in the assertion can be used for general a € A. Now view 
Ay as a Z-graded ring. Then f~°g’ € Ay is homogeneous of degree 0 and we 
see from Proposition 5 that the localization (A;) sega is a Z-graded ring again. 
Furthermore, viewing Ay, as a Z-graded ring as well, it is easily seen that 
we have o((Agg)n) a ((Af) sega), for all n € Z; in other words, o respects 
gradings by maintaining degrees of homogeneous elements. Therefore o is an 
isomorphism of graded rings and it restricts to an isomorphism between subrings 
of elements of degree 0. As the corresponding subring of (Af) s-ega coincides with 
the localization (A: f)) -ega, we are done. 


Now let us associate to a graded ring A = @,¢y An its corresponding 
homogeneous prime spectrum Proj A. To define it, we write A, = @Q,.9 An 
and view this as a graded ideal in A, sometimes referred to as the irrelevant 
ideal of A. 


Definition 8. Let A be a graded ring. Then 
Proj A = {p € Spec A; p graded, Ay ¢ p} 
is called the homogeneous prime spectrum of A. 


Remark 9. Let A be a graded ring and p C A a prime ideal such that A, ¢ p. 
Then there is the following equivalence for ideals a C A: 


acp=anAi Cp. 


Proof. Only the implication “<==” needs to be verified. By our assumption there 
exists an element f € A; — p. Now let a be an ideal in A such that aN A; C p 
and consider an element a € a. Then fa € am A, and, hence, fa € p. Since p 
is a prime ideal and f ¢ p, this implies a € p so that a C p. 


In the situation of the remark we see that p, as a prime ideal in A satisfying 
A, £ p, is uniquely determined by its intersection pM A,. Thus, we can say 
that Proj A consists of all “graded prime ideals in A,”, more precisely, of all 
intersections pA, where p C A is a graded prime ideal in A such that A, ¢ p. 
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Next, similarly as we did on ordinary spectra of rings, we can introduce the 
Zariski topology on the homogeneous prime spectrum Proj A of a graded ring 
A. For any subset EC A we set 


V.(E) = {p € Proj A; EC p} = V(E)N Proj A, 


where V(E) = {p € Spec A; E C p} is the zero set of E in the full spectrum 
Spec A, as introduced in Section 6.1. Then V,(0) = Proj A for the zero ideal 
0 Cc A, as well as V;(A;) = @. Furthermore, we conclude from Remark 9 that 


Vi(E) = Va(a) = Vian Ay) 


for a C A the graded ideal in A that is generated by (all homogeneous com- 
ponents of) the elements of FE. If a C A is an arbitrary graded ideal in A, 
then its radical rad(a) is graded by Remark 3 and the same holds for the ideal 
rad;(a) = rad(a)M A;. Applying Remark 9 again, we get 


Vi.(a) = Vi (rad(a)) = Vy (rad; (a)). 


Furthermore, using the fact that V,(£) is the restriction of V(£) to Proj A in 
the sense that V,(£) = V(E)M Proj A, we can derive the following analogue of 
6.1/1: 


Remark 10. Let A be a graded ring. Then, for a family (Ey)yea of subsets in 
A, respectively for subsets E, E' C A, one has 


VilUE)=( Vi), VBE) =V.(E)UV(F’). 


AEA AEA 


Moreover, EC E’ implies V,(E) D V,(E’). 


For any graded ring A we can view its homogeneous prime spectrum Proj A 
as a subset of the ordinary spectrum Spec A. In particular, the Zariski topology 
on Spec A restricts to a topology on Proj A. 


Definition 11. Let A be a graded ring. The restriction of the Zariski topology 
from Spec A to Proj A is called the Zariski topology of the homogeneous prime 
spectrum Proj A. This way the closed subsets of Proj A are given by the sets of 
type V,(E) for arbitrary subsets E C A, while the open subsets of Proj A are 
just the complements of the closed ones. 


Similarly as in the case of ordinary spectra, we can consider for any f € A 
the open subset 


D,(f) = Proj A—V(f) = {p € Proj A; f ¢ p} 


of Proj A; the latter coincides with the restriction of the basic open subset 
D(f) C Spec A to Proj A. In particular, the sets of type D,(f) form a basis of 
the Zariski topology on Proj A. However, this assertion can be improved: 
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Proposition 12. Let A be a graded ring. Then the sets of type D,(f) for 
homogeneous elements f € Ay form a basis of the Zariski topology on Proj A. 
As a variant of this we can observe: 

Let d€ N, d> 1. Then the sets of type D,(f) for homogeneous elements 
f € Ana, where n varies over all integers > 1, form a basis of the Zariski 
topology on Proj A. 


Proof. Let U C Proj A be an open subset and a C A a graded ideal such that 
the complement of U in Proj A is given by the closed subset V,(a) C Proj A. 
Then we have 


Vi (a) = Vi(an Ay) = () Vi(f), 


f €aNn A+ homogeneous 


thus implying 


U = Proj(A) — V(a) = U D.(f). 


f €an A+ homogeneous 


Hence, every open subset U C Proj A is a union of open sets of type D,(f) for 
homogeneous elements f € A+. 

Finally, given an integer d > 1, we have D,(f) = 
f € Ax that is homogeneous of a certain degree n > 
second assertion becomes clear as well. 


D.,(f%) for any element 
1. Since f4 € Ang, the 


Next, for any graded ring A, we want to cover the homogeneous prime 
spectrum Proj A by ordinary prime spectra of type Spec A,r), for homogeneous 
elements f € A,. This will enable us to canonically equip Proj A with the 
structure of a scheme. As a key fact, we need: 


Proposition 13. Let A be a graded ring and f € A, a homogeneous element. 
Then the map 


wy: Di (f) — Spec Ac) 
ptr— pan Acp) 


is a homeomorphism of topological spaces. 


Proof. First of all, recall from 1.2/5 that the maps 
Spec A 5 pt—> pA, C Ay, Spec Af >qt—+ qN AE Spec A 


yield mutually inverse bijections D(f) = Spec As. In particular, we thereby see 
that i, transforms prime ideals from D,(f) to prime ideals in A;,). Indeed, if 
p C Aisa prime ideal satisfying f ¢ p, then the ideal pA; C Ay, is prime and 
its intersection with the subring Ap) C A, yields a prime ideal in A(,). Next 
we want to show: 
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Let f € Ag, where d> 1. For elements h € Ang, n € N, and graded prime 
ideals p C A satisfying f € p, one has 


(*) = € U/l) hep, 
(44) oy (>(4)) = D.(f) M Dy(h) = Dy (fh), 


Indeed, ct € Wp(p) is equivalent to A € pA, and the latter is equivalent to 
h €p by 1.2/5 (iii). This shows (*) and equation («*) is a consequence. 

Since the sets of type D(Fn) form a basis of the Zariski topology on 
Spec Arp), we conclude that ~, is continuous. Moreover, if we know that wy 
is surjective, we can see from (**) that wy is open as well, since the sets of type 
D4(f)AD4(h) for h € Ana, n > 1, form a basis for the restriction of the Zariski 
topology from Proj A to D,(f); use Proposition 12. 

Thus, it remains to show the bijectivity of ~,. Addressing the injectivity 
first, let p,p’ € D1(f) be graded prime ideals such that ws(p) = wy(p’). Then, 
for h € A homogeneous of some degree n, we get hé € Ang and we see from (*) 
that h¢, respectively h belongs to p if and only if it belongs to p’. Since p and 
p’ are graded, we get p = p’. 

In order to see that wy» is surjective, consider a prime ideal q C As) and set 


xd 
pa = {2 € An; = ea} 
f 
for n € N. We claim that the p, are the homogeneous components of a graded 
prime ideal p c A. To justify this we show: 


(a) p, is a subgroup in A,. Let x,y € Pn, hence, f-"x%, f-"y? € q. This 
implies f~?"(x—y)*¢ € q by the binomial formula and therefore f~"(x—y)? € q, 
since q is a prime ideal. The latter means x — y € py. Also note that 0 € pr. 


(b) AmPn © Pmin form,neéN. Leth € Ap and x € py, hence, f-"2x4 € q. 
This implies f~-(*™ (ha)? = f-™h?- f-"a4 € q and therefore hax € Ppmin- 


(c) If « € Am and y € Ay are such that ry © Pmin, then © E Pm or 
y € pn. Let x,y be as stated and assume f—("+")(xy)4 € q. Then the prime 
ideal condition for q yields f~-"a? € q or f~"y* € q, hence x € pm or y € Pn. 


(d) There exists an integer n > 0 such that pp 4 An. Since q is a proper 
ideal in Ai), we must have f~“f? = 1 ¢ q and, thus, f ¢ pa. 


Properties (a) and (b) show that p = @,cyPn is a graded ideal in A. 
Furthermore, we see from (c) and (d) in conjunction with Remark 4 that p is 
a prime ideal satisfying p € D,(f). Finally, to show wy(p) = q, we use the 
following equivalences for elements h € Ang: 

h hé h 


€ E hE png == = € 
pe ea pad © 4 Prd Pe vy (P) 
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Indeed, the first equivalence follows from the prime ideal property of q, the 
second one from the definition of the subgroup pra, and the third one from (+). 
Therefore we see that w»(p) = q and, hence, that wy is surjective. 


Lemma 14. Let A be a graded ring and f,g € A, homogeneous elements of 
degree d, respectively e. Then there is a canonical commutative diagram 


bg 
D(fg) —* Spec Acfg) 


I | 
Dy(f) —*+ Spec Acpy , 
where the maps Wrg and Wy are as in Proposition 13 and t is the canonical 


inclusion. Furthermore, o is the open immersion obtained in the manner of 
6.2/8 from the localization map 


Alp) —+ (Ap) peg = AC): 
where the right-hand isomorphism is the one of Lemma 7. 
Proof. Looking at the localization maps 
A —+ Ay —— Afy, 


we see from 1.2/5 that pAr = pAs, M Ay for any prime ideal p C A satisfying 
fg € p. If, in addition, p C A is graded, we obtain 


Ws(p) = pAsN Avy, Wypg(P) = PArg A Ac fg) 


and, hence, 


o(ypo(P)) = PAF N Acta) MN Ay = PAP Acpy = Ye (P)- 


To give an application of the above techniques, we want to deduce an ana- 
logue of 6.1/5 for Proj schemes, which will be used later in 9.3/11 for the 
characterization of divisors on the projective n-space P} over a field L. Doing 
so, consider a graded ring A and a subset Y C Proj A. Then, similarly as we 
did for spectra of ordinary rings, we can consider the ideal 


LY) ={feAsYovu(fp}=1Y)NA,, 
where I(Y) is defined as in the paragraph preceding 6.1/4. 


Corollary 15. Let A be a graded ring. 
(i) For any subset E C Ay, the ideal I,(Vi(E)) coincides with rad,(a), 
where a is the restriction to A, of the graded ideal generated by E in A. 
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(ii) For any subset Y C Proj A its Zariski closure coincides with V,(I,(Y)). 


Proof. In the situation of (i) we have V,(#) = V;(a) by Remark 9, and it 
remains to show that rad;(a) is the intersection of all graded prime ideals in 
A, containing a. Replacing A by the quotient A/a with its canonical grading, 
we may assume a = 0. Now consider an element f € A that is not nilpotent. It 
is enough to show that there is a graded prime ideal in A not containing f. Since 
not all homogeneous components of f can be nilpotent, we may assume that f 
is homogeneous. Then we can consider the homogeneous localization Ay) and 
conclude that it is non-zero, since the ordinary localization Ay is non-zero. So 
there exists a prime ideal in A;s). By Proposition 13 the latter corresponds to 
a graded prime ideal p Cc A such that p € D;(f) and, hence, f ¢ p, as desired. 

Next, to verify (ii), let a C A, be a graded ideal such that Y C V,(a). Since 
Vi (a) = Mypea V+ (Ff), we get Y C V,(f) for all f € a and, hence, 1,(Y) Da 
so that V,(1,(Y)) C V;(a) and, in particular, V,(Z,(Y)) C Y. On the other 
hand, Y C V,(1,(Y)) for trivial reasons and we are done. 


Now we have collected all necessary tools in order to equip the homo- 
geneous prime spectrum Proj A of a graded ring A with the structure of a 
scheme. Namely, it follows from Proposition 12 that the sets of type D,(f) 
for homogeneous elements f € A, form an open covering of Proj A and we 
can view each of these covering sets as an affine scheme, just by using the 
homeomorphism w,: D,(f) —~“+ Spec Aig) of Proposition 13 and transport- 
ing the scheme structure from Spec A) to D,(f). Then we apply the method 
of 7.1/1 in order to glue the affine schemes D,(f) along the intersections 
Ds(f) NA Ds(g) = Dsz(fg) to yield a global scheme. More precisely, we ap- 
ply Lemma 14 and view D;(fg) = Spec Acyg) as an open subscheme of both, 
D,(f) = Spec Acp) and D,(g) = Spec Aig), namely via the canonical maps 


A(p) —~ A(fg) ~— AG) 


that are obtained from the corresponding canonical maps between ordinary lo- 
calizations. For this to work well, it remains to check the cocycle condition. 
The occurring triple intersections of type D4 (f)D1(g)ND,(h) may be inter- 
preted as schemes of type Spec A:fgn) for homogeneous elements f,g,h € A+. 
This way the restrictions of the involved gluing morphisms are reduced to the 
identity morphism on Spec A;fgn), as the same is true in the setting of ordinary 
localizations, and we see that the cocycle condition holds for trivial reasons. 
Therefore the gluing works well and Proj A becomes a scheme covered by the 
open subschemes of type Spec A,,) for f € Ay homogeneous. 

Let us point out that there is an alternative construction method, which 
looks slightly more elementary. To explain it, we need the following auxiliary 
result: 


Lemma 16. Let A be a graded ring and f,g € A homogeneous elements of 
degree > 1. Then, for Di(f) C Di(g), there is a canonical homomorphism 
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A, —> Ay. The latter respects gradings and maintains degrees of homogeneous 
elements. In particular, it restricts to a homomorphism of homogeneous local- 
izations A(g) —+ Af). 


Proof. The assumption D,(f) C D(g) implies Vi(f) D Vi(g) and, hence, 
rad;(f) C rad;(g) by Corollary 15 (i). Thus, there is an equation f" = hg 
for some exponent n > 1 and a homogeneous element h € A. As a result, the 
universal property of localizations yields a canonical homomorphism 
a , @ 
Ag — oe As, gk | h - frk > 
where a € A. It is easily checked that the latter maps homogeneous elements of 


A, to homogeneous elements in A, of the same degree. In particular, it restricts 
to a homomorphism of homogeneous localizations Aig) —+ A,,). 


To explain the alternative approach to the scheme Proj A of a graded ring 
A, look at the ordinary prime spectrum X = Spec A and start out from the 
functor 
O%: D*#(X) —+ Ring 


considered in example (4) of Section 6.3; it associates to any element f € A 
(interpreted as the basic open subset D(f) C Spec A given by f) the localization 
A, and to any inclusion D(f) C D(g) the canonical map between localizations 
A, —— Ay. Using the fact that A is a graded ring, we can restrict this functor 
to homogeneous elements f € A+. Since any restriction morphism A, —— Ay, 
for homogeneous elements f,g € A+, will respect gradings, as we have seen 
above, it induces a restriction morphism between homogeneous localizations 
A(g) ——+ Avg). Thus, for Y = Proj A and D,(Y) the category of all basic 
open subsets in Y with inclusions as morphisms, the functor OF gives rise to a 
functor 


Oy: D.(Y) —+ Ring, 
Di(f) C D(g+) — Aig) —* Avg) - 


Even if we are a bit more careful and work with localizations of type Agvf) 
instead of A; as exercised in example (4) of Section 6.3, we can use the canonical 
isomorphism A; —~+ A4v,) in order to transport the grading from A, to Agcs). 
By Lemma 16 the graded ring Agi,), as well as its homogeneous part of degree 0, 
denoted by (As(,))o, are well-defined and depend only on the subset Di (f) C Y. 
Then it follows from 6.6/2 and Proposition 13 in conjunction with Lemma 14 
that the functor Oy: D,(f) H— (Ascp))o = Avy) is a sheaf in the setting of 
6.6/4. In addition, the latter result shows that Oy extends uniquely to a sheaf on 
all of Y, denoted by Oy again. Moreover, we see for any homogeneous element 
f € A, that the locally ringed space (D,(f),Oy|p,:f)) is isomorphic to the 
affine scheme Spec A,). Consequently, Y = (Y, Oy) is a scheme and the affine 
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schemes Spec A,,) for f € A, homogeneous form an open covering of it. Thus, 
using either method, we can state: 


Theorem 17. Let A be a graded ring. Then we can equip its homogeneous prime 
spectrum Proj A with the structure of a scheme in such a way that for homo- 
geneous elements f € Ay the homeomorphisms wr: Dy(f) —~+ Spec Ap) of 
Lemma 13 become isomorphisms of schemes and, thus, give rise to an affine 
open covering of Proj A. The resulting scheme is denoted by Proj A again and 
is called the Proj scheme associated to A. 


A graded ring A together with a ring homomorphism R —~ Ag C A is 
called a graded R-algebra; it satisfies RA, C A, for all n. In such a case the 
scheme Proj A constructed above may be viewed as an R-scheme and we will 
write Projp A for it in order to refer to this fact. As a natural example, we 
may consider the polynomial ring A = R[to,...,ta] as a graded R-algebra, 
where the grading is given by the total degree of polynomials. Then the scheme 
Projp A is canonically isomorphic to the projective d-space P4, as introduced 
in Section 7.1. Indeed, the irrelevant ideal A; C A is generated by to,...,ta 
and, hence, the scheme Proj A is covered by the affine open subschemes D, (ti), 


i = 0,...,d. The latter are affine d-spaces A%, since the homogeneous local- 

tetas ae : Bara as teat; 

ization Aj,) coincides with the polynomial ring R ae eeey s = yi eiy nae the 
$ tit é - j 

fractions Oo, ae ete. being viewed as “variables”. Also note that 


we have Aw,t,) (Aay)y by Lemma 7 and, hence, that the intersections 


D,(t;) A Ds(t;) = Ds(tit;) are as required in the construction of Section 7.1. 
Finally observe that any graded ring A can be viewed as a graded Z-algebra, 
thus, equipping Proj A with its canonical structure as a Z-scheme. 

The notation Proj A or Projp A might suggest calling such schemes “pro- 
jective”. However, note that the term projective is reserved for Proj schemes 
admitting a closed immersion into a projective d-space for some d € N; see 


9.5/7. 


Proposition 18. For any graded ring A, the corresponding scheme Proj A is 
separated (over Z). Likewise, for any ring R and a graded R-algebra A, the 
corresponding R-scheme Projp A is separated. 


Proof. We check condition (iii) of 7.4/5 for the affine open covering of Projp A 
consisting of the open subschemes D,(f) ~ Spec Air) where f varies over all 
homogeneous elements in A,. For two such elements f,g € A,, the intersection 
Di(f) A Ds(g) = Ds(fg) is isomorphic to Spec Aiy,) and, hence, affine. Thus, 
we have only to show that the multiplication morphism Af) ®r A(g) ——> A(fg) 
is surjective. If f is homogeneous of degree d and g of degree e, the canonical 
maps from A,) and Ai) to Ayr) may be seen as follows, using Lemma 7: 


Act) —> (Ary) pega = Acta) + (Alay) gare — Avo) 


9.1 Homogeneous Prime Spectra as Schemes 415 


Therefore Arg) ~ (Ap) f-ega is generated (in the sense of algebras) by the 
image of A;f) and the inverse of f-°g?. However, the latter inverse coincides 
with the image of g-@f* € Ag). Therefore it follows that the multiplication 
map mentioned above is surjective and, thus, that Projp A is separated. 


Finally, let us discuss some functorial properties of Proj schemes. We know 
from the affine case that any ring morphism y: A —~ A’ gives rise to a mor- 
phism between associated affine schemes “yp: Spec A’ ——- Spec A. To obtain a 
similar assertion for Proj schemes, assume that A, A’ are graded rings and that 
y is a morphism of graded rings in the sense that y(A,) C A’, for all n. Looking 
at a graded prime ideal p’ C A’, its preimage p = y~'(p’) C A is graded again 
and we thereby see that we can restrict the map “p: Spec A’ ——+ Spec A to 
graded prime ideals. However, for p’ € Proj A’ it can happen that its preimage 
p= '(p’) C A contains the irrelevant ideal A, of A and, thus, does not be- 
long to Proj A. The latter is the case if and only if p’ contains the image y(A+). 
Thereby we see: 


Remark 19. For any morphism of graded rings yp: A —— A’, the map 
“6: Spec A’ —~+ Spec A, pH o | (p’), 
restricts to a map 
“p: Proj A’ — V,.(y(Ay)) —+ Proj A 


satisfying “G~'(D+(f)) = Di (v(f)) for homogeneous elements f € Ax. 


Proof. It only remains to work out the formula on the preimages of basic open 
subsets of Proj A. To do this, recall that “p~'(D(f)) = D(y(f)) by 6.2/4. Thus, 
it follows 


"5-1(D,(f)) =%~71(DUf) n Proj A) n (Proj A’ = Vi (p(44)) 
= D(9(f)) 0 (Proj A’ = Vz (e(A4))) = D(p(f)) 0 Proj 4 
=D, (9(f)), 
since V_(y(A+)) is disjoint from D(y(f)). 


Now consider a homogeneous element f € A, in the situation of the above 
remark and write f’ = y(f). Passing to localizations, y induces a morphism 
of graded rings ys: Ay ——+ A’, and thereby a morphism ¢r): Ayg) —> Alp 
between homogeneous localizations. The latter in turn gives rise to a morphism 
between the associated affine schemes and, using the homeomorphisms of Propo- 
sition 13, to a diagram 


DG 
wer vy 


Spec Apr) 2) gnec Acfy ; 
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which is easily seen to be commutative. Transporting the structure of scheme 
morphism from the lower to the upper row, we obtain a family of scheme mor- 
phisms “Qf: D,(f’) —+ D4(f), parametrized by the homogeneous elements 
f € A,. Furthermore, we claim that 7.1/2 can be applied to glue these mor- 
phisms, thereby endowing the map 


“g: Proj A’ — Vi. (y(A+)) —+ Proj A 


with the structure of a scheme morphism, defined on the open subscheme 
Proj A’ — Vi(y(A+)) of Proj A. For this to work well we have to check that for 
two homogeneous elements f,g € A+ and their images f’ = y(f) and g’ = y(g) 
the corresponding morphisms 


“Oy: Di(f!) — Di(f), “Gy: Da (g!) —> Dlg) 


coincide on D,(f’g’). However, that this is the case is deduced with the help of 
Lemma 14 from the canonical commutative diagram 


Ay $s Al 


| | 


/ 
Afg =——— Alig! 
and its version for homogeneous localizations. Thus, summing up we can state: 


Proposition 20. Let y: A —~+ A’ be a morphism of graded rings. Then there 
is an associated scheme morphism 


“g: Proj A’ — Vi. (p(A+)) —+ Proj A 


such that for every homogeneous element f € Az and its image f' = ¢y(f) 
the equation “@-'(D4(f)) = Ds(f') holds and the restriction of “~ to Ds(f’) 
coincides with the canonical morphism “pif): Spec Alp ——+ Spec Avy in the 
manner indicated above. In particular, the morphism “p is affine, using the 
terminology introduced in the context of 7.4/8 or 9.5/1. 


Corollary 21. In the situation of Proposition 20, assume that yp: A —- A’ is 
a surjective morphism of graded rings with kernel a; the latter is a graded ideal. 
Then V,(y(A+)) = 9 and, hence, p gives rise to a morphism 


°6: Proj A! —— Proj A. 
Furthermore, “¢ is a closed immersion with image V,(a). 


Proof. Since y: A ——~ A’ is surjective, we have y(A;) = A‘, and, hence, 
Vi(y(A+)) = 0. Furthermore, all localized maps A; ——+ Ay are surjective 
and the same remains true for the corresponding homogeneous localizations. 


Therefore “@ is a closed immersion by 7.3/9. Since, pointwise, “% is induced 
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from the map “y: Spec A’ —-~ Spec A, which has image V(a), we see that “ 
must have image V;(a). 


Let us add that, unlike the affine case, a morphism ®: Proj A’ —-+ Proj A 
between Proj schemes of graded rings A, A’ is not necessarily induced from 
a morphism of graded rings A ——+ A’, as there are examples of morphisms 
@ that are not affine. To construct such a morphism, let R be a ring and 
view the polynomial rings A = R[t | and A’ = R[to,...,ta] as graded rings 
with respect to the total degree of polynomials. Then Proj A = Spec R, as is 
to be shown in Exercise 4. Therefore, viewing A’ as a graded R-algebra, the 
structural morphism Proj A’ ——+ Spec R may be interpreted as a morphism 
&: P4 = Proj A’ —+ Proj A. The latter is not affine in general, since P& is not 
necessarily affine, for example if d > 0 and R is a field; see 7.1. 


Exercises 


1. Graded rings as polynomial rings. Consider the polynomial ring A = Z[t; ; 1 € I] 
in a system of variables (t;);er. Show for a family of integers d; € Z, i € I, that 
there is a unique grading @,,¢z An on A such that ¢; € Ag, for all i ¢ J. Conclude 
that every graded ring is of type Z[t;; 7 € I]/a where Z[t;; i € I] is a graded 
ring as before and a is a graded ideal. 

2. Alternative characterization of homogeneous localizations. Let A = @yen An be 
a graded ring. Fixing an integer d > 0, construct a graded ring A®M = nen A® 
as a subring of A by setting A) = Ag, and show for any homogeneous element. 
f € Aq that the map fr +—+ x mod (f — 1)AM defines a ring isomorphism 
Acp) AM /(f — 1)AM, 

3. Let A = @yen An be a graded ring and f ¢ A; a homogeneous element. Show 
that D,(f) = 0 if and only if f is nilpotent. Conclude that Proj A = Q is equiv- 
alent to the fact that every element f € A+ is nilpotent. 

4. Let R be a ring and ¢ a variable. View the polynomial ring R[t] as a graded 
R-algebra with the grading being induced from the degree of polynomials. Show 
that there is a canonical isomorphism of schemes Proj R[t] ~ Spec R. 

5. Consider the projective n-space P’) over a ring R and assume n > 1. Show that 
the scheme P? is not affine, unless R is the zero ring. 

6. Show for any graded ring A = @,, cn An that the scheme Proj A is Noetherian if 
A is Noetherian. Hint: Use Exercise 2. 

7. Let R be a ring and A = @,, cy An a graded R-algebra. Show that Projp A is an 
R-scheme of finite type if A is an R-algebra of finite type. Hint: Use Exercise 2. 

8. Consider the graded ring A as in Exercise 2 for a graded ring A = @nen An 
and an integer d > 0. Show that the inclusion map A‘) <—+ A gives rise to an 
isomorphism of schemes Proj A —~»+ Proj AM, 

9. For a graded ring A = @, ex An, construct in a canonical way a graded ring 


A’ = @yren A), by setting Ap = Z and Aj, = A, for n > 0. Show that the natural 
map A’ —-+ A gives rise to an isomorphism of schemes Proj A —~+ Proj A’. 
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10. Let y: A ——> A’ be a morphism of graded rings with gradings (An)nen and 
(A, )nen, and assume that y restricts to isomorphisms A, —“+ Al, for suffi- 


~N 


ciently large n. Show that y gives rise to an isomorphism Proj A’ —~+ Proj A. 


11. Let S be a scheme. Generalize the notion of graded algebras over rings to the 
case of sheaves of Og-algebras. Let A = Qe An be such a graded Og-algebra 
and assume that it is quasi-coherent. Show that all homogeneous components 
An are quasi-coherent Og-modules, and construct the Proj scheme Projg A as a 
generalization of Proj schemes for graded algebras. 


9.2 Invertible Sheaves and Serre Twists 


Let A be a graded ring of general type. A graded A-module is an A-module 
M together with a direct sum decomposition M = ez M, into abelian sub- 
groups M,, of M, where AmMn C Minin for all m,n € Z. Typically, in our 
applications the grading on A will be of type N, whereas on M we will have to 
consider a grading of type Z. In particular, we will continue with our habit to 
assume gradings on rings to be of type N, unless stated otherwise. 

For any graded A-module M and an integer d € Z, we define the graded 
A-module M(d) by 

M (d\n = Mn+a; ne Z. 


Thus, without changing the underlying A-module, M(d) is obtained from M 
by shifting the indices of the sequence ...,Mn—1, Mn, Mnsi,... by d steps to 
the right. In particular, A can be viewed as a graded module over itself and it 
therefore makes sense to view A(d) for any d € Z as a graded A-module. 

Similarly as for graded rings, one can construct homogeneous localizations 
of graded modules. Namely, let A be a graded ring, M a graded A-module 
and f € A an element that is homogeneous of some degree d > 1. Then the 
localization My may be viewed as a graded Ay-module and its homogeneous 
part of degree 0, namely 


x 
- 


is an A,)-module. The latter is called the homogeneous localization of M by 


Moy = Myo = { € Ms; 2€ Mya, 


f. Also note that Mp) gives rise to a quasi-coherent Op, ()-module Mg) on 
D(f) ~ Spec Aig) C Proj A. Letting f vary over the homogeneous elements 


in A,, we want to show that the resulting modules Mg) extend to a global 


quasi-coherent Opyo; 4-module M on Proj A. 
Proposition 1. Let A be a graded ring (of type N) and M a graded A-module. 
Let X = Proj A. Then the Op, f)-modules Mc) where f varies over all homo- 


geneous elements in A; can be glued via canonical isomorphisms of type 


Mplo.¢g) + Mug) > Melos 
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to yteld a quasi-coherent Ox-module M. The latter is called the module (or 
module sheaf) associated to M on Proj A. 

If p: M — +N is a morphism of graded A-modules, i.e. a morphism of 
A-modules respecting gradings on M and N, then y induces for each homoge- 
neous element f € A, an A:f)-module homomorphism M py) —> Np). Further- 
more, the corresponding Ox|p, )-module homomorphisms My) —+ Nyy can 


be glued to yreld an Ox-module homomorphism M ——+ N. 


Proof. Given homogeneous elements f,g € A;, say of degrees d and e, there 
exist canonical A(;,)-isomorphisms 


(Ms) f-egt + Mipg) > (Migy)g-ate ; 


just as we have seen in 9.1/7; the proof carries over without changes. On the level 
of associated modules, these isomorphisms define gluing morphisms, as stated 
in the assertion. To see that the gluing works well, one has to check the cocycle 
condition of 7.1/1. This is done in the same way as indicated in the discussion 
leading to the proof of 9.1/17. One shows that the gluing morphisms restrict on 
triple overlaps of type Di(f) A D+(g)N Di (Rh) = Da(fgh) to the identity map 
on IM os Alternatively, one can prove a module analogue of 9.1/16 and employ 
the second method proposed for the proof of 9.1/17. Finally, the construction 
of associated morphisms is done along the lines of the proof of 7.1/2. 


We want to show that the formation of associated modules on Proj schemes 
respects tensor products. Recall that the tensor product F @o, G of two 
Ox-modules F, G on a scheme X is defined as the Ox-module sheaf associ- 
ated to the presheaf 


Ut—+ F(U) ®o, (uv) GU), for U C X open. 


If X is affine, say X = Spec A, and ¥, G are associated to A-modules M, N, 
then the compatibility of tensor products with localizations (use 4.3/2) shows 
that F @o, G is associated to the tensor product of A-modules M @, N. 

On the other hand, for a graded ring A and graded A-modules M, N, the 
tensor product M @, N is a graded A-module again if, for n € Z, we call any 
finite sum of type 


S> tr @y. € MBN, tr € M,, Ys © Ng, 
r+s=n 


homogeneous of degree n. To check that we get a well-defined grading this way, 
observe the direct sum decomposition 


M @, N = @ M,@2N,=@ ( @ M82) 
r,sEZ neZ r+s=n 


in terms of Z-modules. In particular, working over Z as a graded ring concen- 
trated at degree 0, we see that / @z N is a graded Z-module, indeed. Since the 
kernel of the canonical map 
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a: M®zN—+M®4N 


is generated by all elements of type (ax) ® y— x ®@ (ay) whereae A, xe M, 
y € N, the latter can be generated by homogeneous elements of M @z N. From 
this it easily follows that the quotient M @z N/kero ~ M @, N is canonically 
a graded A-module. 


Proposition 2. Let A be a graded ring whose irrelevant ideal A, C A is 
generated by A; and let M, N be graded A-modules. 1 Then there is a canonical 


isomorphism of Ox-modules M ®o, Nis M Qa: N on X = ProjA. 


Proof. For any f € Ag, d > 1, look at the composition 
Mf) @ acy Nip) —* Mp @a, Np “+ (M @aN)5 


induced from the inclusions of homogeneous into full localizations on the left- 
hand side and from the compatibility of tensor products with localizations on 
the right-hand side; use 4.3/2. Since the isomorphism on the right conserves 
homogeneous degrees, we end up with a homomorphism of A,s)-modules 


Ap: MF) Bag Nox) —> (M @a Nip, 


given by 

x Yy LOy 

fr fe Ps fits 2: 
forr,s € Zand x € Ma,,y € Nas. Furthermore, it is clear that, for homogeneous 
elements f,g € Ax, there is a commutative diagram 


Mf) Gay Ney (M @a N) ip) 


Mop) ®Ac44) Nug s (M @a N) fg) 


so that, by a gluing argument, the morphisms \f) give rise to a morphism of 
Ox-modules 


\: M @o, N —+ M@, N. 


Using the fact that A; is generated by Aj, we claim that \ is an isomor- 
phism. For this it is enough to show that the above mentioned maps X;¢) are 
isomorphisms for elements f € A;. In order to construct an inverse of Ai) in 
this case, we start with the Z-linear map 


qT: M ®z N — Mp) BA Nef) 


that is given for homogeneous elements x € M, and y € N, by 


9.2 Invertible Sheaves and Serre Twists 421 


Then we see for a € A homogeneous, or even a € A arbitrary, that 
(ax) ® y — x @ (ay) € kerr’ 
so that r’ factors through a map 
T: M @aN —+ Mp Bay Ni 


which so to speak is linear over the ring morphism 

a 
e 
Since the latter map sends f to 1 and, thus, factors through the localization 
Ay, it follows that 7 induces a morphism 


A—> Aig), A, > @'/-—> € Arp). 


Te: (M @aN)¢ —+ Mp @ay Nip, 


given by 
xr®y x y 
[=F = Or 
vi aa i 
for r,s,t € Zand « € M,, y € Ns. Then, restricting ty to the homogeneous 
localization (IM @,4 N) fp), we get the desired inverse of Xf). 


In the following, we want to look a bit closer at some examples of associated 
modules on Proj schemes, among them Serre’s twisted sheaves: 


Definition 3. Let A be a graded ring and X = ProjA its associated scheme. 
The nth twisted Serre sheaf of the structure sheaf Ox of X, for n € Z, is the 


Ox-module Ox(n) = A(n) associated to A(n) as graded A-module. 


First, let us recall some properties applicable to module sheaves which we 
will need; see also Section 6.8 for a discussion of some of these within the setting 
of quasi-coherent modules. 


Definition 4. Let X be a scheme and F an Ox-module sheaf. 

(i) F is called free if there exists an isomorphism oO —~+ F for some in- 
dex set I. It is called free of rank n € N if there is an isomorphism O% —~+ F; 
see Section 6.8 for the definition of the Ox-modules oP and Of. 

(ii) F is called locally free (resp. locally free of rank n) if every x € X 
admits an open neighborhood U C X such that the restriction Fly is free (resp. 
free of rank n). 

(iii) A family of global sections (fi)ier in P(X, F) = F(X) is called a system 
of generators of F if the Ox-module morphism oO —+ F given by these 
sections is an epimorphism. Furthermore, F is called finitely generated if F 
has a finite system of generators. 

(iv) F is called locally of finite type if every x € X admits an open neigh- 
borhood U C X such that Fly is finitely generated. 
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(v) F is called locally of finite presentation if every x € X admits an open 
neighborhood U C X on which F has a finite presentation, i.e. an exact sequence 
of type 

OF + OF + Flu + 0 


for suitable integers m,n EN. 


In particular, every free Ox-module is locally free and every finitely gen- 
erated Ox-module is locally of finite type. Also it is clear that every free or 
locally free Ox-module is quasi-coherent. Moreover, every Ox-module that is 
locally of finite presentation is locally of finite type and quasi-coherent. 


Now let us look at the projective d-space X = P% over some base ring R and 
study Serre’s sheaves Ox(n) as introduced in Definition 3. To do this consider 
the polynomial ring A = R[to,...,tq] over R with variables to,...,ta. The 
total degree of polynomials defines a grading on A such that X = Projp A; see 
Section 9.1. Since the variables tg,...,tq generate the irrelevant ideal A, C A, 
we get Vi(to,...,ta) = @ and therefore 


X= DIG) LU) 


so that the schemes D,(t;) = Spec Av) ~ Af with Ag, = R[B,...,j4] form 
an affine open covering of X. 

By the definition of Serre’s sheaf Ox(n), its restriction to the open sub- 
set D,(t;) C X is associated to the Aj,)-module A(n)(¢,). Here Ag, is the 
homogeneous localization of A by ¢;; it consists of all elements of the ordinary 
localization A,, that are homogeneous of degree 0. Likewise, we can interpret the 
homogeneous localization A(n)(,) of A(n) at t; as the subgroup of all elements 
in A;, that are homogeneous of degree n. Then we get 


A(n)(t,) = R[2, ahaa “| . ty, 
since multiplication and division by ¢/ sets up an isomorphism of Aj,)-modules 
A, > A(n)i,). In particular, A(n)i@,) is a free Ag,)-module of rank 1, 
generated by ¢?, and it follows that Ox(n)|p,(z,) is free of rank 1. Consequently, 
Ox(n) is locally free of rank 1. 

In order to determine the group ['(X,Ox(n)) = Ox(n)(X) of global sec- 
tions of the sheaf Ox(n), observe that all localizations of A by monomials in 
to,...,tq may be viewed as subrings of R[to, ti eiagtas i | the ring of Laurent 
polynomials in to,...,tg over R. Furthermore, canonical restriction morphisms 
between such localizations are given by inclusions then. Therefore we get 


d 


I'(X,Ox(n)) =() R| 


i=0 


and, hence, ['(X,Ox(n)) C Ay. The reverse inclusion A, C I'(X,Ox(n)) holds 
as well, since we can write 


to ta 
ea 


d 
HEC \Ritgcectat: IA 


i=0 
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t fate 
f(tos...,ta) = F(2,...52) +4 


fori =0,...,d and any homogeneous polynomial f € A,. Thus, we obtain 


@ no,...,.nraEN R. to tee 1,7 for n > 0, 


not+...t¢nNg=n 


I'(X,Ox(n)) =An=4R for n = 0, 
0 forn < 0. 


In particular, it follows that an Ox-module Ox(n) where n ¥ 0 (and R F 0, 
d > 0) cannot be free, since otherwise, being locally free of rank 1, it would be 
isomorphic to Ox and, thus, impose R as its R-module of global sections. On 
the other hand, we see for n > 0 that t? generates Ox(n) on D,(t;) and, hence, 
that the powers t?, i = 0,...,d, yield a system of global generators for Ox(n) 
on X. Hence, Ox(n) is finitely generated. Furthermore, the equation 


valid on D,(t;), allows to conclude more specifically that t? generates Ox (n) for 
n > 0 precisely on D,(t;). The reason is that t is a free generator of Ox(n) on 
D.(t;). Hence, t? can be a second free generator only at points of D,(t;) where 
# does not vanish. However, the latter is the case precisely on D,.(ti) Dy(t;); 


use 9.1/7 in conjunction with 9.1/14. 


Definition 5. Let X be a scheme. An Ox-module sheaf L£ is called an invertible 
sheaf (or a line bundle) on X if it is locally free of rank 1; in other words, 
there must exist an open covering (U;)icr of X together with isomorphisms 
Liu, ~ Ox|u,, 7 € I. In particular, £ is quasi-coherent in this case. 


We have shown above that Serre’s twisted sheaves Ox(n) are locally free of 
rank 1 on the projective d-space X = Pe. Thus, they are examples of invertible 
sheaves and we will generalize this assertion in Proposition 7 below. 


Proposition 6. The isomorphism classes of invertible sheaves on a scheme 
X form a commutative group under the group law (L,L') +—+ L ®o, L’, the 
tensor product of Ox-modules. It is denoted by Pic(X), referred to as the Picard 
group of X. Furthermore, Pic(X) is isomorphic to the first cohomology group 
H'(X,O%), as we will see below in Corollary 9. 

The unit element in Pic(X) is given by the trivial invertible sheaf Ox and, 
for any L € Pic(X), its inverse is L7' = Homo, (L,Ox), where Hom is the 
so-called sheaf Hom; see below. 

The group Pic(X) is functorial in X. Namely, for any morphism of schemes 
f: Y —+ X the pull-back of invertible sheaves L:—+ f*(L) gives rise to a 
group homomorphism Pic(X) —+ Pic(Y). 
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Proof. If £ and £’ are invertible, they are locally on X isomorphic to the trivial 
sheaf. Using the canonical isomorphisms of type Oy ®o, Ou ~ Oy on open 
subsets U C X, we see that £L ®o, L’ is invertible again. Therefore the ten- 
sor product defines, indeed, a law of composition on Pic(X), the collection of 
invertible sheaves on X. Clearly, this law is associative and commutative with 
Ox serving as identity element. 

To describe inverses in Pic(X), note that Hom(ZL, £’) for Ox-module sheaves 
£,L' on X consists of the functor 


Ut—+ Homoy,),, (Llu, £'|v), for U Cc X open, 
which is a sheaf of Ox-modules. There is a canonical morphism of Ox-modules 
Home, (£,Ox) Box L— Ox, 


which is given on the level of sections by y @ a +—~ y(a). It is easily checked 
that this is an isomorphism for £ = Ox. The same remains true if £ is locally 
on X isomorphic to Ox and, hence, invertible. 

Hence, we can conclude that Pic(X) is a group, provided we know that the 
isomorphism classes of invertible sheaves on X can be viewed as a set. The latter 
is not clear right away, but follows most conveniently from the description of 
invertible sheaves by means of Cech 1-cocycles in the style of Proposition 8 and 
Corollary 9 below. 

To explain the functoriality of Pic(X), consider a morphism of schemes 
pu X. Then we see from 6.9/4 that the inverse image f*(L) of 
any invertible sheaf £ on X is invertible on Y. Therefore f induces a map 
Pic(X) ——~ Pic(Y). The latter is a group homomorphism, as follows from the 
arguments of 4.3/2 in conjunction with 6.9/4. 


Proposition 7. Let A be a graded ring such that the irrelevant ideal A, C A 
is generated by A, and let X = Proj A. Then: 
(i) Ox(n) is an invertible Ox-module for all n € Z. 
(ii) Ox(m) @o, Ox(n) ~ Ox(m+n) for all m,n € Z. 
(iii) Ox(—n) ~ Hom, (Ox(n), Ox) for all n € Z. 


Proof. To obtain (i), we proceed similarly as in the case of the projective d-space 
P4. Since A; generates Ay, we see that V}(A1) = V;}(A;,) = 0. Hence, the 
system (D,(f)) fea, yields an affine open covering of Proj A and it is enough to 
show that A(n)) for n € Z and elements f € Aj is a free A(p)-module of rank 
1. However, the latter is clear, since we may interpret A(n);p) as the subgroup 
of homogeneous elements of degree n in the localization Ay and since 


Aig) — A(n)(y, = @ > af”, 


is an isomorphism of A,f)-modules. 
For assertion (ii) we interpret the trivial isomorphism A @, A —~+ A as 
an isomorphism of graded A-modules 
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A(m) @4 A(n) —~+ A(m+n) 
that maintains homogeneous degrees. Then, using Proposition 2, we get the 


desired isomorphism 


Nee —e—_NOS 


A(m) @o, A(n) x A(m) @4 A(n) ~ A(m +n). 


Finally, (iii) follows from Proposition 6 in conjunction with (ii). 


In particular, we see from Proposition 7 that the map 
Z — Pic(X), nt—» Ox(n), 


is a group morphism, where for the projective d-space X = P¢ over a field 
K one can show that it is, in fact, an isomorphism; see 9.3/17. Thus, Serre’s 
twisted sheaves are the only invertible sheaves on X in this case. 

Next we want to describe invertible sheaves on a scheme X in terms of Cech 
cocycles with values in OX, the sheaf of invertible functions on X. To do this, let 
£ be an invertible sheaf on X and let L = (U;)ier be an open covering of X such 
that £|u, is free; the latter amounts to the fact that there is an isomorphism 
of Oy,-modules Oy, —~+ L|y,, carrying the unit section 1 € Ox(U;) to a 
generator f; € L(U;) of Lly, as Oy,-module. We say that C trivializes with 
respect to LU, or that £L is L-trivial. Then for two indices 7,7 € I both, f; and 
f;, generate £ on the intersection U;M U; and there exists an equation of type 
filuinu; = My fjlu;nu; with a unit nj € Ox(U;N U;)*. Furthermore, on triple 
overlaps U; 1 U; 1 U;, for 2,7,k € I we have 


fi = Mfr, ne = ni fj; bf = jk tks 


and, thus, 
Tk =NigNjk = ESP. MRM Nig = 1. 
The equation Mk MK Nj = 1 is referred to as the cocycle condition. 

If there is an isomorphism Ox —~+ CL, the unit section 1 € Ox(X) gives 
rise to a global generator f € £(X) and there exist elements n; € Ox(U;)* such 
that flu, = nf; for alli € I. Thereby we obtain on intersections U; M U; for 
i,j € I the relation 

nig = 9M 

The equations we have just discussed fit nicely into the formalism of Cech 
cohomology with values in an abelian sheaf ¥, as discussed in Section 7.6. For 
the convenience of the reader we repeat here the relevant facts, replacing F by 
the sheaf O%, of invertible functions on X and writing the group law multiplica- 
tively. Thus, we look at the Cech complex C* (LU, O%,) consisting of the groups 
of g-cochains on U with values in OX, namely 
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where U;, =U,,9...U;,, and of the coboundary maps 


6%: ONE; 0%). CP" 0%), 


given for a g-cochain 7 = (n, 


ig)towutger € CUM, OF) by 


q+1 


O(N) aps usignt = (Nig dy dosed tq+1 
j=0 


Vig 


as usual, the notation a, means that the index 7; has to be omitted. In particular, 
we get for 7 € C°(LU, OX) 


(nig = NG|Ui; * (ni Gey 


and for 7 € C'(U, O%) 


5 (7) isk = Nyjk|Uizn * (nik ae Mg ijn: 


Furthermore, recall that 6%+1 0 64 = 1 for all qg, where 1 has to be interpreted as 
the unit element of the multiplicative group C?+?(L, O%). 
Then 
Z4(M, OF) = ker 67 c C4(U, OX) 


is called the group of q-cocycles and 
BL, OF) = imo? Cc C%(L, O%) 


the group of qg-coboundaries in C4(L,O%,), where we put B4(L,O%) = 1 for 
q = 0. Since 6971 0 64 = 1, we have B4(U,O%) C Z4(U, O%) and one calls 


H4(M, OX) = Z4(M, OX) /BUU, Ox) 


the gth Cech cohomology group on the covering { with values in OX. 

Starting out from an invertible sheaf £ on X that trivializes with respect 
to the open covering L = (U;)ier of X and from isomorphisms Oy, —~+ Llp, 
for i € I we have constructed above a l-cochain 7 = (n,;)i,je7 that satisfies 
the cocycle condition and, thus, as we can read from the definition of 5!, is a 
1-cocycle. If we change the isomorphisms Oy, —~+ L|y, under consideration by 
units 7; € Ox(U;)*, we find out that 1 changes by the 1-coboundary (7;7; ' wa) 
Therefore we can associate to each L{-trivial invertible sheaf £ on X a well- 
defined cohomology class 7 € H'(L,O%). 

Conversely, starting with a cohomology class 7 € H1(U, O%,), we can choose 
a representative 7 = (mj)ijer € Z'(U,Ox) and glue the sheaves Oy, with 
respect to the isomorphisms 


(iz: Ou; |u;nu; —* Ou;|u:nu;; a@t+-— ja, 


along the intersections U; 1 U; to obtain an invertible sheaf £ on X. The condi- 
tion of 7 to be a 1-cocycle assures that the necessary cocycle condition on triple 
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overlaps is satisfied. Moreover, if we change 7 by a 1-coboundary and write L£’ 
for the resulting invertible sheaf on X, then such a 1-coboundary yields local 
isomorphisms Lly, —“+ L'|y, that coincide on the intersections U; 4 U; and 
therefore define an isomorphism £ —~+ CL’. Thus, we can state: 


Proposition 8. Let X be a scheme, LL an open covering of X, and Picy(X) 
the group of invertible sheaves on X that trivialize with respect to U. Then the 
above construction yields an isomorphism of abelian groups 


Picy(X) + H1(U,O%). 


Proof. It remains only to show that the described map respects group structures. 
This is easily seen. Just observe that if £,£’ are two LU-trivial invertible sheaves 
on X and if f; € L(U;), resp. f/ € L'(U;) are sections generating £ resp. L’ 
on U;, then the section f; ® f/ € (L @o, L’)(U;) generates the invertible sheaf 
L®o, L' on U;. 


As an example, consider Serre’s nth twisted sheaf Ox(n) on the scheme 
X = ProjA of a graded ring A and assume that the irrelevant ideal A, C A is 
generated by A;. Then Ox(n) is invertible by Proposition 7 (i) and the proof 
of the latter result shows for any f € A; that there is an isomorphism 


Ox|p (fp) > Ox(n)|p,y, 1 f”. 


Thus, choosing elements f; € Ai, i € J, that generate the irrelevant ideal A,, 
the basic open sets U; = D,(f;) will cover X and we see that the elements 


ff ’ ; a 

Thi = “mn © (Avnny)” =Ox(UinU;)", 4,7 €F, 
J 

define a 1-cocycle whose associated invertible sheaf is isomorphic to Ox(n). 

Also note that this way we can give an alternative proof of Proposition 7 (ii). 

Namely, translated to the level of 1-cocycles, the isomorphism 


Ox(m) @o, Ox(n) ~ Ox(m+n) 
amounts to the trivial equations 


+ 
fe ede 

m+n? 
ROR SG 


The assertion of Proposition 8 is easily extended to the full Picard group 
Pic(X). Indeed, look at the collection Cov(X) of open coverings of X and 
use the refinement relation as a preorder. Then Cov(X) is directed, since for 
two open coverings LL = (U;)ier and UV = (Vj)jey of X the product covering 
Ux B= (U;NV;)ierjez is a common refinement. If UW is a refinement of LU, 
there is a canonical inclusion map Picy(X) ——+ Picy(X), and we obtain the 


injel. 
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group Pic(X) of all invertible sheaves on X as the inductive limit of the groups 
Picy(X) where Lf varies over the open coverings of X. 

A similar inductive limit can be considered on the level of Cech cohomology 
groups H'(L, O%,), as we have seen in Section 7.6. If U = (V;),je, is a refinement 
of = (U;)ier, there is a map 7: J —+ I such that V; C U,,;) for all 7 € J. 
Then 


CTL, O*) =F C75, OX), 1) -— (Gees eee oes jq Ms sis JjqEJ> 
gives rise to a well-defined homomorphism 
pi(M, UW): AIM, OF) —+ H4(%, O%) 


which is independent of the choice of the refinement map 7: J ——~ I; see Sec- 
tion 7.6. The maps p?(L, YW) constitute an inductive system, and the associated 
inductive limit 
H(X,O%) = lim HL, 0%) 
MeCov(X) 
exists; it is the gth Cech cohomology group of X with values in O%,.. Furthermore, 
it is easy to see that for a refinement %J of L the canonical diagram 


Picy(X) ——~ H' (UU, O%) 


Picy(X) ——- H'(%, Ox) 


is commutative. Therefore we conclude from Proposition 8: 


Corollary 9. Let X be a scheme. Then the isomorphisms of Proposition 8 
induce an isomorphism 


Pic(X) “+ H1(X,O%) 


between the Picard group of invertible sheaves on X and the first Cech cohomol- 
ogy group of X with values in O%. 


Also note that in place of H!(X,O%) we may use the first Grothendieck 
cohomology group H!(X, 0%) as considered in the setting of Section 7.7, since 
it is known that Cech and Grothendieck cohomology coincide in degree 1. 

Finally, we want to discuss the connection between invertible sheaves and 
line bundles (in the literal sense of the word). Looking at Aj, = A} xz U, the 
affine line over some base scheme U, call a U-morphism #: Aj; ——+ Aj linear 
if it is of type 

(t,z) H— (n(x) +t, 2) 


for a section 7 € Oy(U), i.e. if on affine open parts Spec R Cc U it corresponds 
to the morphism of R-algebras 
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R[¢] —=+ REC), ¢ [= (7|Spec A) xg . 


Also note that such a linear U-morphism is an isomorphism if and only if 7 is 
a unit in Oy(U)*. 

Now fix a scheme X. Given any X-scheme vy: L ——+ X, we will use the 
notation Ly = y~'(U) for open subsets U C X, considering Ly as a U-scheme. 
A line bundle on X is an X-scheme y: L —-~ X with a so-called trivialization 
as additional data. Thereby we mean an open covering (U;);<, of X together 
with U;-isomorphisms 


wi: Ly, —~+ Ay, =Az xz2Ui, aed, 
such that on each intersection U;N U;, 1,7 € J, the resulting isomorphism 
W; fe) we: Ap XZ (U; MN U;) ae AZ XZ (U; ial U;) 


is linear, say of type (t,x) H—> (,j(x)t, x) for a unit nj; € Ox(U;N U;). Fur- 
thermore, a morphism L ——+ L’ between line bundles on X is meant as an 
X-morphism that, locally on X, is linear with respect to the given trivializa- 
tions on L and L’. 

The fiber of a line bundle L ——~ X over any point x € X consists, indeed, 
of the affine line Aiwa) = A} xz Spec k(x). Moreover, the parametrization of all 
these lines over the base X is locally trivial in the sense that it corresponds 
locally on X to the situation encountered at the affine 1-space Aj = Az xz U. 
This is why the term line bundle is applied. However, globally, ZL can be far 
from being isomorphic to the affine line AX, as the affine lines Au, are glued 
via linear transformations on the intersections U; U;, the latter being given as 
multiplication by the units 7; € Ox(UiN Uy. 

It is easily checked that the family of elements ,;, 7,7 € J, forms a 1-cocycle 
with values in O%, relative to the covering & = (U;);c7, and that the isomor- 
phism classes of line bundles on X correspond bijectively to the cohomology 
classes in H'({, 0%). Therefore we get a bijective correspondence between iso- 
morphism classes of invertible sheaves and of line bundles on X. Quite often one 
does not make a strict difference between these two types of objects, by talk- 
ing about line bundles in situations where the terminology of invertible sheaves 
should be applied. In such cases the line bundle L (in the strict sense) associated 
to an invertible sheaf £ is referred to as the total space of L. 

The correspondence between invertible sheaves and line bundles, as just 
described, is not restricted to locally free modules of rank 1. For locally free 
modules of higher rank n, one considers on the level of total spaces so-called 
vector bundles, which locally look like affine n-spaces Aj,. The role of the units 
nj is then taken over by invertible matrices with entries in Ox(U; U;). 


Exercises 


1. Let A= @,,en An be a graded ring. Show that the assumption of Propositions 2 
and 7, namely, that the irrelevant ideal A; C A is generated by Aj, is fulfilled if 
and only if A is generated by A; when viewed as an Ag-algebra. 
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. Give an example of a quasi-coherent module sheaf F on a scheme Proj A for a 


graded ring A where F is associated to a graded A-module M, but where M is 
not uniquely determined by F. 


. Let A be a graded algebra over some ring R and X = Projp A the associated 


scheme. Show for any ring morphism R ——> R’: 

(a) A! = A @p R’ is canonically a graded R’-algebra; set X’ = Proj A’. 

(b) Proceeding as in the setting of 9.1/20, the canonical morphism A —+ A@®@pR’ 
gives rise to a morphism of schemes f: X’ ——+ X which may be identified with 
the projection X Xgpec r Spec R’ —+ X. 

(c) f*(Ox(n)) ~ Ox:(n) for all n € Z. 


. Consider the projective line X = Ph over a ring R. Describe Serre’s twisted 


sheaves Ox(n), n € Z, via Cech cocycles and show that there cannot exist any 
further invertible sheaves on X, up to isomorphism. See 9.3/17 for a higher- 
dimensional version of this fact. 


. Consider the projective line X = Pp, = Projg, F2[to, ti] over the field Fy = Z/2Z. 


2 


Show that 7 = nn + ORE gives rise to a Cech cocycle with respect to the 


open covering of X consisting of the subsets D+ (to) and D+ (tp + t1). Relate the 
resulting invertible sheaf to Serre’s twisted sheaves Ox(n), n € Z. 


. Let X be a scheme and F an Ox-module that is locally of finite presentation. 


Show that F is invertible if and only if the stalk F, is a free Ox .-module of rank 
1 at every point x € X. Hint: Use 4.4/3. 


. Let A be a graded ring and X = Proj A the associated scheme. Given a sheaf of 


Ox-modules ¥, call F(n) = F 0, Ox(n) for n € Z the nth twisted sheaf 
of F. Show for a graded A-module M that there are canonical morphisms 
M(n) —— M(n), n € Z, and that the latter are isomorphisms if the ideal 
Ai C Ais generated by Aj. 


. Let A be a graded ring and X = Proj A as before. For a sheaf of Ox-modules 


F define the associated graded A-module by I.(F) = @yez I (X,F(n)). Inter- 
preting the latter as an abelian group, use the canonical isomorphisms of Propo- 
sition 7 (ii) to show that [°,(F) is a graded A-module, indeed. Compute I°,(F) 
in the case where F = Ox(n), n € Z, and X is the projective d-space P4, over a 
ring R. 


. Let A be a graded ring and X = Proj A as before. Show for graded A-modules M, 


N that the set Hom,(M, N) of A-module morphisms 1M ——~ N is canonically 
a graded A-module if M is finitely generated. Assuming the latter, show that 


there is a canonical morphism of Ox-modules Hom4(M, N) —+ Homo, (M, N). 
Furthermore, show that this morphism is an isomorphism if the ideal Ay Cc A 
is generated by A; and M is an A-module of finite presentation. Hint: Consult 
EGA [12], II, 2.5.13, if necessary. 


Blowing up: Let X be a scheme and J C Ox a quasi-coherent ideal on X. 
Using the context of Exercise 9.1/11, write Z°? = Ox and view the direct 
sum @,,cnZ” as a sheaf of graded Ox-algebras. Then the canonical morphism 
a: X' = Proj ®,enZ” —— X is called the blow-up of Z on X, or of the closed 
subscheme given by Z on X. Show: 
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(a) The blow-up ao: X' ——~ X is an isomorphism if T is invertible in the sense 
of being an invertible Ox-module. 

(b) Let Z be the closed subscheme of X given by the ideal J C Ox. Then o 
restricts to an isomorphism X’—o71(Z) —~+ X — Z. 

(c) The ideal ZOx, that is generated by the inverse image o~!(Z) in Ox: is 
invertible, i.e. an invertible Ox/-module. 

(d) Universal property of blowing up: If Y ——+ X is a morphism of schemes 
such that the ideal TOy is invertible on Y, there is a unique factorization of 
Y ——~ X through the blow-up a0: X’ ——+ X. Hint: Consider the case where 
X is affine, say X = Spec A, and, to simplify things, where Z corresponds to an 
ideal I c A of finite type, say generated by fo,..., f. Then use the surjection of 
graded A-algebras A[to,...,tr] —+ @yen!” given by t; +> fi and determine 
its kernel. 


9.3 Divisors 


So far we have characterized invertible sheaves in terms of Cech cohomology 
and of line bundles. However, in order to actually construct such sheaves, divi- 
sors come into play, at least in certain situations. The purpose of the present 
section is to develop the basics on divisors and their relationship to invertible 
sheaves. As an application, we will show in Section 9.6 how to construct ample 
invertible sheaves on abelian varieties, thereby proving that abelian varieties 
are projective. 


Some local properties of schemes. — In order to be able to really work 
with divisors, the schemes under consideration should have certain nice prop- 
erties, which we introduce next. 


Definition 1. Let X be a scheme. Then X 1s called 
(i) integral if it is irreducible and all its stalks Ox. are integral domains, 
(ii) reduced if all its stalks Ox. are reduced in the sense that the nilradical 
rad(Ox,.) is trivial, 
(iii) normal if all its stalks Ox. are normal integral domains (3.1/9), 
(iv) factorial if all its stalks Ox. are factorial rings, 
(v) regular if all its stalks Ox, are regular Noetherian local rings (2.4/18). 


It is clear that the above conditions can be checked locally on X, except 
for condition (i), due to the irreducibility requirement. Furthermore, X being 
factorial implies normal by 3.1/10 and normal, respectively integral, implies 
reduced. Also let us refer to the Theorem of Auslander-Buchsbaum [24], Cor. 4 
of Thm. IV.9, stating that regular implies factorial. Moreover, it is of interest 
to know how certain of these properties can be characterized globally on affine 
schemes. 
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Remark 2. Let A be a ring and X = SpecA the associated affine scheme. 
Then: 
(i) X is integral if and only if A is an integral domain. 
(ii) X is reduced if and only if A is reduced in the sense that rad(A) = 0. 
(iii) If X is irreducible, it is normal if and only if A is a normal integral 
domain. 


Proof. Assertion (ii) follows from 7.3/6 and from the injection 


Ox(X)—+ [] Oxe, ft (fedeex: 


TEX 


of 6.4/7, where as usual f, denotes the stalk of f at x. Furthermore, using (i), 
we see that (iii) is a consequence of 3.1/11. 

Thus, it remains to verify assertion (i). To do this, assume that X is integral 
and consider elements f,g € A such that fg = 0. Then we get X = V(f)UV(g) 
from 6.1/1 (iv), and we may assume X = V(f) since X is irreducible. But this 
implies rad(f) = rad(A) by 6.1/5 (i) and, furthermore, rad(A) = 0 as we can see 
from assertion (ii). Hence, we get f = 0, showing that A is an integral domain. 

Conversely, if A is an integral domain, then any localization of A can be 
viewed as a subring of its field of fractions. Thus, all local rings Ox. are integral 
domains by 6.6/9. Furthermore, X is irreducible by 6.1/15. 


If we want to associate Weil divisors to functions living on a scheme, we 
need the concept of so-called discrete valuation rings: 


Definition 3. A ring A is called a discrete valuation ring if it is a local principal 
ideal domain that is not a field and, hence, is of Krull dimension 1. 


If A is a discrete valuation ring, its maximal ideal is generated by a prime 
element p, and factorizations of elements in A are reduced to powers of p, up 
to units in A. In particular, any non-zero element a of the field of fractions K 
of A can uniquely be written as a = ep’ with a unit ¢ € A* and an exponent 
v(a) € Z. Thus, any x € K either satisfies x € A or, if the latter is not the case, 
x | € A. Therefore a discrete valuation ring is, indeed, a valuation ring in the 
sense to be defined later in 9.5/13. Furthermore, the map 


vy: K* —+Z, at—+ (a), 


is called a valuation of K. Namely, setting v(0) = oo, the following conditions 
are satisfied for elements a,b € K: 


(i) via) =co — a=), 
(ii) v(ab) = v(a) + V(b), 
(iii) v(a + 6) > min(v(a), V(b). 


Also note that for any a € R, 0 < a < 1, the valuation v leads to a 
non-Archimedean absolute value 
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|- |: Kk —+ Ryo, at— a’) 


which satisfies |a + b| < max(|a],|b|), the so-called non-Archimedean triangle 
inequality, as derived from condition (iii) above. 


In order to relate Noetherian normal rings to discrete valuation rings, we 
will apply the theory of primary decompositions for ideals, as dealt with in 
Section 2.1. In particular, see 2.1/9 for the definition of Ass(a), the set of prime 
ideals associated to an ideal a in a ring A. 


Lemma 4. For a Noetherian local integral domain A with maximal ideal m the 
following conditions are equivalent: 


(i) A is normal and of dimension 1. 


(ii) A is normal and there exists a non-zero element a € m such that m is 
associated to the ideal aA, i.e. such that m € Ass(aA). 

(iii) m is @ non-zero principal ideal. 

(iv) A is a principal ideal domain of dimension 1 and, thus, a discrete valu- 
ation ring. 

(v) A is regular (2.4/18) and of dimension 1. 


Proof. Starting with the implication (i) => (ii), assume that A is a normal and 
of dimension 1. Then there are precisely two prime ideals in A, namely 0 and m. 
Choosing any non-zero element a € m, we know from 1.3/4 that rad(aA) is the 
intersection of all prime ideals of A containing a. Since m is the only prime ideal 
containing aA, its radical rad(aA) must coincide with m. Then m € Ass(Aa) by 
2.1/12. 

Next let us assume (ii) and derive (iii). If@ € mis non-zero and m € Ass(aA), 
there is an element x € A such that (aA : x) = m; see 2.1/9. In particular, we 
get am C aA and, thus, a~'am C A so that we can view a~!am as an ideal in 
A. We claim that a~tam C m cannot be the case. Indeed, if the latter were true, 
we would see from 3.1/4 (iv) that a~'x would be integral over A. However, if 
A is normal, this would imply a~'z € A and, thus, (aA: x) = A, contradicting 
our choice of x. Therefore we conclude a~!xzm ¢ m and, thus, a~!wm = A. But 
then m = «~!aA, which necessarily shows «~'a € m and that m is principal. 

Now assume (iii) and observe that ()><_) m” = 0. Indeed, if y € A is a gener- 
ator of m, we have m-(\7_,m” =), y"A = (72) m” and, thus, (1), m”" = 0 
by Nakayama’s Lemma 1.4/10. Then look at an arbitrary non-zero ideal a C A. 
To show that it is principal, fix an integer n € N such that a C m”, but 
a ¢ m"*!, and choose z € a — m"*?. Using the fact that m is principal, there 
exists an equation z = cy” for some element c € A—m, where c must be a unit, 
due to the fact that A is a local ring with maximal ideal m. This shows y” € a 
and, thus, m” = (y”) C a. Since a C m” by construction, we have a = (y”) and 
a is principal. Taking into account that dim A = htm = 1 by 2.4/5, the impli- 
cation from (iii) to (iv) is clear. Moreover, that (iv) implies (i) is well-known; 
see 3.1/10. 
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Finally, it follows from the definition of regularity in 2.4/18 that (iv) implies 
(v). On the other hand, if A is regular and of dimension 1, its maximal ideal m 
is a non-zero principal ideal and we see that (v) implies (iii). 


We need another important result on Noetherian normal rings: 


Proposition 5. Let A be a Noetherian normal integral domain of dimension 
> 1 with field of fractions K. Then 


() A, =A, 


pCA prime, ht(p)=1 


viewing the localizations A, as subrings of K. 


Proof. First observe for any non-zero element a € A that all its associated 
prime ideals p € Ass(aA) are of height 1. Indeed, passing to the localization A, 
at such a prime ideal p, we can use 2.1/14 to show pA, € Ass(aA,). Then Ay, 
is a discrete valuation ring by Lemma 4 (ii) and, thus, an integral domain of 
dimension 1. 

Next, consider an element z = # € K with y,a € A such that z € Ay 
and, hence, y € aAp, for all prime ideals p C A of height 1. Furthermore, let 
Ass(aA) consist of the (pairwise distinct) prime ideals p,,...,p, C A, and let 
aA = (),_,q; be a primary decomposition of aA, where q; is p;-primary for all 
i; see 2.1/6. Since all prime ideals p € Ass(aA) are of height 1, as shown above, 
we get y € aAy for all p € Ass’(aA) = Ass(aA). But then we conclude from 
2.1/15 that 


ye \aA,NA=(}qi=aA 
i=1 i=1 
and, hence, that z = 4 € A. This shows that ar A, where p varies over all prime 
ideals p C A of height 1, is contained in A. The reverse inclusion is trivial. O 


Let us add a reformulation of Proposition 5 in geometric terms. Namely, 
consider a rational function f € K, the field of fractions of A, and a point 
x € Spec A, given by the prime ideal p, C A. We say that f is defined at 
x if f € A,,. Furthermore, x is called a point of codimension 1 if p, is of 
height 1 in A; the latter amounts to the fact that the closure of x in Spec A 
is of codimension 1 in the sense of 7.5/7. Thus, the proposition states for a 
Noetherian normal integral domain A that a rational function f on Spec A is 
defined everywhere, i.e. is a global section of the structure sheaf of Spec A and, 
thus, belongs to A, if and only if it is defined at all points of codimension 1. 


Meromorphic functions. — Let A be a ring. An element a € A is called 
regular if a is not a zero divisor in A, i.e. if ab = 0 for an element b € A implies 
b= 0. It is clear that the set S(A) of all regular elements in A is multiplicative. 
So we can look at the localization Ag4), which is called the total quotient ring 
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of A and has the property that the localization map A ——> Ag ,) is injective. 
Let us point out for a Noetherian ring A that the set of regular elements equals 
A — Upeass(a) P» Where Ass(A) denotes the set of prime ideals in A that are 
associated to the zero ideal 0 Cc A; see 2.1/10. 

Now let X be a scheme and consider the subsheaf Sy C Ox given on open 
subsets U Cc X by 


Sx(U) = {g € Ox(U); gx € S(Ox,x) for all ¢ € Ue 


it is called the subsheaf of regular elements in Ox. Using 6.4/7 one shows 
Sx(U) C S(Ox(U)), ie. Sxy(U) is a multiplicative subset consisting of regu- 
lar elements in Ox(U). 


Definition 6. Let X be a scheme and Sx C Ox the subsheaf of regular ele- 
ments. The sheaf Mx of meromorphic functions on X is the sheaf of rings asso- 
ciated to the presheaf M'y given on open subsets U C X by U t+—> Ox(U) sx): 
The global sections of Mx are referred to as the meromorphic functions on X. 


By its construction, the sheaf of meromorphic functions Mx admits a 
canonical morphism Ox ——+ Mx, which is induced from the localization maps 
Ox(U) —+ Ox(U)s, (uy for U C X open. We want to show that this morphism 
is a monomorphism. Furthermore, although we do not need this later on, we 
show that M(U) and Mx(U) coincide for any affine open subset U Cc X, 
when X is locally Noetherian. 


Lemma 7. Let X be a scheme. Then: 
(i) The sheaf Sx associates to any affine open subset U C X the multi- 
plicative set of regular elements in Ox(U), i.e. Sx(U) = S(Ox(U)). 

(ii) The presheaf My, : U t—+ Ox(U)s,(u) on open subsets U C X satisfies 
the sheaf condition (i) of 6.3/2. 

(iii) The canonical morphism Ox —+ Mx is a monomorphism. 

(iv) If X is locally Noetherian, M‘, is a sheaf on the affine open subsets 
of X, that is, it satisfies the sheaf conditions of 6.3/2 for all coverings of type 
U = Use, Ui where U and the U; are affine open subsets of X. In particular, 
it follows that the canonical map M'y(U) = Ox(U)s,(u) —> Mx(U) is an 
isomorphism for every affine open subset U C X. 


Proof. In the situation of (i) assume that U C X is affine and let A = Ox(U). 
Then for any g € S(A) its associated stalk g, € Ox. = Az at a point x € U is 
regular, since the localization A, is flat over A. Therefore we get S(A) C Sx(U). 
The reverse inclusion has already been mentioned above; it follows from the 
inclusion Ox(U) —+ |] cy Ox,e of 6.4/7. 

To verify (ii), consider an open subset U C X and let £ be a fraction in 
Ox(U)s,(uy, where f € Ox(U) and g € Sx(U). Furthermore, assume that 
Ut = (U;)ic is an open covering of U such that the restriction of f to each U; is 
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trivial. Writing f; = fly, and g; = glu, fori € I, we have fe = 0in Ox(Ui) sy (u,) 
and, hence, since g; € Sx(U;) C S(Ox(U;)), in fact fi, = 0. Paks then, using the 
sheaf condition 6.3/2 (i) for Ox, we get f = 0 and, thus, 4 2 =0: Therefore the 
presheaf under consideration satisfies the sheaf condition 6.3/2 (i). Furthermore, 
using the canonical monomorphism Ox ——> M’‘y, assertion (iii) follows from 
6.5/6 (iii). 

Finally, to establish (iv), assume that X is locally Noetherian. In view of 
6.6/4 it is enough to consider the case where X is affine and to check the sheaf 
condition (ii) of 6.3/2 for an affine open covering X = U,<,;Ui. To do this, 
consider fractions hi €¢ M‘,(U;) such that hilu;au, = hylu;qu, for all 1,7 € I. 
Writing h; = " for suitable sections f; € Ox(U;) and g; € Sx(U;), we would 
like to determine a common denominator g € Ox(X) that could be used for all 
fractions h;. Therefore look at the ideals Z; = (Oy,: hi) C Oy,, 1 € I, consisting 
of all sections g € Oy, such that gh; € Oy,. Then Z; coincides with the ideal 
(giOu;: fi) C Ou, consisting of all sections g € Ox such that gf; € giOu,. 
Hence, Z; can be interpreted as the kernel of the morphism Oy, —-> Oy, /g9:Ou, 
induced from multiplication by f; on Oy,, and we see from 6.8/4 that Z; is 
quasi-coherent for alli € I. 

Since the fractions h; coincide on all intersections of the U; and the ideals 
TZ; do not depend on the particular representation of h; as a fraction Ae it is 
easily seen that the Z; can be glued to yield a quasi-coherent ideal J C Ox. It 
is enough to show that there exists a global section g € Z(X) that is regular in 
Ox(X). Indeed, then the sections gh; € Ox (U;) determine a well-defined global 
section f € O x(X ) and, if g is regular, the fraction h = 7 yields an element in 
M'‘,(X) satisfying hly, = h; for alli € I. Hence, we see that the sheaf condition 
6.3/2 (ii) holds for affine coverings if Z(X) contains a regular element. 

Proceeding indirectly, let us assume that Z(X) does not contain any regular 
element of Ox(X). Using the fact that Ox(X) is Noetherian by 7.5/4, we know 
from 2.1/6 that the zero ideal 0 C Ox(X) is decomposable in the sense that it 
admits a primary decomposition. In particular, it follows from 2.1/10 that Z(X) 
is contained in the union of all prime ideals belonging to Ass(Ox(X)), the set 
of prime ideals of Ox(X) that are associated to the zero ideal. Hence, by 1.3/7, 
there is a prime ideal p € Ass(Ox(X)) such that Z(X) C p. Then p is of type 
(0: x) for some « € Ox(X); see 2.1/9. In particular, Z(X) is annihilated by z, 
and it follows that Z;(U;) is annihilated by z|y,, for every i € I. Since Z;(U;) 
contains g; as a regular element of Ox(U;), we must have x|y, = 0 and, hence, 
x = 0. However, then we would have p = (0: x) = Ox(X), which is impossible. 
Thus, Z(X) will contain a regular element and we are done. 


Let us discuss the sheaf Mx of meromorphic functions in some easy situ- 
ations. To begin with, consider an affine scheme X = Spec A that is integral. 
Then A is an integral domain by Remark 2 and the total quotient ring As) 
is just the field of fractions kK of A. Now consider the constant sheaf Ky on X 
that associates to any non-empty open subset of X the field kK. Using Lemma 7, 
the presheaf M‘, coincides with Ky on all basic affine open subsets in X since 
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Ag an = & for any non-zero localization A’ of A. This shows that Ky coincides 
with the sheaf Mx of meromorphic functions on X. 


Proposition 8. Let X be a reduced scheme consisting of finitely many irre- 
ducible components X1,...,Xy with generic points x1,...,Xn. For example, the 
latter is the case if X is Noetherian; see Proposition 7.5/5. 

Let K; = k(a;) be the residue field of x;. Then the sheaf Mx of mero- 
morphic functions on X consists of the functor given on open subsets U C X 
by 
1 if 7; E U 


U -— [[a®-* where e,(U) = {% recur 


i=1 
In particular, if X is integral, Mx is the constant sheaf Kx obtained from the 
residue field at the generic point of X. 


Proof. Let U = Spec A be an affine open part of X. Then A is reduced by 
Remark 2. Since X consists of finitely many irreducible components, the same 
is true for U and we thereby see that there are only finitely many minimal 
prime ideals p,,...,p, in A, say corresponding to the generic points 7; € X; 
for i=1,...,r. Since ()\_, pi = rad(A) = 0 by 1.3/4 and since any shorter 
intersection of some of the p; will not yield 0 by 1.3/8, we see that pi,...,p, are 
just the prime ideals associated to the zero ideal 0 C A. It follows from 2.1/10 
that the set S(A) of regular elements in A is given by A—(U_, pj. In particular, 
the prime ideals of the total quotient ring As4) are induced by i,...,p, and 
therefore are minimal and maximal at the same time. But then the Chinese 
Remainder Theorem yields an isomorphism 


Aga) = II k(2;). 
i=1 


This consideration shows that the functor U +—+ [Jj_, e;(U) - K; is a sheaf 
coinciding on affine open parts of X with the sheaf Mx of meromorphic func- 
tions. But then both sheaves must be the same. 


Weil and Cartier divisors. — Recall from 7.5/3 the notion of a locally 
Noetherian scheme and from 7.5/7 the notion of codimension for closed subsets 
of schemes. 


Definition 9. Let X be a locally Noetherian scheme. A prime divisor on X is 
an irreducible closed subset D C X of codimension 1. The set of prime divisors 
on X is denoted by PD(X). 

A Weil divisor (or just referred to as a divisor) on X is a formal linear 


combination 
Erp 
DEPD(X) 
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with coefficients np € Z, where the sum is required to be locally finite in the 
following sense: each « € X admits an open neighborhood U Cc X such that 
np =0 for almost all D € PD(X) satisfying DOU #0. Then 


+ np: D 


| i D 
DePD(X) DEPD(X), np40 


is a Closed subset in X, called the support of the divisor. 

The Weil divisors on X form an abelian group, which is denoted by Div(X). 
Furthermore, a divisor ) neppcx) M+ D € Div(X) is called effective if np 2 0 
for all D € PD(X). 


We may view Div(X) as a subgroup of ZPP™), the group of all families 
(np) pepp(x) Of integers np € Z. Also note that this way Div(X) contains 
ZPD) the group of all families (np)pepp(x) Where np = 0 for almost all 
D € PD(X), and that Div(X) = Z®P) if X is quasi-compact. By convention 
we get Div(X) = 0 for PD(X) = 0. 

Now assume X to be a Noetherian scheme that is integral and normal. 
We want to associate a Weil divisor to any invertible meromorphic function 
f € Mx(X)* = K*, where K is the residue field at the generic point of X. 
Let D be a prime divisor on X and x € D its generic point. Then, using 7.5/1, 
one shows for any affine open part U C X containing x that the restriction 
DU is a prime divisor on U. Therefore the local ring Ox, is a Noetherian 
normal integral domain of dimension 1 with field of fractions K and, hence, 
by Lemma 4, a discrete valuation ring. Let vp: K* ——+ Z be the associated 
valuation and set np = vp(f). We claim that np = 0 for almost all prime 
divisors D on X. Indeed, choose a non-empty affine open subset U CX, say 
U = Spec A. If f|y = g7'h for elements g,h € A, we see that f restricts to a unit 
in OX on the complement of the closed subset Z = (X —U)UV(g)UV(h) in X. 
Since Z consists of finitely many irreducible components by Proposition 7.5/5, 
all of them of codimension > 1 due to the fact that X is irreducible, there are 
only finitely many prime divisors of X contained in Z. Therefore the sum 


(f) = S- np: D, 


DEePD(X) 


where PD(X) denotes the set of prime divisors in X, has at most finitely many 
non-trivial coefficients np and, hence, is a divisor on X. The latter is called 
the principal divisor attached to f. It is clear that the principal divisors form a 
subgroup in the group of Weil divisors Div(X). 


Definition 10. Let X be a Noetherian scheme that is integral and normal. Let 
K =Mx(X) be its field of meromorphic functions; see Proposition 8. 

(i) Consider a meromorphic function f € K*. Then the above defined divi- 
sor (f) = Vpepp(x) bp * D ts called the principal divisor associated to f. The 
principal divisors form a subgroup of the group Div(X) of all divisors on X. 
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(ii) Two divisors D,, Dz € Div(X) are called linearly equivalent if D, — D2 
is a principal divisor. 

(iii) The quotient of Div(X) by the subgroup of principal divisors is called 
the divisor class group of X; it is denoted by Cl(X). 


Let us look at the special case where X = P? = Proj, L[to,...,tn] and L 
is a field. Then X is integral and normal, the latter due to the fact that poly- 
nomial rings over fields are factorial and, hence, normal. Furthermore, we will 
use the basic fact that any prime factorization f = p1...p, of a homogeneous 
polynomial f € L[to,...,tn] is homogeneous in the sense that all prime factors 
p; are homogeneous. Indeed, the product of the leading homogeneous parts of 
the p; yields the leading homogeneous part of f and if f is homogeneous, the 
same must be true for the 7;. 


Lemma 11. Let X = P} = Proj, L[to,...,tr], where n > 0 and L is a field. 
Then the set PD(X) of prime divisors on X corresponds bijectively to the set 
of principal ideals in L[to,...,tn] that are generated by homogeneous prime 
polynomials. 


Proof. We can conclude from 9.1/15 that the maps 
Y r—> I,(Y), at—+ V,(a) 


define mutually inverse bijections between closed subsets in X and graded ideals 
aC L{to,...,tn]+ satisfying a = rad,(a). Furthermore, note that any graded 
ideal a C L[to,...,t»] is automatically contained in the irrelevant ideal, un- 
less it is the unit ideal. Combining this fact with the argument given in the 
proof of 6.1/15, one shows that a closed subset Y C X is irreducible if and 
only if its associated ideal [,(Y) is a graded prime ideal in L[to,...,tn]4. 
In particular, the prime divisors on X correspond bijectively to the graded 
prime ideals p C L[to,...,tn] of height ht(p) = 1; note that then automatically 
(to,---,tn) Zp, since n > 0 implies ht(to,...,tn) > 2. We claim that these 
prime ideals are precisely the ones that are generated by a homogeneous prime 
element p € L[to,..., tn]. 

Indeed, if p is any non-zero graded prime ideal in L[to,...,tn], consider a 
homogeneous element f # 0 in p. Using the homogeneous prime factorization 
of f, we see that p must contain a homogeneous prime factor p of f and, 
hence, that p contains the graded prime ideal (p). From this we conclude that 
p coincides with (p) if its height is 1 and, furthermore, that any ideal generated 
by a homogeneous prime element in L[to,...,tn] must be of height 1. Thus, we 
are done. 


In particular, the preceding result enables us to define the degree of a prime 
divisor D on X = P? by deg D = deg p if D = V,(p) for a homogeneous prime 
element p € L[to,..., tn]. 
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Proposition 12. For a field L and X =P}, n> 0, the degree morphism 


deg: Div(X) —~ Z, S- np: D— Se np: deg D, 
DePD(X) DePD(X) 


is trivial on principal divisors and induces an isomorphism Cl(X) —~+ Z. 


Proof. We will freely use the bijective correspondence of Lemma 11 between 
prime divisors on X and principal ideals in L[to,...,tn] that are generated by 
homogeneous prime polynomials. Looking at a hyperplane like V,(to) C X, we 
see that deg is surjective. Next observe that the field Mx(X) of meromorphic 
functions on X coincides with the field of all fractions in L(to,...,t,) that are 
homogeneous of degree 0; see Proposition 8. Therefore, if f = g~'h € Mx(X) 
for homogeneous polynomials g,h € L[to,...,tn], then the homogeneous 
prime factorization applied to g and h yields a prime factorization of type 
f =epy)... pe with a unit ¢ € L*, pairwise non-equivalent homogeneous prime 
elements p; € L[to,...,tn], and exponents v; € Z such that $7\_, vj deg p; = 0. 

For i = 1,...,r let D; be the prime divisor associated to the polynomial 
p;. We claim that the principal divisor (f) equals )>;_, v;D; and, hence, has 
degree 0. To verify this, let D be any prime divisor on X, say obtained from a 
homogeneous prime polynomial p € L/to,...,tn] of degree d, and let x be the 
generic point of D. Then there is an index j € {0,...,n} such that « € D,(t;), 
and we see from 9.1/13 that the corresponding prime ideal p, C L[to,.--, tn] (¢,) 
is generated by tp: Thus, using Lemma 4, the local ring Ox, is a discrete 
valuation ring with maximal ideal generated by Ep, Now observe that t; des Pin. 
for any 7 may be viewed as an element of L[to,..., tn] (t;) C Ox, and that this 
element generates the maximal ideal in Ox, if the prime elements p and p; differ 
at most by a unit. On the other hand, if the latter is not the case, t; desPin. will 
be invertible in Ox,,. This shows that, indeed, (f) = 5>;_, 4;,D; as claimed and 
that the degree morphism deg: Div(X) ——+ Z is trivial on principal divisors. 

It remains to show that any divisor Q = > Derv(x) np: D of degree 0 
is principal. To do this, choose for each prime divisor D € PD(X) a homo- 
geneous prime polynomial fp € L[to,...,tn] such that D = V,(fp). Then 
fs Hpeencx) fh” is of degree 0 and, hence, a meromorphic function in 


Mx(X)*. Since (f) = Q by a reasoning as exercised above, we are done. 


The concept of associating to a meromorphic function a Weil divisor is 
generalized by the concept of Cartier divisors. To define these on a scheme X, 
we denote by M C Mx the subsheaf of invertible meromorphic functions 
on X and, likewise, by OX C Ox the subsheaf of invertible functions of the 
structure sheaf of X. 


Definition 13. Let X be a scheme. Then CaDiv(X) = I'(X,M%,/O%) is called 
the group of Cartier divisors on X. Thus, using 6.5/8, a Cartier divisor f on 
X is represented by a family of sections f; € M%,(U;), where (U;)ier is an open 
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covering of X such that (f; "fi unu, © O%(U;NU;) for all i,j € I. If, in 
addition, f; € Ox(Ui) AM(U;), the divisor f is called effective. 

In analogy with Weil divisors, the group law on I'(X,M*%,/O%) is written 
additively. 

A Cartier divisor is called principal if it belongs to the image of the canonical 
map I'(X, M%,) —+ I'(X, M¥,/O%). Two Cartier divisors in CaDiv(X) are 
called linearly equivalent if their difference is principal. 

The quotient of CaDiv(X) by the subgroup of principal divisors is denoted 
by CaCl(X) and is called the group of classes of Cartier divisors. 


For a Noetherian scheme X that is integral and normal, one can produce 
Weil divisors from Cartier divisors. Indeed, consider a Cartier divisor f in 
CaDiv(X), say represented by sections f; € [(X,M%(U;)), where (Uj)ier is 
an open covering of X and fh € O%(U;NU;) for all i, 7 € J. Now let D bea 
prime divisor on X and let x be its generic point. Then we know from Lemma 4 
that Ox. is a discrete valuation ring. Let vp be the associated valuation on its 
field of fractions and set np(f) = vp(f;) for any i € I such that U; 4 0. Then 
np(f) is well-defined, since Mx is a constant sheaf by Proposition 8 and since 
the “difference” Pe f, is invertible in Ox(U;NU;). Furthermore, as discussed for 
principal Weil divisors, we have np = 0 for almost all D € PD(X). Thus, associ- 
ating to any f € CaDiv(X) the corresponding Weil divisor > DepD(x) np(f):D 
yields a canonical group homomorphism 1: CaDiv(X) ——+ Div(X), mapping 
principal to principal and effective to effective divisors. 


Proposition 14. Let X be a Noetherian scheme that is integral and normal. 
Then the canonical homomorphism u: CaDiv(X) —+ Div(X) satisfies the fol- 
lowing assertions: 

(i) The image u(f) € Div(X) of a divisor f € CaDiv(X) is effective if and 
only if f is effective. 

(ii) ¢ is injective, maps principal divisors bijectively to principal divisors, and 
induces an injective homomorphism 


CaCl(X) —+ Cl(X). 


(iii) If, in addition, X is factorial, the map CaCl(X) ——+ Cl(X) of (ii) is 
surjective and, hence, an isomorphism. 


Proof. First, observe that the sheaf of meromorphic functions Mx equals the 
constant sheaf Ky for K the residue field at the generic point of X. More 
precisely, K coincides with the field of fractions of Ox(U) for any non-empty 
affine open subset U C X or even of any stalk Ox, at a point x € X; see 
Proposition 8. To verify our assertions, consider a Cartier divisor f € CaDiv(X), 
given by sections f; € M%,(U;) for some open covering (U;)ic; of X. Refining it 
if necessary, we may assume that the covering (U;)ie is affine, say U; = Spec A; 
for i € I. Since X is integral, all A; are integral domains by Remark 2 and 
7.5/1. In addition, they are Noetherian by 7.5/4 and normal by Remark 2 
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again. Now assume that the Weil divisor e(f) = peppix) M(f): D associated 
to f is effective. Then all values np(f) for D varying over the prime divisors 
of X are non-negative, and we conclude from Proposition 5 that f; € A; for all 
i € I. Therefore f is effective. In the same way we get f,' € A; and, hence, 
fi € A? = O%(U;) if both f and —f are effective. In particular, f is trivial 
if o(f) is trivial and, hence, CaDiv(X) ——~ Div(X) is injective. Furthermore, 
combining the latter with the definition of principal divisors, we can conclude 
that principal Cartier divisors are mapped bijectively to principal Weil divisors. 

Now assume that, in addition, X is factorial. It remains to show that the 
homomorphism CaCl(X ) —-+ Cl(X) is surjective. For this it is enough to show 
that any prime divisor D on X belongs to the image of this map. Indeed, let 
I Cc Ox be the vanishing ideal of D; the latter is quasi-coherent by 7.3/5. 
Then, for any x € D, the ideal Z, C Ox, is a prime ideal of height 1 and, 
hence, generated by a single prime element since Ox,, is factorial. On the other 
hand, we have Z, = Ox, for x € X — D. Furthermore, for any affine open subset 
U CX, the ideal Z|y is associated to a finitely generated ideal in Ox(U), since 
this ring is Noetherian by Proposition 7.5/4. Therefore, choosing for each 7 € X 
a generator of the ideal Z, C Ox, and extending it to a section f,, on a suitably 
small affine open neighborhood U, C X, we can use the implication (ii) => (i) 
of 8.4/2 and thereby assume that Z|y, is generated by the section f, € Ox(U;z). 
But then the family f = (fx)sex defines a Cartier divisor on X whose associated 
Weil divisor is D. Thus, we are done. 


Finally we want to discuss the relationship between Cartier divisors and 
invertible sheaves. Let us consider a Cartier divisor D represented by a family 
of sections f; € M*%.(U;), where (U;)ic; is an open covering of X. Then we can 
define a subsheaf Ox(D) C Mx by the condition that Ox(D)|v, = f,'-Ox|u,- 
Indeed, since f; and f;, for any indices i,7 € J, differ on U; MU; by a unit 
in OX (U; MN U;), the subsheaves f;'- Ox|u, C Mx |v, coincide on overlaps of 
the U; and therefore can be glued to produce a well-defined subsheaf Ox (D) 
of Mx. If D is effective and f; € Ox(U;) for all i € I, the sheaf Ox(D) may 
be interpreted as the sheaf of meromorphic functions having “poles” of a type 
not worse than indicated by the divisor D. In particular, the unit section of Ox 
then gives rise to a global section in Ox(D) and, hence, to a monomorphism 
Ox —> Ox(D). 

It is easily seen for general D that Ox (D) is independent of the meromorphic 
functions f; representing D and, furthermore, since the f; are units in Mx, that 
Ox(D) is an invertible sheaf. Thereby we get a canonical map 


CaDiv(X) —— Pic(X), D\—+ Ox(D), 


which is easily seen to be a group homomorphism. Indeed, the tensor product of 
two invertible subsheaves £, £’ C Mx, say with free generators fi, f/ € M*,(U;) 
on an open covering (U;)icr of X, is given by the subsheaf £- L' C Mx that 
on each U; is generated by f; - f/. 
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Proposition 15. Let X be a scheme. Then the above defined homomorphism 
CaDiv(X) —— Pic(X) induces a monomorphism 


CaCl(X) —+ Pic(X). 


Its image consists of all invertible subsheaves of Mx. 

Furthermore, if X 1s Noetherian and reduced, any invertible Ox-module 
can be viewed as a subsheaf of Mx and, hence, CaCl(X) —— Pic(X) is an 
isomorphism in this case. 


Proof. The first part is easy to see. Let D be a Cartier divisor on X, represented 
by a family of sections f; € M*,(U;), where (Uj)ier is an open covering of X. 
Then the associated invertible sheaf Ox (D) is a subsheaf of M x and is trivial if 
and only if it admits a global generator f € M%,(X). If the latter is the case, f 
differs on U; from f; ' by a unit in O%(U;), and D is the principal Cartier divisor 
given by f~!. In particular, Ox(D) is trivial if and only if D is principal so 
that CaDiv(X) ——+ Pic(X) induces a monomorphism CaCl(X) —+ Pic(X). 
Furthermore, if £ is an invertible subsheaf of Mx, choose a trivializing open 
covering (U;);cr of X and let f; generate £ on U;. We may assume that all U; 
are affine and, furthermore, using Lemma 7, that f; € M(Ui) = (Ai) s(a,) for 
A; = Ox(U;). Then we can write f; = 8, Qi for some regular element s; € S(A;) 
and some a; € A;. Since f; has the property that cf; = 0 for c € A; implies 
c = 0, we see that the same is true for a;. Therefore a; € S(A;) and, hence, f; 
is invertible in (A;)5;4,). Thereby we conclude f; € M%,(U;), and it follows that 
the f,' give rise to a Cartier divisor on X whose associated invertible sheaf 
coincides with L. 

Now assume that X is Noetherian and reduced and let £ be an invertible 
sheaf on X. We have to show that £ may be viewed as a subsheaf of the sheaf 
Mx of meromorphic functions on X. Let x1,...,2%p be the generic points of X 
and let U; be an affine open neighborhood of x; such that U; is disjoint from 
all irreducible components {x;} for i 4 j. Choosing U; small enough, we may 
assume that £ is trivial on each U;. Then U; Cc {x;} for all i, and we see that 
U = U;_, U; is a disjoint union of affine open subsets of X, containing all generic 
points of X. Furthermore, Ly is trivial. 

Let «: U —+ X be the inclusion map and consider the direct image v.(L|v) 
of the restriction of £ to U. It is an Ox-module and consists of the functor 


U'+—+ LU NU’), for U' C X open. 


Furthermore, the restriction morphisms £(U’) —+ £(UNU") define a morphism 
of Ox-modules £ —-+ 1,(L|y), which we claim is injective. Indeed, this can be 
checked locally on X and, since L is locally trivial, we may replace L by Ox. 
Then it is enough to show that all restriction maps Ox(U’) —+ Ox(UNU’) 
for U' Cc X affine open are injective. However, the latter is easily seen to be 
true, since a function on a reduced affine scheme U’ vanishes if and only if it 
vanishes at the generic points of U’; this follows from 1.3/4. Now look at the 
chain of inclusions 
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L£L—+ t,(Lly) & (Oxlu) — &(Mxlu) 


and observe that the canonical morphism M x. ——> 1,(Mx|y) is an isomor- 
phism by Proposition 8. Therefore £ can be viewed as a subsheaf of Mx and 
we are done. 


Corollary 16. Let X be a Noetherian scheme that is integral and factorial. 
Then the groups 

Cl(X) of classes of Weil divisors on X, 

CaCl(X) of classes of Cartier divisors on X, and 

Pic(X) of isomorphism classes of invertible sheaves on X 
are isomorphic in a canonical way. 


Proof. Use Propositions 14 and 15. 


Corollary 17. Let L be a field, and consider the projective n-space X = P? for 
n> 0. Then the degree morphism deg: Div(X) ——~ Z gives rise to canonical 
isomorphisms 

Pic(X) ~ CaCl(X) ~ Cl(X) ~ Z 


such that Serre’s twisted sheaf Ox(n) € Pic(X) corresponds to n € Z for all 
integers n. In particular, up to isomorphism, Serre’s twisted sheaves are the only 
invertible sheaves on X = P¥. 


Proof. Using 9.2/7, as well as Corollary 16 in conjunction with Proposition 12, 
it remains to show that Serre’s twisted sheaf Ox(1) corresponds to a divisor 
D € Div(X) of degree 1. To do this, write X = Proj, L[to,...,tn] and look 
at the prime divisor D = V;(t 9), which is a divisor of degree 1 and, hence, 
corresponds to 1 € Z under the isomorphism of Proposition 12. The Cartier 
divisor corresponding to D in the setting of Proposition 14 is given by the 
meromorphic functions f; € Mx(D4(ti)), where f; = ty 'to for i = 0,...,n. 
Then Ox(D) is generated by f; | = titg' on D;(t;), and multiplication by to in 
the field of fractions of L[to,..., tn] shows that Ox (D) is isomorphic to Ox(1). 


Exercises 


1. Let X be a Noetherian normal scheme or, more generally, a Noetherian scheme 
such that all stalks Ox, at points x € X are integral domains. Show that X is 
the disjoint union of its irreducible components, the latter being open in X. 


2. Show Cl(A%,) = 0 for the affine n-space AX over a field AK. Hint: Use the fact 
that the polynomial ring AK’[t1,...,t»] is factorial and, hence, that every prime 
ideal of height 1 is principal. 


3. Let A be a Noetherian integral domain. As a generalization of Exercise 2 show 
that A is factorial if and only if the scheme X = Spec A is normal and satisfies 
Cl(X) = 0. Hint: For the only-if part proceed as in Exercise 2. For the if part 
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show that every prime ideal p Cc A of height 1 is principal and that all principal 
ideals generated by irreducible elements are prime. 


. Let X be a Noetherian scheme that is integral and normal. Furthermore, consider 
a non-trivial open subscheme U Cc X and set Z = X — U. Show: 


(a) The map D }—+ DNU on prime divisors D € PD(X) gives rise to a surjective 
homomorphism Cl(X) ——» Cl(U), which is an isomorphism if codimx Z’ > 2 
for every irreducible component Z’ of Z. 

(b) If Z is irreducible and of codimension 1 in X, there is a canonical exact 
sequence Z —+ Cl(X) —~+ Cl(U) —~+ 0. 

(c) Discuss the case where X is the projective n-space P?. = Proj, [to,.--, tn] 
over a field K and where U = D4(to) = Ak. 


. Rational maps: Let X, Y be schemes. Two morphisms f: U ——~+ Y and 
g: V ——~ Y given on dense open subschemes U,V Cc X are called equivalent 
if there exists an open dense subscheme W C UNV such that flw = glw. The 
associated equivalence classes are called rational maps from X to Y and are de- 
noted by dashed arrows X --- Y. A rational map h: X ---» Y is said to be 
defined at a point x € X if there exists a representative f: U ——+ Y of h where 
xz € U. Show: 


(a) The intersection of two dense open subsets in X is dense open in X again. 
Hence, the above defined relation is an equivalence relation, indeed. 


(b) Let h: X ---» Y be a rational map and assume that X is Noetherian and 
normal and Y affine. Then, if h is defined at all points of codimension 1, it is 
represented by a unique scheme morphism X ——~ Y. 


. Compute the group of Cartier divisor classes CaCl(X) for Neile’s parabola 
X = Spec K [t1, ta] /(t3 — t}) over a field K. Show that it is isomorphic to the 
additive group of kK. Can we talk about Cl(X)? What about Pic(X)? Hint: Con- 
sider the canonical morphism o: Aj, ——+ X as in Exercise 6.7/3, the so-called 
normalization morphism of X, and use the exact sequence of sheaves of abelian 
groups 0 —-+ o, ar /OX —+ M,/O% — Mx /o.O71. — 0. 


. Show Pic(Aj,) = Z for the affine line with double origin over a field K. 


. Canonical sheaves on projective spaces: Consider the projective n-space P% over 
some ring R and let 2” = Opn IR be the sheaf of relative differential forms of 
degree n; it is called the canonical sheaf on P', and is defined as the nth exterior 
power of the sheaf of relative differential forms of degree 1 (see Section 8.2). Show 
that Q” is an invertible sheaf on P% and describe 2” in terms of Serre’s twisted 
sheaves. Furthermore, in the case of a field R, specify a Weil divisor D inducing 
Q” via the correspondence of Corollary 16. 


. Algebraic varieties over fields via schemes: An algebraic variety over a field K 
is defined as a separated integral K-scheme of finite type that remains integral 
when extending the base K to an algebraic closure K. This way the algebraic 
varieties over K may be viewed as a full subcategory of the category of K-schemes. 
Show that the fiber product X xx Y of two algebraic varieties over K is an 
algebraic variety again and, thus, that the fiber product of K-schemes gives rise 
to a cartesian product in the category of algebraic varieties over K. 
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Let X be a scheme and £ an invertible sheaf on X. The aim of the present 
section is to study morphisms from X or parts of it into a projective n-space 
P. Let us start by some preparations. For any global section 1 € ['(X,L) we 
set 


V(l) := supp £/Oxl = {4 € X; Oxal € Ly} 


and call this the zero set of 1.1 Thus, its complement 
X)| = {x E Xx; Oxal SL} 


consists of all points « € X where / can be viewed as a generator of the stalk 
£,. Recall from 9.2/4 that a family of global sections |; € ['(X,L£), 7 € J, is 
a set of generators of £ if the morphism of Ox-modules of — £ given by 
these sections is an epimorphism. Using 6.5/9, the latter is equivalent to the 
fact that the J; generate £L, at every point x € X, or even to X = User Xi,. 


Remark 1. Let | be a global section of an invertible sheaf L on a scheme X. 
(i) The zero set V(l) is closed in X and, hence, its complement X, is open 
in X. 
(ii) The canonical morphism Ox ——+ £L given by multiplication with the 
section | is an isomorphism when restricted to X;. Thus, indeed, we can say 
that | generates L on Xj. 


Proof. The first assertion can be tested locally on X. So we may assume that 
X is affine, say X = Spec A, and £L = Ox. Then we can write 


V(l) = {x € Spec A; J is not a unit in Ox, = A;}. 


It follows from 1.2/7 in conjunction with 1.2/5 (iii) that / induces a non-unit in 
A, if and only if / is contained in the prime ideal p, C A given by x. Therefore 
V (1) coincides with the ordinary zero set 


V(l) = {w@ Ee X;1€ pz}, 


and we see that V(l) is closed in X. Hence, its complement X; is open in X. 
The second assertion is a consequence of 6.5/3. 


Remark 2. For an invertible sheaf Lon a scheme X consider the open sub- 
scheme X; C X associated to a global section 1 € '(X,L). Furthermore, let F 
be a quasi-coherent Ox-module. 

(i) If X is quasi-compact, then for any global section r € '(X,F) satisfying 
r|x, = 0, there exists an exponent i € N such that r@l'=0 in I(X,F @L™), 


1 Note that for £ = Ox this notion of zero set coincides with the one introduced in 
Sections. 6.1 and 7.3; see the proof of Remark 1. 
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where L® is the ith tensor power of L and, accordingly, l’ is to be interpreted 
as the ith tensor power of I. 

(ii) If X is quasi-compact and quasi-separated, then for any local section 
s € I'(X),F), there exists an exponent i € N such that s @I'|x, extends to a 
global section r € I'(X,F ®L™). 


Proof. The argument is similar to the one used in the proof of 6.8/6. To begin 
with, assume that X is affine, say X = Spec A, and that C is trivial. Then 
£ ~ Oy and tensoring with sections of £ amounts to multiplying with the 
corresponding sections in Ox. In particular, we may view / as an element of 
A. Since F is a quasi-coherent Ox-module on the affine scheme Spec A, we 
know from 6.8/10 that it is associated to the A-module F = F(X). Hence, 
the restriction map F(X) ——+ F(X) can be identified with the canonical 
localization map &’ ——-> F'®, A). The kernel of the latter consists of all elements 
in F that are annihilated by a certain power of / and, furthermore, every element 
of F' ®, A; admits an extension to F' if we multiply by a certain power of /; see 
also 6.8/6. This settles assertions (i) and (ii) if X is affine. 

In the general case, we choose an affine open covering (U;)j< of X trivial- 
izing £L. Taking X to be quasi-compact, we may assume that J is finite. Now 
let r € I'(X,F) such that r|x, = 0. Then r|x,qu; = 0 for each j € J and, by 
the affine special case, we can find an exponent i > 0 such that r @ l'u, = 0. 
Since J is finite, we may assume that 7 is independent of 7 so that r@l' = 0 on 
all of X. Thus, assertion (i) is clear. 

On the other hand, given s € I'(X1,F), the affine special case shows that 
each restriction s|x,qy, can be extended to a section r; € I'(U;,F ® L®) by 
tensoring with a certain power /', where we can choose 7 independent of 7. Then 
r, and rj will coincide on X,;NU;U;, for any indices j, 7’ € J. Since U; NU; is 
quasi-compact in the situation of (ii), we may apply (i) to the scheme U;1U; in 
place of X. Thus, enlarging 7, we can assume that r; and rj coincide on U;NU;. 
But then the r; define a section r € '(X,F ® L®") such that rly, = 5 @l'|x,. 
This settles assertion (ii). 


Remark 3. Let f: X ——+ Y be a morphism of schemes. For an invertible 
sheaf G on Y consider the canonical morphism 


f*:G — f.(£9)), 


also referred to as pull-back of sections with respect to f. Then: 
(i) For any global section t € I'(Y,G) its pull-back s = f#(Y)(t) is a global 
section in f*(G). 
(ii) In the situation of (i) we have f~'(V(t)) = V(s) for the zero sets of the 
global sections t and s = f#(Y)(t), as well as f- (Yi) = Xs. 
(iii) If to,...,tn € ['(Y,G) are global generators of G, then the pull-backs 
s, = f*(Y)(t), 7 =0,...,n, form a system of global generators for f*(G). 
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Proof. Assertion (i) is clear by the definition of direct image sheaves. To check 
(ii), we may work locally on Y and X and thereby assume that X and Y are 
affine. Moreover, we may assume G = Oy. Then f* coincides with the canonical 
map f*: Oy —~+ f,Ox and the assertion follows from 6.2/4. In the same way 
we assume for assertion (iii) that X and Y are affine, and that G = Oy. If 
to,...,tn € Oy(Y) generate Oy as Oy-module, the ¢; generate the unit ideal 
in Oy(Y). This implies that the pull-backs so,...,5, generate the unit ideal in 
Ox(X) and, hence, that the s; form a set of generators for f*(Oy) = Ox. 


Now fixing a base ring R (or, more generally, a base scheme S), we start 
looking at R-scheme morphisms of type 


FX —— PES Projpltijssia tal 


To simplify our notation, we will sometimes write P in place of P'% for the 
projective n-space. As usual, let Op(1) be Serre’s twist of the structure sheaf 
Op. Then we know from 9.2/7 that Op(1) is an invertible sheaf on P'p, and the 
same is true for £ = f*(Op(1)) on X by 6.9/6. In particular, we can look at the 
pull-back morphism 


f*: Op(1) —» f.(f*(Op(1)) = f(L) 


and apply Remark 3. Thus, the global generators to,..., tn € '(P’, Op(1)) give 
rise via f* to global generators so,..., of £ such that 


f Pha, = Xs 6 =O 2 


where PR ,, = D,(t;) ~ A, as we have seen in Section 9.2. It follows that X 
is covered by the open subsets X.,, just as P’ is covered by the open subsets 
Prt, Phus, the morphism f: X ——+ P* can be interpreted as being obtained 
by gluing the induced morphisms 


fi: Xs, —> AR =Phi, i=0,...,n. 
Using 7.1/3, the latter correspond to R-algebra morphisms 


t tn 
ft: R[=,...,] SR Oee ~FS0o.. 5h 


and we claim that, suggestively, ft can be characterized by 


Indeed, t; generates Op(1) on PR ,, and we can write 


t; 
t= 2-ti, P= Oper os, 


a 
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interpreting the fractions 7 as sections in Op(P} Rts ). Furthermore, applying the 
pull-back 


- Op(1) =v AL) 


and using the compatibility with the pull-back on the level of structure sheaves 
f*: Op — fa(Ox) 


yields the equations 
t; 
= ft (2) - 8, j =0,...,n. 


Since s; is a free generator of the restriction of £ to X,,, there are unique sections 
CeO Xe) P= Oe panes 8; = jj - 8; on X,,, namely cj; = fr G ar 
and it makes sense to write = in place of c¢,;;. Thus, summing up, we can assert 
that any R-morphism f: bas — P% provides global generators so,..., 5» of the 
invertible sheaf £ = f*(Op(1)) orn which f can be recovered. In the following 
we want to show that, more generally, one can actually construct morphisms 
into the projective n-space P} from global generators of invertible sheaves. 


Theorem 4. Let X be an R-scheme and £L an invertible sheaf on X with global 
sections S9,...,5n € I'(X, £) that generate L. Then there is a unique morphism 
of R-schemes 

fe Xe— PES Projp Rite shal); 


together with an isomorphism of Ox-modules f*(Op(1)) —~+ CL, such that 
f#(t:) = 8; for i=0,...,n under the resulting pull-back morphism 


f¥: Op(1) — fa(f*(Or(1))) + f.(L). 


It follows that f~'(P',,) = Xs, fori =0,...,n, and that f is obtained by 
gluing the R-morphisms 
je Xe; ——Fj Pre, 


given by the R-algebra morphisms 


tn 


fi: RZ... LI, Ox), 


Proof. If there is an R-morphism f: X ——~ P’% enjoying the stated properties, 
then, as we have seen above, it is obtained by gluing the R-morphisms 


Seg es i=0,...,n, 
given by 
t t 
# R[2 i 
f; . Ge 


a 


] —-P(%.,,0x), 
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This implies the uniqueness assertion. On the other hand, in order to actually 
construct f from the given data, we look at the morphisms f;: Xs; —+ Pp,, as 
defined above and show with the help of 7.1/2 that these can be glued to yield 
a morphism f: X P® as required. First, the open subsets X,, cover X 
since the sections 59,...,8, form a set of global generators of £. Next, observe 
that PR. A PR, Mi for any indices i and j, coincides with the basic open part 


D4 (titj) C Phy, where ae invertible and, hence, that f>*(P%,,.9 Pky,) is the 
open part in X,, where <2 is invertible. However, the latter is just X,, X., so 
that we get fr PRs, OP Re,) = Xs, Xs5,. Furthermore, it is easy to see that the 
restrictions of f; and f; to Xy AX, coincide, due to the canonical commutative 


diagram 


t t t Sk 
R[2,..., 7], POG Nes eee 
t t t Sk 
7 re PRA: «eae, 
ty ty 4 ty 8; 


In particular, the global sections s9,..., 5, € I'(X, £) give rise to a well-defined 
R-morphism f: X ——+ P% satisfying f~'(P',,) = Xs, for all 7. 

Now consider the inverse image L’ = f*(Op(1)). The global sections 
to,.--,tn of Op(1) give rise to global sections sj,..., 5}, € ['(X, £’) which form a 
set of generators of £’. Furthermore, £’ trivializes with respect to the open cov- 
ering LU = (X,,)i=o,...n of X, and we see that the cocycles ( 4), (Ze C'(U, O%) 


eee 


coincide. Hence, using 9.2/8, we obtain an isomorphism L' ~ L of invertible 
sheaves on X, as desired. 


Corollary 5. For any R-scheme X, the R-morphisms X ——~ Ph correspond 
bijectively to the equivalence classes of data (L£,50,...,8n), where L is an in- 
vertible sheaf on X with global sections s0,...,8n € I'(X,L). Two such data 
(L, 50,---,5n) and (L’,s5,...,5),) are called equivalent if there is an isomor- 


phism of Ox-modules L—~+ L' mapping s; to si, for all i. 
Corollary 6. Let X be an R-scheme and £ an invertible sheaf on X with global 
sections 8o,...,5, € I'(X,L). Then there is a well-defined R-morphism 
f:U —+ FR = Projg R[to, tal; 
for U =o Xs, the open part of X where the sections s; generate L. 
Next we want to study so-called ample and very ample invertible sheaves, 


which are convenient for constructing immersions into projective n-spaces. As 
a technical tool, we need to introduce quasi-affine schemes. 


Proposition and Definition 7. For a quasi-compact scheme U the following 
conditions are equivalent: 
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(i) There exists an open immersion U —+ X into an affine scheme X. 
(ii) The canonical morphism U ——+ SpecI'(U, Oy) derived from the iden- 
tity map on I'(U, Oy) in the manner of 7.1/3 is an open immersion. 
(iii) There exists a locally closed immersion U ——+ X into an affine 
scheme X. 
A quasi-compact scheme U verifying the equivalent conditions (i), (ii), and 
(iii) 2s called quasi-affine. 


Proof. Starting with the implication (i) => (ii), let U be a quasi-compact 
scheme, X = Spec A an affine scheme, and z : U ——+ X an open immersion. We 
write B = I'(U, Oy) for the ring of global sections of the structure sheaf of U. 
Then we see from 7.1/3 that v is characterized by a ring morphism A —~+ B. 
Now, considering the morphism Spec B ——+ Spec A associated to A ——+ B 
in the sense of 6.6/9, as well as the canonical morphism U ——~ Spec B associ- 
ated to the identity map id: B —-- I'(U, Oy) in the sense of 7.1/3, we get the 
factorization 
Lt: U —~+ Spec B —~ Spec A 


of 4 and it remains to show that U ——+ Spec B is an open immersion. 
To do this, fix elements f1,..., f, € A such that U = Uj_, D(fi). Then the 
sheaf property of Oy or Ox gives rise to the exact diagram 


r(U,Oy) — [J 4; => [J Ans; 


i=l ij=l 


and the latter remains exact if we tensor it over A with any localization A, of 
A by an element g € A; use that A, is flat over A by 4.3/3. As we are dealing 
with finite cartesian products, these can be interpreted as direct sums, which 
commute with tensor products. Thus, for any g € A, we arrive at the exact 
diagram 


ru, Ov) @a Ag SS. II Ags, —_ Il Ag fit; 
i=l ij=l 
showing that the canonical map ['(U, Ov) ®4 Ag — ['(U N D(g), Ov) is an 
isomorphism. Therefore, if we look at the decomposition 


UN D(g) ——~ Spec B, ——~ Spec A, 


of 1 over the open set D(g) C Spec A, we see that UM D(g) ——+ Spec B, 
corresponds to an isomorphism B, —~+ I'(U M D(g),Qv) on the level of 
global sections. This implies that U M D(g) ——~ Spec B, is an isomorphism, 
too, if UM D(q) is affine. For example, the latter is the case for D(g) C U, since 
then UM D(g) = D(g). 

Using this for g = fi,..., f-, we see that U is locally an open subscheme 
of Spec B, and we can conclude that U ——~ Spec B is an open immersion, as 
stated in (ii). 
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The implication (ii) ==> (iii) being trivial, it remains to derive (i) from (iii). 
To do so let 1: U ——+ X be a locally closed immersion, where U is quasi- 
compact and X is affine, say X = Spec A. Then we can replace X by the so- 
called schematic closure of U in X and thereby assume that the ring morphism 
A ——+ I'(U,Oy) corresponding to u is injective. Being a bit more precise, 
let a C A be the kernel of A ——+ I'(U, Oy). Then v admits a factorization 
ges. Spec A/a —+ Spec A by 7.1/3 and we can interpret 0’ as being obtained 
from z by means of the base change Spec A/a ——+ Spec A. Thus, ’ is a locally 
closed immersion again, since immersions are stable under base change (7.3/13). 
Consequently, we can replace u by v’ and thereby assume that the corresponding 
ring morphism A —-+ I(U, Oy) is injective. 

Now let U’ Cc X be an open subscheme such that 1 decomposes into a closed 
immersion U ——+ U’ and the open immersion U’ ——+ X. Since U is quasi- 
compact, we may assume that U’ is quasi-compact as well, say U’ = Uj_, D(fi) 
for elements f; € A. Then consider the morphisms 


u: UN D(fi) —+ U'N D(fi) = D(fi), 1 Miwa 


induced from + and write B = I'(U,Oy). By the same argument as applied 
above, there is a canonical bijection B®, As, “+ ['(UN D(fi), Ov), which 
we will use as an identification. The morphisms 1; are closed immersions of 
affine schemes, since U —-+ U’ is a closed immersion and the D(f;) are affine. 
Therefore 1; corresponds to a surjection 1” : A;y, —~> B®, Ay,. Since A —~> B 
was assumed to be injective and Ay, is flat over A, it follows that iP is injective 
as well and therefore bijective. Consequently, all 4; are isomorphisms and it 
follows that U ——~ U’ is an isomorphism. But then 1: U ——~+ X is an open 
immersion and we are done. 


Let R be a ring and X an R-scheme. Recall from 8.3/4 that X is called 
locally of finite type over R if each ~ € X admits an affine open neighborhood 
U = SpecA Cc X such that the corresponding ring homomorphism R ——~ A 
is of finite type in the sense of 8.3/1, namely, that it extends to a surjection 
R[ti,...,tn] ——+ A for some polynomial variables t),...,tn.? Moreover, X is 
called of finite type over R if, in addition, it is quasi-compact. Also note that a 
morphism of affine schemes Spec A ——~ Spec R is (locally) of finite type if and 
only if the associated ring morphism R ——~ A is of finite type; see 8.3/5. 


Definition 8. Let X be an R-scheme that is quasi-compact and quasi-separated. 
An invertible Ox-module £ is called ample if there is an integer m > 0 together 
with finitely many global sections 89,..., 8 of L°™”, the m-fold tensor product 
of L, such that: 

(1) 50,...,Sn generate L®™ on X. 

(2) X,, is quasi-affine for i =0,...,n. 


? Actually, we would have to consider U over some affine open part of Spec R, for instance 
over a basic open part D(f) = Spec Ry for some f € R. However, since Re = R[t]/(1—tf) 
for a variable t, the morphism Rr ——~ A is of finite type if and only if the composition 
R— Ry —~ A is Of finite type. 
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Definition 9. Let X be an R-scheme. An invertible Ox-module L is called 
very ample zf, for some n EN, there is an immersion f: X —— P'h satisfying 


f*(Op(1)) ~ CL. 


See Remark 16 below for some simple examples of ample and very ample 
invertible sheaves. 


Theorem 10. Let X be an R-scheme that is quasi-compact and quasi-separated 
and £L an invertible Ox-module. If Lis very ample, then L is ample as well. 
If, more specifically, X 1s of finite type and quasi-separated over R, the 
following conditions are equivalent: 
(i) £L is ample. 
(ii) There is an integer m > 0 such that L°™ is very ample. 
(iii) There is an integer mo > 0 such that L°™ is very ample for all m > mo. 


Proof. To start with, assume that £ is very ample and let f: X P® be 
an immersion satisfying f*(Op(1)) ~ £. If we write P} = Projp R[to,..., tn] 
as usual, then to,...,t, are global generators of Op(1) and their pull-backs 
s; = f#(t;), i =0,...,n are global generators of f*(Op(1)) ~ £. Moreover, we 
can look at the immersions f;: Xs, Prt» t = 0,-..,n, induced from f, 
and we claim that the open subschemes X,, C X are quasi-compact. Since X is 
quasi-compact by assumption, there exists a finite affine open covering (Uj) j<j 
of X such that each restriction Ly, is trivial. Then, using an isomorphism 
Llu, —~+ Ouy,, we see that X,,U; is a basic open subset in U; and, hence, is 
affine. Thus, as a finite union of affine open sets, X,, is quasi-compact. Applying 
Proposition 7, it follows that X,, = f~'(P%,,) is quasi-affine, and we see that 
£ is ample. In the same way we can conclude that £ is ample if a power £L®” 
for some exponent m > 0 is very ample. 


To establish the remaining implications (i) => (ii) => (iii), we need a 
crucial auxiliary construction, which we will explain independently of the spe- 
cial situation considered in Theorem 10. Let f: X ——+ S = SpecR be a 
quasi-compact and quasi-separated morphism of schemes and £ an invertible 
Ox-module. For m € N we denote by X», C X the open subscheme consisting 
of all points x € X where global sections from ['(X, 2°”) generate the module 
L2”, Then Xp, = Uler(x,c2m) X; and we set Xoo = Uso Xm- Furthermore, we 
view the direct sum @,,5) [(X,£°”) as a (commutative) graded R-algebra, 
taking the tensor product of global sections in the sheaves £°™ as multipli- 
cation. This multiplication is commutative, indeed, as is easily traced back to 
the case where £ is the trivial sheaf Ox and where the tensor product of sec- 
tions is given by the multiplication of Ox as a sheaf of rings. In particular, the 
homogeneous prime spectrum 


P =Projp (® r(x, eo) 


m>0 


454 9. Projective Schemes and Proper Morphisms 


is defined as an R-scheme and, for any m! > 0 and 1 € I'(X, £2"), we can 
consider the affine open subscheme 


P, = Spec (@ F(X, ee")). ap 


m>0 


which is the basic open subscheme D,(l) C P given by I. 


Lemma 11. There exists a canonical R-morphism ~: Xo —~ P, satisfying 
gp \(R,) = X, for all l € T(X,L°”), m > 0. It is constructed by gluing the 
R-morphisms 


yy: X, —> P, le r(x,£L2”), m > 0, 
induced from the R-algebra morphisms 


yf: P(P,, Op) “+ P(X, Ox), 


r r 


iB Fle 


where the latter are isomorphisms. Here r varies over '(X,L°'™), and ELxX, On 
the right-hand side is to be interpreted as the quotient of r|x, by l'|x,, i.e. tt is 
the section in Ox(X/) that multiplied with the generator I’ of LE" on X, = Xj: 
yields the section r|x, € ['(X1, £2"). 


Proof. First, one checks that there are well-defined morphisms of R-algebras 
yi, as stated. Next, for any global sections 1, l' in powers £L®”, £2”, there is a 
canonical commutative diagram 


gf 


I'(P, Op) I(Xi, Ox) 


# 
P(Py, Op) 7! + P(Xw, Ox) , 
and it is easily seen from this that the morphisms y; can be glued to yield 
a well-defined R-morphism y: X, ——> P. Furthermore, one concludes from 
gf () = a x, in conjunction with 9.1/7 that y) (Pu) = X,NXy = Xy and 
then, by a covering argument that y~'(P,) = Xi. 

It remains to show that the morphisms yt are isomorphisms. Starting with 
the injectivity, consider an element r € '(X, 2°’) such that yi'(5) = rlx, = 9. 
Then r|x, = 0 and by Remark 2 (i) there is an exponent 7 € N such that rl’ = 0. 
Hence, we get 


r rl) 


i Tes 


as an equation in I'(P;, Op). 
To show the surjectivity of the y®, consider a section t € I'(X), Ox). Using 
Remark 2 (ii), there is an exponent i € N such that t@l’|x, € ['(X1,Ox @®L°™) 
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extends to a global section r € ['(X,£°"). However, then 7 
done. 


x, = t, and we are 


As a corollary, we conclude from Lemma 11: 


Lemma 12. Let X be an R-scheme that is quasi-compact and quasi-separated 
and £L an invertible Ox-module. Then Lis ample if and only if the morphism 
yp: Xoo —~ P considered above satisfies the following conditions: 

(i) X = Xo. 

(ii) y is an open immersion. 


Proof. First assume that £ is ample. Then there exist global generators 
S0,---,5n € I'(X,£L°”) of £L°” for some integer m > 0 such that all X,, are 
quasi-affine. This implies X,, = X and, in particular, X¥,, = X. Moreover, we 
conclude from Lemma 11 in conjunction with Proposition 7 that the morphisms 
Qs;: Xs, —> P,, are open immersions. Using y~!(P,,) = X,, it follows that y 
is an open immersion so that conditions (i) and (ii) are satisfied. 

Conversely, if X = Xo, as required in (i), we can use the quasi-compactness 
of X to obtain global sections 1,,...,/, in certain powers £L°™,...,£°™" of L 
such that X = X;, U...U X),. Taking suitable powers of the J;, we end up 
with global sections in £°" which generate this sheaf. Therefore £°” for 
some exponent m > 0 admits a set of global generators s9,...,5,. Moreover, 
if yp: X,.——> P is an open immersion, as required in (ii), all restrictions 
Ys,: P'(Ps,;) = Xs, ——+ P,, are open immersions. Thus, all X,, are quasi- 
affine by Proposition 7 and Lemma 11, provided we can show that X,, is quasi- 
compact. However, the latter is easy to achieve; the argument is the same as 
the one used in the beginning of the proof of Theorem 10. Choose an affine 
open subscheme U Cc X where CL is trivial and identify L\y with Ox|y. Then 
Xs, U coincides with the basic open subset D(s;|y) of U, showing that this 
is an affine open subscheme in X. If we consider a finite affine open covering 
of X trivializing £, we see that X,, is a finite union of affine open subschemes 
of X and therefore quasi-compact. Thus, conditions (i) and (ii) imply that L is 
ample. 


Now we come back to the proof of Theorem 10, turning to the implication 
(i) ==> (ii). We assume that £ is ample and, to simplify things a bit, we first 
consider the special case where @,,39/(X,£°”), as a graded R-algebra, is 
generated by certain global sections so,...,5n € I'(X,£). Then these sections 
must generate £ as an Ox-module as well. Indeed, otherwise the s; would have 
a common zero in X, and the same would be true for all monomials in the 
8;, Viewing these as global sections in appropriate powers £L°™ of £L. Since, by 
our assumption, ['(X, 2°”) is generated as an R-module by monomials of total 
degree m in the s;, we see that £°”, for any exponent m > 0, could not have 
a set of global generators. However, this contradicts our assumption of £ being 
ample. Therefore the sections s9,..., 5, must generate L. 


456 9. Projective Schemes and Proper Morphisms 


Now look at the R-morphism y: X,——> P of Lemma 11. Since CL is 
ample, we have X = X,, according to Lemma 12, and y is an open immersion. 
Composing y with the closed immersion P ——+ P® given by the surjection of 
graded R-algebras 


R[to,..-,tn] —» PI(X,£2"), ti > 53, 


meN 


as in 9.1/21, we arrive at an immersion f: X ——+ P’}. Apparently, f is defined 
in the manner of Theorem 4 by the generators so,...,5, of £. Thus, we have 
f*(Op(1)) x £ and CL is very ample. 

Also in the general case we can basically proceed like this, with some es- 
sential modifications though. We replace @,,,<n /'(X, £®”) by a suitable subal- 
gebra A that is generated over R by finitely many homogeneous elements of a 
certain degree > 0. Then X. has to be defined relative to A, and the resulting 
morphism 

Xo —> ProjpA=P’ 


is to be studied. For this to work well, A has to be big enough such that we 
obtain X, = X and, in addition, have isomorphisms 


T(P{,Op)) > P(X, Ox) 


as in Lemma 11. To put all this into effect, we have to rely in a crucial way on 
the fact that X is of finite type over R. 

Explaining this in more detail, assume that £ is ample and choose an expo- 
nent mo > 0 such that £°® is generated by global sections, say by the elements 
of a finite subset L Cc P'(X,£°°). Then we have 


X=JX 


leL 


and we may assume that the open subschemes X; C X are quasi-affine for 1 € L. 
Thus, applying Proposition 7 in conjunction with Lemma 11, the canonical 
morphism X,——~ SpecOx(X;) ~ P,; is an open immersion for every | € L. 
Moreover, we claim that all X; may be assumed to be affine. Indeed, this is seen 
by writing X as a finite union of basic open sets of type D(g) C Spec Ox(X1), 
for suitable functions g € Ox(X)), and by trying to extend the elements g 
to global sections of X. As shown in Remark 2 (ii), this is, as a rule, only 
possible after multiplication by a certain power of / so that one obtains a global 
extension I, € P(X, £°""°) of g-I' for some i > 0. If we set 1, = 1-1), , we see that 
X,, = X19 D(g) = D(Qg) is affine. Therefore, choosing i big enough such that 
the powers /' are sufficient for treating the finitely many quasi-affine schemes 
X1, 1 € L, as well as the finitely many affine open subschemes D(g) C X; needed 
to cover the X;, we can find a finite subset L c I'(X,£°"°) for mo > 0 big 
enough such that the elements | € L generate £®”° and such that X, is affine 
for each 1 € L. 
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Now we use that X and, in particular, the open subschemes X, C X,/ € L, 
are of finite type over R. We have already pointed out in 8.3/5 that an affine 
R-scheme Spec A is of (locally) finite type if and only of if the corresponding 
ring morphism R——-+ A is of finite type. In our case, we know that X, is 
affine for all ] € LE and, hence, that each ring Ox(X7) is of finite type over R, 
in other words, a finitely generated R-algebra. For | € L let T; C Ox(X:) be 
a finite subset generating Ox(X7) as an R-algebra. Choosing a sufficiently big 
exponent i > 0, we can extend all products of type t-l’ where! € L andt € J, 
to global sections hy), € '(X, £°"°); see Remark 2 (ii). Then we can replace L 
by the subset {l’; 1 € L} c P(X, £L°™°), observing that X;; = X). Writing mo 
in place of imo, we obtain finite subsets LD cC P(X, £°°) and T; C Ox(X7) for 
each | € LE such that: 


(a) X = User Xi, where X; is affine for all lL € L. 


(b) Ox(X)), for each | € L, is generated as an R-algebra by the elements 
te Tj, and we have t = Met) for global sections hi, € P'(X,L°”°). 


Now consider the graded R-subalgebra in @,,<n [(X,£™) that is generated by 
all elements 1, hj, € ['(X,£°™°) where | varies in L and ¢ in T;, namely 


A=R{[l, ues EL, te TN) Cc PBX, Le”). 


meN 


Let P’ = Projp A and consider the affine open subschemes P/ = Spec Ay for 
1 € L. We try to compose the morphism y from Lemmata 11 and 12 with 
the morphism P — V;(A;) ——+ P’ constructed via 9.1/20 from the inclusion 
morphism of graded R-algebras A — @,, cy [(X,£°”). Since we obtain 
Y(X) C Ure, Pi C P— Vi(A+) from (i), such a composition is possible, indeed, 
and we thereby arrive at a morphism 


gi XP VAs) Pt 


We want to show that y’ is an open immersion, similarly as in Lemmata 11 and 
12 above. 


Lemma 13. The morphism y': X ——+ P' is characterized by the R-algebra 
morphisms 


of P(E Op) 2 PCG,.0x), i po i . CEL, 
X) 


and the latter are isomorphisms. Thus, y' restricts for 1 € L to an isomorphism 
yy: X1 = y '(P}) “+ Pi and we can conclude that y' is an open immersion 
with image Ujer P- 


Proof. Since X; is affine for all | € L and since these schemes cover X, it is 
enough to show that it is an isomorphism for all 1 € L. The injectivity of 
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it is obtained as in the proof of Lemma 11. To verify the surjectivity fix an 
element in '(X7, Ox). It is a polynomial in the elements ¢ € T; with coefficients 
in R. Therefore it is enough to show that each t € 7; admits a preimage in 
I'(P/, Op). However, this is clear from our construction, since 


forl€ Landt € TJ}. 


It is now easy to see that, for an ample invertible sheaf £ in the situation 
of Theorem 10, a certain power £°"°, where mp > 0, becomes very ample. 
The graded R-subalgebra A C @,, cy J(X,£°”) is generated by certain ho- 
mogeneous elements of degree mo, namely the elements /, h;, considered above, 
which we will denote by ao,...,ay in the following. Non-trivial homogeneous 
elements can only exist in degrees divisible by mo. Therefore we can modify the 
degree by dividing out mp, a process leaving P’ = Projp A untouched. Then 


Ri{to,...,tw] —+ A= R[ao,..., an], t; RH ai, 


is a surjection of graded R-algebras and the latter gives rise to a closed 
immersion P’ ——+ P#; see 9.1/21. Composition with the open immersion 
y': X ——+ P’ yields an immersion f: X ——+ PX, which by its construction 
coincides with the morphism PX that is determined in the manner of 
Theorem 4 by the global generators 1, hy, € ['(X, 2°”) where 1 € L and t € T). 
Hence, f*(Op(1)) ~ £°™° and we see that £°”° is very ample. In particular, 
the implication (i) => (ii) of Theorem 10 is clear. 

To finish the proof of Theorem 10, it remains to show that for an invertible 
sheaf £ with a very ample power L°™, m > 0, we can always find an exponent 
mo > 0 such that £°™ is very ample for all m > mp. In a first step, we study 
the corresponding question for the existence of global generating systems. 


Lemma 14. Let X be an R-scheme that is quasi-compact and quasi-separated 
and Lan ample invertible Ox-module. If F is a quasi-coherent Ox-module of 
finite type, there exists an exponent mp > 0 such that F @ LE” for all m > mo 
is generated by a finite number of global sections. 


Proof. Choose some exponent mg > 0 and a finite subset LD Cc (xX, L°™°) 
such that £°'° is generated by the global sections belonging to L. Then, as 
shown above for the implication (i) => (ii) of Theorem 10, we may assume 
that the open subschemes X; C X are affine for all 1 € L. It follows that F|x, 
is associated to a finite Ox(X,)-module and, using Remark 2 (ii), it is possible 
to extend a finite generating system of F|x, to a system of global sections in 
'(X, F@Le™) for suitable ko > 0, just by multiplication with global sections 
in £°™. It follows that F @ £2™ and, thus, also F @ £L°*™° for all k > ko 
are generated by finitely many global sections. 
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The same argument works for F @ £L,...,F @ £L°-) as quasi-coherent 
Ox-modules in place of F. Choosing ko universally for all these modules, the 
assertion of the lemma follows for kgm in place of mp. 


Finally we will need: 


Lemma 15. Let X be an R-scheme and L a very ample invertible sheaf on X. 
If L' is a second invertible sheaf on X that is generated by finitely many global 
sections, then L®L' is very ample. 


Proof. We choose an immersion f: X ——+ P% satisfying f*(Op(1)) ~ £. Fur- 
thermore, let f’: X ——+ P® be a morphism satisfying f’(Op(1)) ~ L’. Then 
we consider the morphism 


A 7 
Gk 


nm pn’ 
P R XR R> 


where the latter may be interpreted as the composition of the graph morphism 
Dp: X X XP with the morphism f x id: X xp P® Pe xe Pe. 
Note that Ip is an immersion by 7.4/13 and, furthermore, that f x id is an 
immersion by 7.3/13 since f has this property. Therefore, using 7.3/13 again, 
(f, f’) is an immersion itself. Writing p, p’ for the projections from P'} x p Pr 
onto its factors, we get 


(f, f')* (p*Op(1)) = 
(f, f°)" (p*Op(1)) ~ 


*(Op(1)) and &; 
As (Op(1)) cS LE: 


and hence 
(f, f')*(v*Op(1) @ p*Op(1)) ~ L@L’. 
Now we use the so-called Segre embedding 
o: P2xpPR — Pee 
which is defined by the (n + 1)(n’ + 1) sections 
t; ®t, € (PR XR PR,p*Op(1) @ p*Op(1)), 1=0,...,n, f=0,..., 7, 


where the t;, resp. Ui, are (the pull-backs of) the canonical generators of the first 
Serre twists of the structure sheaves of Ph, resp. Pe. Then, if t;;, 7 = 0,...,n, 
j =0,...,n’, are the canonical generators of the first Serre twist of Peer: 
we can describe o locally by the R-algebra morphisms 


7 


too beset to tn te ti; 
Bae | : R[=,...,7] @aR[2,..., =], 

ag ag a a J Jj 

too tn’ to th tn & ty 

Geen ie ts Ode 
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In particular, we see that the Segre embedding is a closed immersion. Therefore 
eS (f f’): xX Pee 


is an immersion satisfying (a 0 (f, f’))*(Op(1)) ~ £@ L’ and it follows that 
£®L' is very ample. 


Now it is easy to derive the implication (ii) => (iii) of Theorem 10 and 
thereby to finish the proof of the theorem. Assume that £°"™ is very ample for 
some exponent m, > 0. Since £ is necessarily ample, as we have seen already, 
we can use Lemma 14 and thereby get an exponent m2 > 0 such that £L°” is 
generated by global sections for m > m2. Then Lemma 15 shows that £°” is 
very ample for m > m, + mg. 


We end this section by discussing some easy examples of ample and very 
ample invertible sheaves. 


Remark 16. Let R be a non-trivial ring and X an R-scheme. 
(i) If X is affine, every invertible Ox-module L is ample. If, in addition, X 
is of finite type over R, then every invertible Ox-module Lis even very ample. 
(ii) Let X = PR, n > 0. The dth Serre twist Ox(d), for d € Z, is ample if 
and only if d>0. Furthermore, Ox(d) is even very ample for d > 0. 


Proof. (i) If X is affine, say X = Spec A, and CL is an invertible Ox-module, 
then £ is associated to an A-module L. Choose elements fo,..., f, € A such 
that X is covered by the basic open sets D(f;) and £|pvy,) is trivial for all 
i, hence, isomorphic to Ox|pcy,). Multiplying a generating element of L|pvy,) 
with a sufficiently high power of f;, we obtain an element s; € L = I'(X,L) 
generating £ on D(f;) and such that X,, = D(fj;). Then so,...,s, is a set of 
global generators of £ such that X., is affine for all 2. It follows that £ is ample. 

If X is an affine R-scheme of finite type, it is easy to see that the structure 
sheaf Ox is very ample. Indeed, choose a closed immersion X ——~ A‘ and 
compose it with the open immersion A?, ——+ P% = Projp R[to,...,tn] onto 
the basic open subset D (to). Then Op(1)|p, (#9) is trivial and, hence, its pull- 
back to X is trivial. Thus, Ox is very ample, and it follows from Lemma 15 
that every invertible Ox-module £ is very ample since LY Ox ® L. 

(ii) Finally, let X = P} = Projg R[to,...,t,]. Then Ox(1) is very ample 
for trivial reasons and we see from Lemma 15 that Ox(d) is very ample for 
d > 0. On the other hand, Ox(d) cannot be ample for d < 0, since Ox (d) does 
not admit non-zero global sections in this case, as we have seen in Section 9.2. 
But also Ox(0) = Ox is not ample, due to ['(X,Ox) = R. Indeed, every 
R-morphism P% P defined via global sections so,...,5m € I'(X,Ox) 
must factor through the structural morphism P% Spec R and therefore 
will not be injective for n > 0. Hence, it cannot be an immersion. 
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Exercises 


1. 


Alternative characterization of ample invertible sheaves: Let £ be an invertible 
sheaf on an R-scheme X that is quasi-compact and quasi-separated. Furthermore, 
let A = @nen I (X,£°™) be the associated graded R-algebra. Show that the 
following conditions are equivalent: 

(a) £ is ample. 

(b) The open subsets X~ C X for f € A; homogeneous constitute a basis of the 
topology on X. 

(c) The affine open subschemes of X that are of type X, for f € A; homogeneous 
cover X. 

This shows that the notion of ample invertible sheaves as given in Definition 8 is 
compatible with the one used in EGA [12], I, 4.5.3. 


. Let X be a scheme over a ring R. 


(a) Show that X is separated over R as soon as there exists a very ample invertible 
sheaf on it. 

(b) Assume that X is of finite type and quasi-separated over R. Conclude that X 
is separated over R as soon as there exists an ample invertible sheaf on it. 


. Let P —— P% be a non-constant morphism of projective spaces over R. Show 


that m <n. 


. Consider invertible sheaves £, £’ on an R-scheme X that is quasi-compact and 


quasi-separated. Show: 


(a) If £ is ample, there exists an exponent m > 0 such that £™ @ L’ is ample. In 
fact, we may take m = 1 if L’ is generated by global sections. 


(b) If 2 and L’ are ample, the same is true for £L@ L’. 


. Consider the projective n-space P} = Projy K[to,...,tn] over a field K. Show 


that every K-automorphism 7: Pi —~+ P is linear in the sense that it is 
induced from a K-automorphism of the K-vector space Op(1) = Kto®...@Ktn. 


. d-uple embedding: Consider the projective m-space P® = Projp R[to,...,tm] 


over R and its invertible sheaf £ = Op(d) for some d € N. Let Mo,...,Mn be 
the (eo) monomials in to,...,tm of degree d. Show that the M; give rise to 
an R-morphism y: P# Pp, the so-called d-uple or Veronese embedding. 
Describe y in terms of coordinates and show that it is a closed immersion for 
d > 0. Conclude once more that Op(d) is very ample if d > 0. 


. Let A be a graded ring (of type N) whose irrelevant ideal A; is generated by 


finitely many elements in A,. For a quasi-coherent Ox-module F on X = Proj A 
consider the associated graded A-module I.(F) = @Qyezl(X,F(n)), where 
F(n) = F ® Ox(n); see Exercise 9.2/8. Show that there is a canonical morphism 


——_ 


of Ox-modules I°,.(7) ——+ F and that the latter is an isomorphism. 


. Consider the projective n-space P?, = Projp R[to,...,tn] over some ring R. Show: 


(a) Given a graded ideal 3 C R[to,...,tn], the residue class ring R[to,..., tn] /F 
is canonically a graded R-algebra and the projection map 


RS —— > Bho o 
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gives rise to a closed immersion of R-schemes 
Projp R[to, a wy tn] /F i 1 Projp R[to, ae stile 


(b) Every closed immersion Z ——+ Projp R[to,...,tn] of R-schemes is of the 
type as described in (a). Hint: Use Exercise 7. 


9. Consider the the Segre embedding o: Pk xr P ——+ P% for projective spaces 
over a ring R. Specify a graded ideal 3 C R[to, ti, t2,t3] such that the closed 
subscheme Z C P#, defined by o is obtained in the manner of Exercise 8. The 
subscheme Z is called a quadric surface in PS. 


10. Let A, B be graded algebras (of type N) over a ring R. Then the direct sum 
@nen An ®R Bn is canonically a graded R-algebra, called the cartesian product 
of A and B; it is denoted by A xp B. Assuming that the irrelevant ideals A, Cc A 
and B, Cc B are generated by homogeneous elements of degree 1, show that there 
is a canonical isomorphism Projp(A xz B) —~+ (Projp A) Xp (Projpz B). For 
example, consider the case of free polynomial rings in finitely many variables over 
R, say A= R[to,...,tm] and B = R[to,..., tr]. Then the elements t; ®t;, where 
i =0,...,m, 7 =0,...,n, define global generators of the first Serre twist O(1) 
for Projp(A xr B), and the resulting morphism 


Proj R[to,...,tm] Xp Projp R[to,...,trn] —+ PR’t™*” 


is just the Segre embedding. Hint: Use localization arguments similar to the ones 
employed in the proof of 9.2/2. 


9.5 Proper Morphisms 


The notation Proj A for the Proj scheme of a graded ring A might suggest the 
term projective for such schemes, alluding to the definition of the projective 
n-space P}, = Projp[to,.-.,tn] over some base ring R. However, in reality, 
an R-scheme X is called projective only if it is of type Proj, A for a graded 
R-algebra A of finite type, generated by finitely many homogeneous elements 
of degree 1. The latter is equivalent to the fact that Projp A admits a closed 
immersion into some projective n-space P#; see Proposition 7 below. As a gen- 
eralization of projective schemes, we will study proper schemes and morphisms 
in the present section. 


Definition 1. Let f: X ——- Y be a morphism of schemes. 

(i) f ts called affine (resp. quasi-affine) if there exists an affine open covering 
(Vi)ier of Y such that f-!(V;) is affine (resp. quasi-affine) for all i € I. 

(ii) f is called finite if there exists an affine open covering (V;)icr of Y such 
that f-1(V;) is affine and the morphism f#(V;): Oy(V;) —+ Ox(f-l(V)) is 
finite for all i € I in the sense that Ox(f~'(V;)) is a finite Oy-(V;)-module. 


It is clear that affine morphisms are quasi-affine and that finite morphisms 
are affine. For example, every closed immersion is finite and, in particular, affine. 
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Remark 2. Affine and quasi-affine morphisms are quasi-compact and separated. 


Proof. Affine and quasi-affine morphisms are quasi-compact by 6.9/8, since 
affine schemes are quasi-compact by 6.1/10 and quasi-affine schemes are quasi- 
compact by definition; see 9.4/7. Furthermore, affine morphisms are separated 
by 7.4/8. It remains to consider a quasi-affine morphism of schemes f: X ——+ Y 
and to show that it is separated. Using 7.4/7 we may assume that Y is 
affine and X is quasi-affine. Then f decomposes into the canonical morphism 
X —+ Spec Ox(X), which is an open immersion, and the affine morphism 
Spec Ox(X) ——+ SpecOy(Y) = Y derived from the f. Both are separated, 
the first one by 7.4/10, and, hence, their composition is separated by 7.4/15. 


Proposition 3. Let f: X ——~ Y be a morphism of schemes, where Y is affine. 
Then: 

(i) f is affine if and only if X is affine. 
(ii) f is quasi-affine if and only if X is quasi-affine. 
(iii) f is finite if and only if X is affine and the corresponding morphism 
Oy(Y) —+ Ox(X) is finite. 


Proof. The if parts of the different assertions are trivial. To verify the only-if 
part of (i), let f be affine. Then we see from 6.9/4 or 6.9/9 that f,(Ox) is a 
quasi-coherent Oy-module and, hence, by 7.1/4, a quasi-coherent Oy-algebra. 
Recalling the construction of the spectrum of a quasi-coherent algebra in Sec- 
tion 7.1, it follows that X as a Y-scheme is isomorphic to Spec f,(Ox). Since 
f.(Ox) is associated to Ox(X) as an Oy(Y)-algebra by 7.1/6, X is affine. 

In the situation of (ii) write A = Ox(X) and B = Oy(Y) and look at the 
canonical decomposition 


f: X ——~ Spec A —~ Spec B=Y. 


For any g € B we can consider the basic open subset D(g) = Spec B, C Spec B, 
its preimage Spec A ®g B, C Spec A, and its preimage in X, which we denote 
by X, so that f, restricted to preimages over Spec B,, decomposes into 


fg: Xg —— Spec A ®p B, —— Spec B,. 


We claim that the ring morphism of global sections A ®g B, ——+ Ox(X,) 
associated to X, ——>+ Spec A ®g B, is an isomorphism. Indeed, choose an 
affine open covering (U;)icer of X, where we may assume that I is finite since 
f and, hence, X are quasi-compact. Furthermore, we know from 7.4/5 that all 
intersections U; MU; are affine for i,j € J, since f is separated by Remark 2. 
Then look at the exact diagram 


A=Ox(X) — []Ox(Ui) = TJ] Ox(inu;) 


iel ajel 
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and observe that it remains exact when tensoring it with B, over B, since I is 
finite. This shows that the morphism A ®g B, ——+ Ox(X,) is an isomorphism, 
as claimed. 

Now, in order to show that X is quasi-affine, we use freely the characterizing 
properties of quasi-affine schemes, as mentioned in 9.4/7. It remains to show 
that X ——+ Spec A is an open immersion. For this it is enough to see that 
X, —> Spec A ®g B, is an open immersion for a set of elements g such that 
the D(g) cover Y = Spec B. However, that the latter is true follows from the 
fact that f is quasi-affine. Indeed, given a point y € Spec B, there is an affine 
open neighborhood V c Spec B such that f~'(V) is quasi-affine. Choosing a 
basic open subset D(g) C V containing y, the preimage X, = f~'(D(g)) is still 
quasi-affine. So the morphism X, —-> Spec A® g 8B, will be an open immersion, 
since it induces an isomorphism on the level of global sections. Therefore we are 
done. 

Finally, concerning (iii), if f is finite, X is affine by (i). Furthermore, f,(Ox) 
is a quasi-coherent Oy-module that is locally of finite type in the sense of 6.8/12. 
But then Ox(X) = f,(Ox)(Y) is a finite module over Oy (Y) by 6.8/13. 


Let us add without proof that the properties of a morphism of schemes to 
be affine, quasi-affine, or finite are stable under composition of morphisms, base 
change, and fiber products. 


Definition 4. Let f: X —— Y be a morphism of schemes. 
(i) f is called closed if the image f(Z) of every closed subset Z C X is 
closed in Y. 
(ii) f is called universally closed if for every base change Y' ——»+ Y the 
resulting morphism f x id: X xy Y' —+ Y’ is closed. 
(iii) f as well as X as a Y-scheme are called proper if f is separated, of 
finite type, and universally closed. 


It is immediately clear that for a scheme morphism f: X ——» Y the above 
conditions (i), (ii), and (iii) can be tested locally over Y. Furthermore, using 
7.4/15 it is easily seen that the properties for a morphism to be universally 
closed or proper are stable under composition of morphisms, base change, and 
fiber products. 


Remark 5. Every finite morphism of schemes 1s proper. 


Proof. Let f: X —— Y be a finite morphism of schemes. Since the properness 
of f can be tested locally on Y, we may assume that X and Y are affine, 
say X = SpecA and Y = Spec B. Then, of course, f is of finite type and 
separated. Furthermore, since finite morphisms are preserved under base change, 
it is enough to show that f is closed. 

To check the latter, observe that the ring morphism f*: B ——- A attached 
to f is finite and, hence, integral. Now let Z C X be a closed subset, say 
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Z = V(a) for some ideal a C A, and consider the ideal 6 = (f#)~'(a) in B. 
Then we get f(Z) C V(6) and we claim that f(Z) = V(b). Indeed, look at the 
commutative diagram 


BS 


ee 


B/o-. A/a 


induced from f#, where f*, just as f*, is finite and, hence, integral. Therefore 
we conclude from the Lying-over Theorem 3.3/2 that for every prime ideal 
q C B/b there is a prime ideal p C A/a such that (f*)~1(p) = q. Consequently, 
there exists for every y € V(b) a preimage x € Z. This shows f(Z) = V(b) so 
that f is closed. 


Proposition 6. Let X ey gt morphisms of schemes such that the 
composition go f is proper. Then: 

(i) If g is separated, f is proper. 

(ii) If g is separated and of finite type and if f is surjective, then g is proper. 


Proof. Starting with assertion (i), we see from 7.4/15 (iv) that f is separated 
since go f is separated. Furthermore, write f as a composition 


Pi eae Ee NK eG MeV SY. 


where f’ is the canonical morphism and f” is the morphism obtained from 
gof: X —+ Z via base change with g: Y —— Z. Since g is separated, we see 
from 7.4/12 that f’ is a closed immersion. Moreover, f” is closed since go f is 
universally closed. Therefore f is closed and the same argument in conjunction 
with the fact that separated and proper morphisms are stable under base change 
shows that f is, in fact, universally closed. 

In addition, these considerations show that f is quasi-compact. Indeed, 
being a closed immersion, f’ is quasi-compact and f” is obtained from the 
quasi-compact morphism go f: X ——+ Z via base change. Thereby it only 
remains to check that f is locally of finite type, which however is clear, since a 
morphism of rings B ——~ A is of finite type as soon as there is a morphism of 
rings C —+ B such that the composition C ——+ B ——_- A is of finite type. 

In the situation of (ii) it is only to show that g is universally closed. To do 
this, look at a closed subset F C Y. Then we get g(F) = (go f)(f~'(F)) from 
the surjectivity of f and it follows that, if f~'(F) is closed in X, its image under 
gof is closed in Z. In particular, g is closed. Now observe that the assumptions 
in (ii) are preserved under base change. Indeed, concerning the surjectivity of 
f we may look at fibers over some point y € Y and thereby assume that Y 
consists of a field, say Y = Spec kK. Furthermore, it is enough to consider a base 
change on Y that is given by an extension of fields K’/K. But then, due to the 
fact that the extension K'/K is faithfully flat, f @x K’ will be surjective if f 
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is. Thus, the assumptions in (ii) are preserved under base change and we can 
show as before that g is universally closed. 


Next we want to introduce projective morphisms and to discuss their rela- 
tionship to proper morphisms. 


Proposition and Definition 7. For a scheme X over some base ring R the 
following conditions are equivalent: 
(i) There exists an R-morphism X ——+ P'} that is a closed immersion. 
(ii) There exists an R-isomorphism X —~+ Projp A, where A is a graded 
R-algebra, say A = Peo Ai, that is generated by finitely many elements in Aj. 
If the above conditions are met, the R-scheme X and its structural morphism 
X —-» Spec R are called projective. 


Proof. Assume first that condition (ii) is given and let fo,..., f1 € Ai generate 
A as an R-algebra. Then 


R[to,.--,tn]) —+ A, ti > fi, 


is a surjection of graded R-algebras inducing a closed immersion X 
see 9.1/21. 

Conversely, if there exists a closed immersion X ——> P?% over R, then X may 
be viewed as a closed subscheme of P'} and, thus, by 7.3/4, is given by a quasi- 
coherent ideal ZC Op». We will prove below in Lemma 8 that Z is associated to 
a graded ideal J C R[to,...,tn]. Then the construction of associated modules 
in 9.2/1 in conjunction with 7.3/4 shows that we get X ~ Projp R[to,..., tn] /T, 
where A = R[to,...,tn]/I is a graded R-algebra as required in (ii). 


PR 


Lemma 8. Let R be a ring, A= @x_ Ai a graded R-algebra, and LI a quasi- 
coherent ideal of the structure sheaf Ox, where X = Projp A. 

Assume that A is generated by finitely many elements fo,..., fn € Ai. Then 
there exists a graded ideal I C A whose associated ideal I C Ox, as defined in 
9.2/1, coincides with T. 


Proof. Let Z|p, s,, be associated to the ideal a; C Acy,, and let JC A be the 
ideal generated by all homogeneous elements g € A such that g € A, implies 


= € 4a; for all t= Oy iss, 7. 
i 
We claim that J is as required. First observe that the ideal [(,) C Ay,) induced 
from J is contained in a; for all 7. On the other hand, if h belongs to a, for 
some index j, it is of type h = f for some g € A,, and we would like to get 


g 


J 
a € a, for alli = 0,...,n. Since the ideals a; and a,, for any 7, j, restrict to the 


same ideal on D,(f;) 1 D(fj), we see that # € a; holds after restricting both 
quantities to D,(f;) 7 Di(f;). Since 
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by 9.1/7, it follows that sections on D,(f;) D,(f;) can be extended to D, (fi) 
by multiplying with a certain power of A. Thus, enlarging r, we may assume 
fr € a; for alli = 0,...,n. From this we conclude g € J and, hence, [(f,) = a; 
for all 2. 


Theorem 9. Every projective scheme X over a ring R is proper. 


Proof. Using Proposition 7, we know X ~ ProjpA for a graded R-algebra 
A = @x, Ai that is generated by finitely many elements f1,..., fn € At. 
In particular, Projp A is separated over R by 9.1/18 and quasi-compact, as it 
is covered by the affine open subschemes Spec A(;,), 7 = 0,...,n. Since each 
homogeneous localization A,;,, viewed as an R-algebra, is generated by the 
fractions a tess ae it follows that Projp A is locally of finite type over R and, 
thus, all in all, of finite type over R. 

It remains to show that the structural morphism p: Projp A ——+ SpecR 
is universally closed. Since projective morphisms are stable under affine base 
change (note that we have considered projective n-spaces over an affine base 
only) and since the closedness of a subset of a scheme Y can be checked relative 
to an open covering of Y, it is enough to show that p is closed. Furthermore, 
if Z C Proj, A is a closed subset, we may apply 7.3/5 and view Z as a closed 
subscheme of Projp A. Then Z is projective over R again and we thereby see 
that it is enough to show that the image of p: Projp A ——~ Spec R is closed 
in Spec R. 

To check the latter, consider a point y € Spec R with residue field k(y). 
Then y ¢ imp is equivalent to 


p”'(y) = (Projn A) x k(y) = Projnyy(A @r k(y)) = 
and we claim that this is equivalent to the existence of an index ig € N satisfying 
A; @r k(y) =0 for all i > ip. 


Indeed, from 9.1/15 (i) we conclude that Proj, (A @r k(y)) = 0 if and only 
if rad;(0) = A; ®pz k(y) for the zero ideal 0 C A ®g k(y) and, hence, if and 
only if all elements of A, @pk(y) are nilpotent. Since A, is a finitely generated 
ideal in A, the latter amounts to the existence of an index ig € N such that 
A; @r k(y) = 0 for i > io. 

Now use the fact that A is generated by finitely many elements in A; 
and, hence, that each A; is a finitely generated R-module. Then Nakayama’s 
Lemma 1.4/10 implies that A; ®p k(y) = 0 is equivalent to A; ®p R, = 0 and, 
thus, to y ¢ suppr A;, where 


suppr A; = {x € Spec R; A; @z R, ZO} 
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is the support of A; as an R-module. Since A, is generated by A, as an 
R-algebra, we have 
suppp Ai D supprp Ag dD... 


and thereby obtain 


y gimp y¢ ()suppr Ai. 
i=l 
Since the support of an R-module of finite type is closed in Spec R and the 
intersection of closed subsets is closed again, we deduce that imp is closed in 
Spec R. 

For completeness, let us show that the support supp M of an R-module of 
finite type is closed in Spec R. Namely, we claim for the so-called annihilator 
ideal 

a={aER;aM=03} CR 


of M that suppp M = V(a). Indeed, by definition we have x ¢ suppp M if and 
only if M, = M ®r R, = 0. Fixing generators m,,...,m, € M, we see that 
M, = 0 if and only if, for every 1 = 1,...,r there is some 5s; € R—p, such that 
sjm; = 0. Thus, replacing s; by the product s = s;...5,, it follows that M, = 0 
if and only if there exists some s € R—p, such that sM = 0 and, hence, s € a. 
Therefore x ¢ suppr M is equivalent to a ¢ p, and, thus, to x ¢ V(a). 


Next we want to give some outline on how to define projective schemes 
over base schemes S$ that are not necessarily affine; for further details see EGA 
(12], in particular II, 4 and 5.5. Up to now we have dealt with the property of 
a morphism of schemes X ——+ S to be “projective” only in the case where 
S is affine. To remove this special assumption, the notion of Proj schemes is 
generalized from Proj A for a graded ring A = P_4 Am to Projg A for a quasi- 
coherent graded Ogs-algebra A = Q>_9 Am over arbitrary base schemes S; see 
also Exercise 9.1/11. This is done similarly as for the construction of the scheme 
Spec, A, the spectrum of a quasi-coherent Os-algebra A, by choosing an affine 
open covering (5;);er of S and gluing the Proj schemes 


[o.e) 
Projs, A(S;) = Projg DAn(Si), 1 ET, 
m=0 
in a canonical way. Applying this concept to the construction of projective 
spaces, we need to define for a module M over some ring RF its associated 


symmetric R-algebra Symp(M). To do this, look at the tensor algebra generated 
by M over R, 


[o.e) 
Tr(M) = GB Me", 
m=0 
where we write M®” for the m-fold tensor product M @z...®@p M. The mul- 
tiplication on Tp(M) is given by the tensor product, where the latter is not 
commutative, except for some special cases. However, we enforce commuta- 
tivity by defining Symp(M) as the quotient of Tp() by the two-sided ideal 
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generated by all elements of type r®y—y®@z where x,y € M. Then Symp(M) 
is a graded R-algebra, now with commutative multiplication. For m € N we call 
the R-module Sym’; (M) of all elements in Symp(/) that are homogeneous of 
degree m the mth symmetric power of M over R. For example, Symp(R") is 
just the polynomial ring R[t,,...,t,] in n variables t,,...,¢, over R. 

Since the construction of Symp(M) is compatible with localization by el- 
ements in R, symmetric algebras can more generally be considered for quasi- 
coherent modules on a base scheme S. This way one obtains from any quasi- 
coherent Os-module € the corresponding symmetric algebra Symg,(€), which 
is a quasi-coherent graded Os-algebra, and from the latter the attached Proj 
scheme Pg(€) = Projg(Symg,(E)) over S. For example, taking € = O%*" we 
see that Ps(€) is just the projective n-space P%. The construction of Ps(&) 
is of particular interest for locally free Os-modules €. Then we talk about a 
projective space bundle on S. It is easily seen that the definition of projective 
morphisms via Proposition 7 can be generalized if we 

(i) replace the projective n-space P% by the scheme Ps(€) attached to a 
quasi-coherent Ogs-module of locally finite type € and 

(ii) pass to graded quasi-coherent Ogs-algebras A that, locally on S, are 
generated by finitely many sections in Aj. 

Every Proj scheme Ps(€) constructed from a quasi-coherent Os-module € 
carries an invertible sheaf Op(1), the first Serre twist, which is defined similarly 
as in Section 9.4. In particular, the definition of very ample invertible sheaves 
from 9.4/9 can be carried over to the case of schemes over a not necessarily affine 
base. If p: X ——~ S isa morphism of schemes equipping X with the structure of 
an S-scheme, an invertible sheaf £ on X is called very ample relative to S if there 
is a quasi-coherent Os-module € together with an S-morphism f: X ——~- Ps(E) 
that is an S-immersion satisfying f*(Op(1)) ~ £. For an affine base S and a 
morphism of finite type p: X ——+ S one can show that this definition coincides 
with the one given in 9.4/9; see EGA [12], II, 4.4.7. 

Also the property of being ample can be defined relative to a not necessarily 
affine base S. Namely, an invertible sheaf £ on an S-scheme X, given by a 
morphism p: X ——+ S' that is quasi-compact and quasi-separated, is called 
ample relative to S' if there exists an affine open covering (S;)jc; of S such 
that £|s, is ample on p~'(S;) for all i. Also this definition is for an affine base 
S' equivalent to the one given in 9.4/8 (see EGA [12], II, 4.6.6), and one can 
show for a quasi-compact base S and a quasi-separated morphism of finite type 
p: X —+ S that the correspondence between ample and very ample invertible 
sheaves from 9.4/10 generalizes to the relative case; see EGA [12], II, 4.6.11. 

We end this survey by mentioning without proof some important results on 
proper morphisms. 


Theorem 10 (Chow’s Lemma, EGA [12], II, 5.6.1, 5.6.2). Let f: X ——+-Y 
be a proper morphism of schemes, where Y is Noetherian. Then there exists a 
morphism g: X' —+ X such that: 

(i) fog: X' —+Y is projective, 
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(ii) g: X' —~ X is surjective and there is a dense open subscheme U C X 
such that g~'(U) is dense in X' and g induces an isomorphism g-'(U) —~+ U. 


Theorem 11 (Proper Mapping Theorem, EGA [13], III, 3.2.1). Consider a 
proper morphism of schemes f: X ——+ Y, where Y is locally Noetherian. Then 
for any coherent Ox-module F (see the end of 6.8), the higher direct images 
R'f.(F), ¢ = 0, as defined in 7.7, are coherent as well. 


Theorem 12 (Stein Factorization, EGA [13], III, 4.3.1). Let f: X ——- Y be 
a proper morphism of schemes, where Y is locally Noetherian. Then there exists 
a factorization 


where g is proper, surjective, and has connected fibers, and where h is finite. 
Moreover, f,Ox is a quasi-coherent Oy-algebra such that Y' = Spec f,Ox. 


Finally we want to show that the properness (and separatedness) of scheme 
morphisms can be characterized using techniques of valuation rings. In other 
words we want to prove the so-called valuative criteria for separated and proper 
morphisms. Note that discrete valuation rings have already been defined in 
9.3/3. However, we will need a more general version of valuation rings here. 


Definition 13. Let R be an integral domain with field of fractions kK. Then R 
is called a valuation ring if for x € K we have x € R or, otherwise, x! € R. 


Since discrete valuation rings are unique factorization domains, it is easily 
seen that discrete valuation rings are valuation rings, indeed. Every valuation 
ring R is a local ring because any two elements x,y € R will satisfy (x) C (y) or 
(y) C (a). As usual, the unique maximal ideal m C R consists of all non-units in 
R, hence, of 0 and of all elements x € R— {0} such that x! ¢ R. In particular, 
the spectrum Spec R contains a unique generic point 7, which corresponds to 
the zero ideal 0 C R, and a unique closed point s, which corresponds to the 
maximal ideal m C R. Furthermore, the inclusion R C K into the field of 
fractions of R yields a canonical morphism i: Spec kK ——+ Spec R. We will 
use it to define for morphisms of schemes X ——+ Y and Spec R ——+ Y the 
restriction map 


®: Homy (Spec R, X) ——> Homy (Spec K, X) 


given by composition with 7: Spec A ——+ Spec R. For h € Homy (Spec R, X) 
its associated image h = @(h) is characterized by the commutative diagram 
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Spec kK mS, 


a ‘ f 


Spec R ——-Y . 


Proposition 14. Let f: X ——+-Y and Spec R ——+ Y be morphisms of 
schemes, where R is a valuation ring with field of fractions K. Furthermore, 
let 

®: Homy (Spec R, X) ——> Homy (Spec K, X) 


be the composition with the canonical morphism i: Spec K ——» Spec R. Then 
(i) If f ts separated, ® is injective. 
(ii) If f is proper, ® is bijective. 


Proof. As usual, let 7 be the generic point and s the closed point of Spec R. 
Starting with assertion (i), let hh’: Spec R —+ X be two Y-morphisms with 
same image h = &(h) = &(h’) in Homy (Spec K, X) and consider the morphism 


(hh): Spec R —+ X xy X 


given by h and h’. By our assumption, its restriction to Spec K factors via h 
through the diagonal morphism Ay ;y: X ——-+ X xy X. Therefore (h, h’) maps 
7 into the diagonal A = Ax /y(X). Now if f is separated, A is closed in X xy X 
and we can conclude from the continuity of (h, h’) that the image of s belongs 
to A so that h(s) = h’(s). Choosing an affine open neighborhood Spec A C X 
of h(s) = h'(s), it follows that both, h and h’, map Spec R into Spec A, thereby 
giving rise to the commutative diagram 
int 


K «x A 
alt 
R 


The latter shows that h coincides with h’, since i# is injective. 
To verify assertion (ii), consider a morphism h € Homy (Spec K, X). Writing 
X'= X xy Spec R, we get a commutative diagram 


h: Spec K ——- X' ——+ X 
f' f 
Spec R ——+ Y 


and it is enough to show that f’: X’ —+ Spec R admits a section extending the 
morphism Spec kK ——+ X’. To obtain such a section, let Z C X’ be the closure 
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of (the image of) Spec K in X' and view Z as a subscheme of X’, equipping 
it with its reduced structure; see 7.3/5. Then Z is irreducible by 7.5/2 and, 
in fact, integral. Indeed, all its non-empty affine open parts are irreducible by 
7.5/1 and, thus, by the reducedness in conjunction with 6.1/15 and 9.3/2, are of 
type Spec A for an integral domain A. Furthermore, f is assumed to be proper 
and, hence, universally closed. Therefore f’ is closed and it follows that f’(Z) is 
closed in Spec R. But then we must have f’(Z) = Spec R, since f’(Z) contains 
the generic point 7 € Spec R. Now if 7’ is the generic point of Z and s’ € Za 
point over s € Spec R, there is a canonical commutative diagram 


Ozn <—— Oz,s! 


14 


gl 


2 


ik +——R 


of injective homomorphisms, which we view as inclusions. Furthermore, is is 
local and we claim that, actually, sie is an isomorphism. Indeed, otherwise there 
would be an element a € Oz, that is not contained in R. By the valuation ring 
property of R the inverse a~! would belong to the maximal ideal m C R and a 
would be a unit in Oz... However, this is impossible if (F is local. Consequently, 
fF is an isomorphism. Using this fact, we see for any affine open neighborhood 
SpecA C Z of s’ that the localization map A ——+ Oz, defines a section of 
Z —~ Spec R and it follows that X’ ——- Spec R admits a section as well. 


The valuative criteria for separatedness and properness say that, under cer- 
tain finiteness conditions, separated and proper morphisms can be characterized 
by the conditions given in Proposition 14 (i) and (ii). To prepare the proof of 
this fact, we start by some auxiliary results. 


Lemma 15. Let f: X —- Y be a quasi-compact morphism of schemes. Then 
the following conditions are equivalent: 

(i) f(X) is closed in Y. 

(ii) f(X) is stable under specialization, i.e. given any point ¢ € f(X) and a 
specialization y € {¢}, then y € f(X). 


Proof. Clearly, if f(X) is closed in Y, it is stable under specialization. Conversely, 
assume that f(X) is stable under specialization. Since the closedness of f(X) 
can be tested locally on Y, we may assume Y to be affine, say Y = Spec B. 
Furthermore, we may equip X with its reduced structure as constructed in 7.3/5 
and then assume that Y is reduced and satisfies f(X) = Y. Indeed, consider 
the ring morphism f#*: B ——+ Ox(X) corresponding to f and replace B by 
B/ ker f*. 

Since X is quasi-compact by assumption, it admits a finite affine open cov- 
ering (X;)ic7. Writing Y; = f(X;) we obtain 
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Uy =U FR =U sr) = 700 =yY, 


iel wel wel 


and we may view the closed subsets Y; as closed subschemes of Y, namely of 
type Y; = Spec B; where B; = B/I(Y;). 

Now, in order to show f(X) = Y and, thus, the closedness of f(X), consider 
a point y € Y, say y € Y; for some index i € J. Then there exists a generic 
point ¢ € Y; such that y € {¢}, and it is enough to show ¢ € f(X;), since then 
¢ € f(X) implies y € f(X) by our assumption. Therefore consider the ring 
morphism B; ——+ A; corresponding to X; ——~ Y; and localize it at ¢. Since 
By¢ is flat over B; we arrive at a monomorphism B;¢ —> A;®p, Bic. Moreover, 
B;, is reduced and the same is true for B,;;¢. Thus, it follows that B;¢ is a field, 
as it is a reduced ring with a unique prime ideal, namely the one corresponding 
to ¢. In particular, A; ®g, B;¢ cannot be zero and, thus, there exists a prime 
ideal p C A; @p, Bic. Looking at the commutative diagram 


B, ———— A; 
Bie —— A; @p, Bic , 


we get pM B;- = 0. But then the preimage of p in A; is a prime ideal pe 
corresponding to a point ¢’ € X; that satisfies f(¢’) = ¢. In particular, it 
follows ¢ € f(X;), as claimed. 


We need an auxiliary result showing how valuation rings come into play 
when dealing with local rings. 


Lemma 16. Let K be a field and RC K a local ring with maximal ideal m C R. 
Then there exists a valuation ring R' with field of fractions K dominating R, 
i.e. such that RC R' andw'N R=mM for the maximal ideal m' of R’. 


Proof. Let k = R/m be the residue field of R. Furthermore, choose an algebraic 
closure k of k and consider the canonical map 7: R —+ R/m<—+ k. Let © 
be the set of all pairs (R’,o’) where R’ is a subring of K containing R and 
o': R' —-+ k a homomorphism extending a. Then ¥ is a non-empty partially 
ordered set, writing (R’,0’) < (R",o”) whenever R’ C R” and o" |p: = 0’. By 
Zorn’s Lemma, there is a maximal element (Rt,oT) € XY’ and we claim that R' 
is a valuation ring with field of fractions K dominating R. 

It is easy to see that Rt is a local ring with maximal ideal mt = kerot. 
Indeed, k is an integral domain and, hence, mt = kero? a prime ideal. Then, 
extending o!: Rt ——+ k to the localization ce we get Ri = Ri, from the 
maximality of (R', ot). In particular, we have m'0.R = kero = m and it follows 
that Rt is a local ring dominating R. 

Thus, it remains to show that R! is a valuation ring with field of fractions 
K. To achieve this, consider an element « € K and assume first that x is 
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integral over Ri. Then the inclusion Rt ——+ Ri [2] is finite by 3.1/4, and 
there is a prime ideal p C R'[z] such that pM R' = m'; see the Lying-over 
Theorem 3.3/2. The resulting inclusion R'/mt ——+ R'[2x]/p is finite as well 
and even a finite extension of fields, since R'/mt is a field; see 3.1/2. Therefore 
the embedding R'/m! <—+ k induced from ot: Rt —-+ k admits an extension 
R'[x]/p + k, and the resulting homomorphism R'[2] —+ R'[a]/p—+k 
extends of: Rt —_+ k. But then the maximality of (R',o') yields Rt[z] = R' 
and, thus, x € Rt. 

It remains to show for an arbitrary element x € K that x € R' or, otherwise, 
x! € Rt. Proceeding indirectly, we may assume by the above consideration that 
neither 2 nor x7! are integral over R'. In particular, c 4 0 and we must have 
x | ¢ R'[x]. Otherwise there would be an equation of type 


gage t+... tan” 


with coefficients a; € R' and this would lead to an integral equation for 2~' over 


Ri if we multiply with 2”. Therefore x cannot be a unit in R'[z] and there 
exists a maximal ideal m’ C Rt[2] containing x. Now look at the composition 


v: Ri —+ R' [a] —+ R'[a]/m’, 


Since x € m’, we see that 7 is surjective, mapping R! onto the field Rt[ax]/m’. 
Therefore the kernel of 7 is a maximal ideal in R' and, hence, must coincide with 
m! because R' is a local ring with maximal ideal m‘. But then 7 induces an iso- 
morphism of fields F: Rt/m' —~+ Ri[x]/m/ and it follows that ot: Rt —+k 
admits an extension to Rt[a]. However, since (R',o') is maximal in ¥’, we get 
Ri[x] = Rt and therefore x € R', contradicting our choice of x. Thus, Rt is a 
valuation ring with field of fractions K. 


Proposition 17 (Valuative criterion of separatedness). Let f: X ——+ Y be a 
quasi-separated morphism of schemes. Then the following conditions are equiv- 
alent: 

(i) f ts separated. 

(ii) For every morphism of schemes Spec R —+ Y where R is a valuation 
ring with field of fractions K, the map 


®: Homy(Spec R, X) —-+ Homy (Spec K, X) 
induced from 1: Spec kK ——+ Spec R is injective. 


Proof. According to Proposition 14 we have only to show that condition (ii) 
implies the separatedness of f. So assume that (ii) is given. Since f is quasi- 
separated, the diagonal embedding Ax y: X X xy X is quasi-compact. 
Hence, using Lemma 15, it is enough to show that the diagonal A = Ay ;y(X) 
in X xy X is stable under specialization. To achieve this, fix a point x € A 
specializing into some point 177 € X xy X so that x € Z = {x}. Applying 
7.3/5, we consider Z as a subscheme in X xy X, providing it with its reduced 


9.5 Proper Morphisms 475 


structure. Then, similarly as shown in the proof of Proposition 14, the scheme Z 
is integral. Thus, the local ring Oz, is a subring of the field K = Oz, = k(x) 
and there is a valuation ring R with field of fractions K dominating Oz,,,; see 
Lemma 16. Let 7 be the generic and s the closed point of Spec R. Then the 
inclusion map Oz, + R together with the localization map A —+ Oz, 
corresponding to any affine open neighborhood SpecA C Z of x induce a 
Y-morphism 


a: Spec R —+ Z —+ X xy X, 
nr &, St— Xo, 
such that the restriction of o to Spec Kk factors through the diagonal embedding 
Axjy: X ——+ X xy X. Composing o with the projections X xy X — > X 


we get two morphisms h,h’: Spec R ——+ X restricting to one and the same 
morphism h: Spec kK ——+ X and, furthermore, making the diagram 


Spec ae uee 4 


Spec R ——+ Y 


commutative. Then we conclude h = h’ from (ii) and see that the above mor- 
phism o, which can also be written in the form 


(h,h'): Spec R —+ Z —+ X xy X, 


factors through the diagonal embedding Ay y. In particular, 7) = (h,h’)(s) € A 
and A is stable under specialization. 


Proposition 18 (Valuative criterion of properness). Let f: X ——+Y be a 
quasi-separated scheme morphism of finite type. Then the following conditions 
are equivalent: 

(i) f is proper. 

(ii) For every morphism of schemes Spec R —+ Y where R is a valuation 
ring with field of fractions K, the map 


®: Homy (Spec R, X) ——> Homy (Spec K, X) 
induced from 1: Spec kK ——» Spec R is bijective. 


Proof. According to Proposition 14 we have only to show that condition (ii) 
implies the properness of f. So assume that (ii) is given. Then f is separated 
by Proposition 17 and it remains to show that f is universally closed. Since 
our assumptions on f, as well as condition (ii), are stable under base change 
Y’ ——- Y, it is enough to show that f is closed. So let V C X be a closed 
subset. Then we may view V as a closed subscheme of X, equipping it with its 
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reduced structure as obtained in 7.3/5. The composition V+ X ——+ Y is 
quasi-separated and of finite type again, and a reasoning on affine open parts 
of X shows that also condition (ii) carries over to this morphism. Thus, writing 
X in place of V again, it is enough to show that f(X) is closed in Y. 

Since f: X ——-+ Y is quasi-compact, Lemma 15 becomes applicable and it 
is only to show that f(X) is stable under specialization. To do this we proceed 
similarly as in the proof of Proposition 17. For a point « € X and its image 
y = f(x) € f(X), look at a specialization y € {y} and view Z = {y} as 
a closed subscheme in Y, providing it with its reduced structure, as in 7.3/5. 
Then the local ring Oz,,, is a subring of the field Oz, = k(y), the latter being 
a subfield of the field AK = k(x). By Lemma 16 we can find a valuation ring R 
with field of fractions AK dominating Oz,,. If 7 is the generic and s the closed 
point of Spec R, the inclusion Oz,,, ——+ R induces a morphism 


Spec R —-+ Z —+ Y, 
yE— Y;, SE— Yo, 


such that the composition with 7: Spec K ——+ Spec R lifts to a Y-morphism 
h: Spec K —+ X. Then, by condition (ii), the latter extends to a Y-morphism 
h: Spec R —-> X so that necessarily yo = (fo h)(s) € f(X). Hence, f(X) is 
stable under specialization and therefore closed in Y. 


Let us point out that it is enough for the valuative criteria in Propositions 17 
and 18 to require condition (ii) just for discrete valuation rings in place of 
general valuation rings if we require some additional finiteness conditions for 
f: X —~+Y. Namely, we need that Y is locally Noetherian and, especially for 
the separatedness in Proposition 17, that f is, in addition, locally of finite type; 
see EGA [12], I, 7.2.3 and 7.3.8. 


Exercises 


1. Show that the structural morphism of the affine n-space Aj, over a ring R is not 
universally closed, unless n = 0 or R = 0. Excluding these trivial cases, deduce 
that Aj cannot be proper over R. 


2. Let f: X ——+ Y be a proper morphism between affine schemes. Show that f 
is finite. Hint: Since X is of finite type over Y, there exists a closed immersion 
X ——+ Aj into some affine n-space over Y. Reduce by induction to the case 
where n = 1. Then interpret Aj. as the open part D(t1) of the projective line 
Pj. = Proj R[to, ti], where R = Oy(Y), and show that the resulting morphism 
X ——+ P}, is proper. Conclude that the image of X is closed in P} and that the 
associated graded ideal 3 C R[to, ti] satisfies (to, t1) C rad(J,t1). Finally, derive 
an integral equation for A over R modulo the ideal induced from J in R[?]. 


3. Let K be a field and X a proper K-scheme that is irreducible. Show that every 
K-morphism X ——~ Y into an affine K-scheme Y of finite type is constant in 
the sense that the image of f consists of precisely one point. Hint: Use Exercise 2. 
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4. Let S be an affine base scheme and X a proper S-scheme, as well as Y a separated 
S-scheme. Show that an open S-immersion X ——+ Y is an isomorphism as soon 
as Y is connected. 


5. Let S be an affine base scheme and X a proper S-scheme. Show that X is pro- 
jective if and only if there exists an ample invertible sheaf on X. 


6. Let R be a discrete valuation ring with field of fractions kK. Show: 
(a) The canonical map Homp(Spec R, Pp) —+ Homp(Spec K, Ph) is bijective. 
(b) The canonical map Homp(Spec R, Ap) —-+ Homp(Spec K, Ap) is injective, 
but not bijective. 
(c) There exists a separated R-scheme X such that X xp K ~ Aj, and the map 
Homp(Spec R, X) —+ Homp(Spec K, X) is bijective. 
(d) Any R-scheme X as in (c) cannot be of finite type. 


7. Use the valuative criterion of properness to show once more that the projective 
n-space P® over a ring R is proper. 


8. Give an example of a morphism of schemes X ——+ S' with a point s € S such 
that the fiber X, of X over s is proper, but where for each open neighborhood 
S’ CS of s the induced morphism X xg $’ ——+ S’ will not be proper. 


9. Let f: X ——+ S be a proper morphism of schemes and let £ be an invertible 
sheaf on X that is ample relative to f. Show for any global section | € ['(X, L) 
that f restricts to an affine morphism X; ——+ S. In particular, X; is affine if S 
is affine. 


10. Let X be a scheme of finite type over the field of complex numbers C. Then 
X(C), the set of C-valued points of X, carries a natural topology inherited from 
the topology of C, the so-called complex topology. Indeed, if U is an affine open 
piece in X, choose a closed immersion U ——-+ Aé into some affine n-space and 
provide U(C) with the restriction of the complex topology on Ag(C) = C”. 
Granting the assertion of Chow’s Lemma, show: 

(a) The complex topology on X(C) is well-defined. Any morphism X ——+ Y 
between C-schemes of finite type yields a continuous map X(C) ——+ Y(C). 
Furthermore, the complex topology respects cartesian products. 

(b) X is separated over C if and only X(C) is Hausdorff. 

(c) If X is proper over C if and only if X(C) is compact. 

Hint: Consult Mumford [20], 1, §10, but pay attention to the fact that our defi- 
nition of properness leaves the context of schemes of finite type over C. 


9.6 Abelian Varieties are Projective 


As an application of the theory of ample and very ample invertible sheaves from 
Section 9.4 we want to prove that any abelian variety A over a field K admits a 
closed immersion A ——+ P% into some projective n-space, in other words, that 
abelian varieties are projective in the sense of 9.5/7. Indeed, we will show that 
certain general properties of abelian varieties guarantee the existence of ample 
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and, hence, very ample invertible sheaves. Of course, we cannot supply a full 
treatment of abelian varieties at this place. We will restrict ourselves to a few 
basic facts and refer to the excellent book of Mumford [21] for more details. In 
the following let K be a field with algebraic closure K’. 


Definition 1. An abelian variety over K is a proper smooth K-group scheme 
that is irreducible. 


Let us explain the terminology applied in the definition. A K-group scheme 
is a scheme A together with K-morphisms 


y: AX~ A—-+A (group law), 
é: Speck ——+ A (unit section), 


i: A—+A (inverse) 


such that the “standard group axioms” are satisfied. Using the structural mor- 
phism p: A ——~ Spec K, we thereby mean that the following diagrams are 
commutative: 


AxKAXxKA eat AxXKA 
id xy | (associativity) 
AxKA A 
(p,id) 
A ————~ Spec K xx A 
c [es (unit section) 
A AxxA 
A ne Ax A 
|, | (inverse) 
Spec k : A 


Since the occurring products are fiber products in the category of schemes and 
not just ordinary cartesian products of sets, we cannot claim that the group 
law y of a K-group scheme A defines a group structure on its underlying set. 
However, y induces for every K-scheme Z a true group structure on the set of 
Z-valued points A(Z) = Hom, (Z, A), namely by associating to a pair (x, y) of 
points in A(Z) the composition 


ZY Axe A+ A. 
Furthermore, the formation of the group A(Z) is functorial in Z in the sense that 


any K-morphism Z’ ——+ Z gives rise to a group morphism A(Z) —— A(Z’). 
On the other hand, it is easily checked that a functorial group law on the point 
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functor A(-) equips A with the structure of a K-group scheme. Of course, we 
may replace K by an arbitrary base scheme S, thereby arriving at the notion 
of S-group schemes. 

The notion of properness has been introduced in 9.5/4. It means that the 
structural morphism p: A ——~ Spec K is of finite type, separated, and univer- 
sally closed. For the property of smoothness see 8.5/1. It follows from 8.5/15 
in conjunction with 2.4/19 that all stalks O4, of a smooth K-group scheme A 
are integral domains. Since abelian varieties are required to be irreducible, they 
give rise to integral schemes. Also let us mention that for K-group schemes of 
finite type smooth is equivalent to geometrically reduced, which means that all 
stalks of the structure sheaf of Ax x K are reduced. In addition, let us point out 
that for K-group schemes of finite type the property irreducible can be checked 
after base change with A’/K so that we may replace irreducible by geometrically 
irreducible. 

As one of the first results on abelian varieties one shows: 


Proposition 2 ([21], I1-4, Question 4 (ii)). The group law on an abelian variety 
A is commutative, i.e. the diagram 


Axe As AREA 
Y | 
A ——"—- 4 


where o is the morphism of interchanging factors, is commutative. 


2, 


Relying on this fact, the group law on an abelian variety is usually written 
additively. For any K-valued point x € A(K) one can consider its associated 
translation T; on A, given by z —+ «+z. More precisely, we thereby mean the 
K-morphism 


(p,id) xxid Y 


Ty: A ——+ Spec K xx A AxKA A. 


In asimilar way it is possible to translate with a K-valued point, although before 
doing so we must apply the base change K/K, replacing A by the K-group 
scheme A ®x K. We will derive the projectivity of abelian varieties from the 
following basic result: 


Theorem 3 (Theorem of the Square, [21], I1.6, Cor. 4). Let A be an abelian 
variety over K and £ an invertible sheaf on A. Then 
TragL) @L= (L)@7,(L) 
for K-valued points x,y € A(K). 
To construct an ample invertible sheaf on an abelian variety A, we use the 


equivalence between classes of Weil divisors, classes of Cartier divisors, and iso- 
morphism classes of invertible sheaves on A, as discussed in 9.3/16. For the 
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necessary premises, observe first that A is of finite type over K and, thus, 
Noetherian, by Hilbert’s Basis Theorem 1.5/14. Furthermore, the smoothness 
of A implies that all local rings of A are regular (8.5/15) and therefore factorial 
as well; see the Theorem of Auslander-Buchsbaum in [24], Cor. 4 of Thm. IV.9. 
Also note that the above equivalence between classes of Weil or Cartier divisors 
and invertible sheaves is compatible with translations. Indeed, for a prime divi- 
sor D € PD(A) and a point 2 € A(K) the pull-back 77!(D) = 7_,,(D) under the 
translation 7, is a prime divisor again, and we can define the pull-back under 
T, of divisors in Div(A) by 


i S- np+D) = Ss np-T,(D). 
DePD(X) DePD(X) 


Extending this construction to Cartier divisors via the equivalence of 9.3/16, 
one easily shows that there is a canonical isomorphism 


Oxte (Dyer (OxD)) 


on the level of associated invertible sheaves. 


Proposition 4. Let A be an abelian variety over K. Then there exists a closed 
immersion A —+ P' into some projective n-space over K. 


Proof. As we will see, it is enough to construct an ample invertible sheaf on A. To 
do so, choose a non-empty affine open subset U C A. Since A is Noetherian, its 
complement? A—U is a finite union of irreducible closed subsets 7,,...,Z, € A. 
In fact, the Z; are prime divisors on A, as one can conclude from EGA [14], IV, 
21.12.7. However, it is not really necessary to use this result. One can enlarge 
each Z; to a 1-codimensional irreducible closed subset D; C A; just apply the 
finiteness result on Krull dimensions for local Noetherian rings 2.4/8 to suitable 
affine open parts of A. Thereby we arrive at an effective Weil divisor 


D=D,+...4+ D, 


on A with support |D| = U;_, Di whose complement A — |D| is contained in 
U and, thus, is at least quasi-affine. 

In order to apply the Theorem of the Square to the invertible sheaf associ- 
ated to D, we need to translate D under the group law of A. Doing so, we will 
identify K-valued points of A with their corresponding closed points in A. Also 
we will use for an algebraically closed field K = K that the K-valued points of 
A are dense in any open or closed subset of A. This is a consequence of Hilbert’s 
Nullstellensatz 3.2/6. 


Lemma 5. If K is algebraically closed, there exists for every z € A(K) a point 
x € A(K) such that 
2 ¢ Tx(|D|) U r-2(|D)). 


3 Observe that in this section we use a bold version for the set theoretic minus sign; this 
is to avoid the interference with minus signs attached to the group law on A. 
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Proof. First, z ¢ (|D| + x) U (|D| — x) is equivalent to 


u¢ 


Next observe that Z = (z—|D])U(|D|— 2) is a finite union of prime divisors in 
A and, hence, must be strictly contained in A since A is irreducible. Therefore 
the complement of Z in A is open and non-empty. In particular, it contains a 
K-valued point by Hilbert’s Nullstellensatz 3.2/6. 


— 


z—|D|) U (|D| - 2). 


Now let Z(D) C Oy, be the sheaf of ideals consisting of all functions in O,4 
vanishing on |D|. Then, as in the proof of 9.3/14 (iii), one shows that Z(D) 
is an invertible O4-module. Picking local generators of Z(D), we pass to the 
associated Cartier divisor, and further to the attached invertible sheaf on A; 
the latter is the “inverse” O,4(D) of Z(D). Then observe that the injection 
I(D) —~ Og may be tensored with O4(D) and thereby yields an injection of 
O,4-modules 


O, — O,(D). 


In particular, the image of the unit section in Oy, gives rise to a global section 
s €I(A,O,(D)). The latter generates the sheaf O4(D) precisely at those points 
where Z(D) coincides with O,4, namely, on the complement A — |D|. The same 
considerations are valid for the pull-backs of D with respect to translations 7, 
given by K-valued points « € A(K). 

We claim that the invertible sheaf £ = O,4(D) is ample on A. By a descent 
argument for ample invertible sheaves, such as the one mentioned in [5], 6.1/7, 
we may reduce the assertion to the case of an algebraically closed field Kk. 
Therefore we assume K to be algebraically closed in the following. Applying 
Theorem 3 for y = —x, we obtain isomorphisms 


Le? ~ 7*(L) @1*,(L) & Oa(72(D)) @ Oa(r*,(D)) 


for arbitrary x € A(K). From what we have seen above, we know that 
O4(7z(D)) admits a global section s generating this sheaf precisely on the com- 
plement 

Uz =A |t;(D)| = A= 7-2(|D))- 
Likewise, O4(7*,,(D)) admits a global section s’ generating this sheaf precisely 
on the complement 


U, = A=|7*,(D)| = A = T2(|D)). 
Then s ®s’ generates the tensor product O4(7;7(D)) ® Oa(7*,,(D)) precisely on 
U, NU, = A= (t(|D]) U t-2(|D])) 


and this open subset of A is quasi-affine, since U, and U} enjoy this property 
as translates of A — |D| C U. Indeed, U, M U/, is contained in the intersection 
T-2(U) 1 7,(U) and the latter is affine by 7.4/6, since U is affine and A is 
separated over K. 
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Now we read from Lemma 5 that for every K-valued point z € A(K) 
there is some « € A(K) such that z does not belong to the support of the 
divisor 73(D) + 7*,(D). Thus, there exists for every z € A(IX) a global section 
s, € I'(A,£®?) such that A,, is quasi-affine and £L®? is generated in z by s,, 
thus showing z € A,,. Since A is quasi-compact, it follows that A is covered by 
finitely many open subsets of type As, and we see that £ is ample. 

Then it follows from 9.4/10 that a certain power £®” is very ample (where 
it can be shown that m = 3 is sufficient). Thus, there exists an immersion 
f: A —+ P* into a certain projective n-space satisfying f*(Op(1)) ~ £°”. As 

7 is separated over K and the composition A ——> P?, —— Spec K is proper, 
f is proper as well; see 9.5/6. In particular, f(A) is closed in P¥ and, hence, f 
is a closed immersion by 7.3/11. Thus, A is projective and we are done. 


Exercises 


1. Let G be an S-group scheme over some base scheme S, given by the group law 
y: Gxg G ——> G, a left unit ¢: S ——+ G, and a left inverse i: G —— G, as 
specified above. Show that just as in the case of abstract groups, ¢ and 7 enjoy 
the properties of a right unit and of a right inverse as well. 


2. Let G be a K-group scheme over a field kK. Show that G is a separated K-scheme. 
Hint: The unit section ¢: Spec K —+ G' corresponds to a closed point e € G, and 
the diagonal A C G xx G equals the preimage of e with respect to the morphism 
G xx G —~ G that is symbolically characterized by (x,y) H—> a7 !y. 


3. For an integer n € N consider the functor Gl, : Sch ——+ Set that associates to a 
scheme T' the set of Or(T)-linear automorphisms of (Or(T))”. Show that there 
is a natural law of composition y: Gl, x Gl, ——> Gl, equipping Gl, with the 
structure of a functor from Sch to the category of groups Grp. Show that Gl, is 
representable by an affine Z-group scheme, i.e. that there exists an affine Z-group 
scheme G whose associated functor of points Sch ——- Grp is isomorphic to Gln. 
The resulting group scheme G is denoted by Gl, again and is called the general 
linear group of index n. 


4. Show that abelian varieties are commutative group schemes. Hint: Fix an abelian 
variety A over a field K and write Ar for the T-group scheme derived from A via 
a base change T ——> Spec K. Then, for a T-valued point g: T —— A, consider 
the T-morphism o,: Ay ——> Ar that is the composition of the left translation 
with g and the right translation with g-' on Arp. So og can symbolically be 
described by  +—> gag~!. Observe that the unit section ep: T —— Arp is a 
closed immersion; let Zp C O4, be the associated quasi-coherent ideal. Show 
that the quotients Z?’ ae are free Or-modules for all m € N. Observing that 
dg leaves the unit section ep invariant, deduce for every m that og gives rise 
to an Or-linear automorphism of Z7? fT, Based on such automorphisms, use 
Exercise 3 to construct morphisms of K-group schemes A —~+ Gl, x for suitable 
integers n € N. Conclude from Exercise 9.5/3 that the latter are constant and, 
finally, that og will be the identical morphism on Ar. 


5. Elliptic curves via the Theorem of Riemann-—Roch: Let C be a smooth projective 
curve over a field K which, for simplicity, is supposed to be algebraically closed. 


9.6 Abelian Varieties are Projective 483 


In this context the term “curve” means an integral K-scheme of dimension 1, au- 
tomatically of finite type in our situation. Then the equivalence between classes 
of Weil divisors, Cartier divisors, and invertible sheaves of 9.3/16 is valid on C 
and we can consider a so-called canonical divisor K, namely, a Weil divisor cor- 
responding to the invertible sheaf of differential forms 0% yi OD C. Furthermore, 
the famous Theorem of Riemann—Roch applies to C; see for example Hartshorne 
[15], [V.1.3. It states that there exists an integer g > 0, the so-called genus of C, 
such that for every Weil divisor D on C' the following equation holds: 


dimg ['(C,Oc(D)) — dimg '(C, Oc(K — D)) = degD-—g+1 


Here Oc(D) is the invertible sheaf corresponding to D, likewise for Oc(K — D), 
and the degree of D is given by deg D = )73_, n; if D = S0}_, n,D; for prime 
divisors D; on C’. Smooth projective curves of genus | are called elliptic curves. 
Show: 

(a) The projective line P}, is a smooth projective curve of genus 0. 

(b) Let C be the closed subscheme of the projective plane P?, = Proj K[z, y, 2] 
that is given by an equation of type y?z = x? + Bxrz? + yz3, where 8,7 € K and 
46° + 277? #0. Assume char K 4 2,3. Then C is an elliptic curve. 

(c) Consider an elliptic curve C' and fix a closed point O € C, for example, the 
point with homogeneous coordinates (0 : 1 : 0) in the situation of (b). Then the 
map C(i) —+ Div(C), P +— (P) — (O), where (P) and (O) stand for the 
prime divisors represented by P and O, gives rise to a bijection between the set 
of K-valued points of C and the group of Weil divisors on C' of degree 0. In 
particular, C(/<) can be equipped with a group structure such that O becomes 
the unit element. 


In the situation of (c) one can show that the group structure on C(/‘) is induced 
from a structure on C' as a K-group scheme. In particular, elliptic curves are 
examples of abelian varieties; in fact, the only examples of abelian varieties in 
dimension 1. Consult the book of Silverman [25] for further details on elliptic 
curves. 


Literature 


M. Artin: Grothendieck Topologies. Notes on a seminar by M. Artin, Harvard 
University (1962) 


2. M. F. Atiyah, I. G. MacDonald: Introduction to Commutative Algebra. 
Addison—Wesley (1969) 

3. S. Bosch: Algebra. From the viewpoint of Galois Theory. Birkhauser, Springer 
Nature Switzerland (2018) 

4. 5S. Bosch, W. Liitkebohmert: Formal and rigid geometry I. Rigid spaces. Math. 
Ann. 295, 291-317 (1993) 

5. S. Bosch, W. Liitkebohmert, M. Raynaud: Néron Models. Springer (1990) 

6. N. Bourbaki: Algébre Commutative, Chap. I-IV. Masson (1985) 

7. R.Godement: Théorie des Faisceaux. Hermann Paris (1964) 

8. U. Gértz, T. Wedhorn: Algebraic Geometry I. Schemes with Examples and 
Exercises. Vieweg + Teubner (2010) 

9. A. Grothendieck: Sur quelques points d’algébre homologique. Téhoku Math. J. 
9, 119-221 (1957) 

10. A. Grothendieck: Fondements de la Géométrie Algébrique. Sém. Bourbaki, exp. 
149 (1956/57), 182 (1958/59), 190 (159/60), 195 (159/60), 212 (1960/61), 221 
(1960/61), 232 (1961/62), 236 (1961/62), Benjamin, New York (1966) 

11. A. Grothendieck and J. A. Dieudonné: Eléments de Géométrie Algébrique I. 
Springer (1971) 

12. A. Grothendieck and J. A. Dieudonné: Eléments de Géométrie Algébrique II. 
Publ. Math. 8 (1961) 

13. <A. Grothendieck and J. A. Dieudonné: Eléments de Géométrie Algébrique III. 
Publ. Math. 11, 17 (1961, 1963) 

14. A. Grothendieck and J. A. Dieudonné: Eléments de Géométrie Algébrique IV. 
Publ. Math. 20, 24, 28, 32 (1964, 1965, 1966, 1967) 

15. R. Hartshorne: Algebraic Geometry. Springer (1977) 

16. P. J. Hilton and U. Stammbach: A Course in Homological Algebra. Springer 
(1971) 

17. S. Lang: Algebra, 3rd ed. Addison-Wesley (1993) 

18. Q. Liu: Algebraic Geometry and Arithmetic Curves. Oxford University Press 
(2002) 

19. J.S. Milne: Etale Cohomology. Princeton University Press (1980) 

20. D. Mumford: The Red Book of Varieties and Schemes. Lecture Notes in Math- 
ematics 1358, Springer (1999), preliminary version Harvard (1967) 

21. D. Mumford: Abelian Varieties. Oxford University Press (1970) 

22. M. Nagata: Local Rings. Interscience Publishers (1962) 

© Springer-Verlag London Ltd., part of Springer Nature 2022 485 


S. Bosch, Algebraic Geometry and Commutative Algebra, Universitext, 
https://doi.org/10.1007/978-1-447 1-7523-0 


486 Literature 


23. M. Raynaud: Anneaux Locaux Henséliens. Lect. Notes in Math. 169 (1970) 

24, J.-P. Serre: Algébre Locale - Multiplicités, Lect. Notes in Math. 11 (1965) 

25. J.H. Silverman: The Arithmetic of Elliptic Curves. Springer (1986) 

26. <A. Weil: Foundations of Algebraic Geometry. Amer. Math. Soc. Colloquium 
Publ. 29 (1946) (revised and enlarged edition 1962) 


Glossary of Notations 


) empty set 

N natural numbers, including zero 

Z, ring of integers 

Q field of rational numbers 

R field of real numbers 

Cc field of complex numbers 

RX] polynomial ring 10 

0 zero ring 10 

R* group of units of aring 10 

ics Rai ideal generated by a family of elements 11 

(a) principal ideal 11 

ier Ui sum of ideals 12 

ier % intersection of ideals 12 

TT % product of ideals 12 

(a: 6) ideal quotient 12 

Ann(b) annihilator of an ideal 12 

ker y kernel of aring morphism 12 

imy image of aring morphism 12 

R/a residue class ring 12 

Spec R prime spectrum of aring 16 

Spm R maximal spectrum of aring 16 

Da prime ideal given by a point of a spectrum 16 
V(a) zero set of an ideal 16 

D(f) basic open set of a spectrum 16 

9 map on spectra induced from a ring morphism 17 
Zip) localization of the ring of integers at a prime 18 
Rg localization of aring 20 

SIR localization of a ring 20 

Q(R) field of fractions of an integral domain 21 
K(X) rational function field in one variable 21 

Ry localization of a ring at a prime ideal 21 

Ry localization of a ring by some element 21 
RUf-4] localization of a ring by some element 21 

aRg extension of an ideal to a localization of aring 21 
bnR restriction of an ideal 21 

j(R) Jacobson radical of a ring 26 

Mz maximal ideal attached to a point 26 
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Nex M; 


Re = Dien a 


Auth (K") 


M@rN 


Bilg(M x N,E) 
Ms 

M, 

My 

Ob(é) 


Glossary of Notations 


nilradical of a ring 27 


Jacobson radical of an ideal 
nilradical of an ideal 


28 


28 


ideal of functions vanishing on a set 


kernel of a module morphism 32 
image of a module morphism 33 
33 
submodule generated by a family of elements 


residue class module 


sum of submodules 


34 


direct sum of submodules 


34 


element of a direct sum of modules 


direct product of a family of modules 


direct sum of modules 


direct sum of copies of aring 35 


35 


set of module morphisms 


submodule induced from an ideal 


intersection of submodules 


35 


36 


29 


34 


36 


cokernel of a module morphism 40 
ring of formal power series 
primary decomposition of an ideal 
set of prime ideals associated to an ideal 
set of zero divisors modulo an ideal 
set of isolated prime ideals associated to an ideal 
symbolic power of a prime ideal 
graded ring constructed from an ideal 


graded module 


72 


04 


Krull dimension of a ring 74 
height of a prime ideal 
height of an ideal 


coheight of an ideal 


74 
74 


Kronecker’s delta 87 


fixed ring 90 


zero set of an ideal 
zero set of an ideal 


restricted ideal 


96 


94 
95 


74 


66 


extended ideal in a localization 96 
98 


group of automorphisms 
transcendence degree of a field of fractions 


tensor product of modules 
tensor product of two elements 
tensor product of modules 
113 


restriction of a module 


Hom functor 


115 


module of bilinear maps 
localization of a module 


108 


113 


115 


1 


25 


59 


62 


108 


34 


72 


localization of a module at a prime ideal 


localization of a module by some ring element 


objects of a category 138 


34 


62 
63 
101 
125 
125 


Br” 

H™(M*) 
A,(f) 
Tor®(M, E) 
M, @p Ex 
Homr(M, :) 
Homp(-, N) 
Z(p) 
Ext’}(M, N) 
Ext! (M,N) 


Hompy(M,, N*) 


Ext(M, N) 
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morphisms between objects of a category 138 
identity morphism 138 

morphisms between objects of a category 138 
category of sets 138 

category of groups 138 

category of rings 138 

category of modules over a ring 138 

dual category 138 

opposite category 139 

category of relative objects 139 

set of relative morphisms 139 

category of relative objects 139 

category of algebras under a fixed ring 139 

fiber product in a category 139 

amalgamated sum in acategory 141 

affine scheme associated to aring 141 

image of a morphism under a functor 141 
morphisms making up a functorial morphism 142 
pull-back of a module under a morphism 143 
pull-back of a morphism under a morphism 143 
category of modules with descent data 148 
boundary map of a chain complex 159 

submodule of cycles 159 

submodule of boundaries 160 

homology module 160 

chain complex 160 

homology of a chain complex 160 

cochain complex 160 

submodule of cocycles 160 

submodule of coboundaries 160 

cohomology of a cochain complex 160 

homology morphism attached to a complex morphism 163 
Tor module 172 

single complex associated to a tensor product of complexes 173 
Hom functor on a category of modules 181 

Hom functor on a category of modules 181 
p-quasi-cyclic group 187 

Ext module, via resolutions in the first variable 187 
Ext module, via resolutions in the second variable 188 
single complex associated to the Hom of complexes 188 
extensions of modules 191 

localization of a ring at a point 203 

residue field at a point 203 

nilradical of the ideal generated by a set 204 

zero set 204 

zero set of an element 204 

domain of an element 204 

vanishing ideal 206 
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nate) map between spectra induced from a ring morphism 213 
Opn(X) category of open subsets of a topological space 216 
pu restriction morphism on a sheaf or presheaf 217 
F\x: restriction of a sheaf or presheaf 217 
flu restriction of an element of a sheaf or presheaf 217 
OxF cartesian product of functors 217 
ker(y1, y2) kernel of a pair of maps 218 
D(X) category of basic open subsets of a spectrum 219 
D#(X) variant of the category of basic open subsets 219 
ol variant of the structural presheaf on a spectrum 219 
Ox structural presheaf on a spectrum 220 
S(f) multiplicative system generated by a basic open set 220 
As(f) localization attached to a basic open set 220 

(Gi, fig ager inductive system 222 

iy inductive limit 223 

ae power set 223 

(Gi, fig )iger projective system 226 
lim Gy projective limit 227 
Sets category of relative sets 228 
Fx stalk of a sheaf at a point 228 
he germ of a function 228 
Homo (Ff, G) set of morphisms between module sheaves 232 
(ker Y) pre kernel of a morphism of presheaves 234 
(im Y) pre image of a morphism of presheaves 234 
(coker ~) pre cokernel of a morphism of presheaves 234 
H°(U, F) Cech cohomology group 235 
Ft partial sheafification of a presheaf 236 
maces sheafification of a presheaf 236 
ker y kernel of a morphism of sheaves 238 
imy image of a morphism of sheaves 238 
coker y cokernel of a morphism of sheaves 238 
D;(9) domain of an element on a basic open set 241 
Ox structure sheaf 246 
M module sheaf associated to a module over a ring 247 
(X, Ox) ringed space 247 
(f, f*) morphism of ringed spaces 247 
f(Ox) direct image of structure sheaf 247 
fit morphism on the level of stalks 248 
T'(U, Ox) ring of sections 252 
Sch category of schemes 252 
Hom(X, Y) set of morphisms between schemes 252 
Sch/S category of relative schemes 252 
Homs(X, Y) set of morphisms between relative schemes 252 

PR Ag affine n-space 255 
AR (R’) set of points of the affine n-space with values in aring 255 
fl(F) direct image sheaf 266 
f-1(G) inverse image sheaf 266 


fr. inverse image functor 266 
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ifs direct image functor 266 
FROG tensor product of module sheaves 269 
f(G) inverse image of a module sheaf 269 
JF extension of a sheaf by zero 276 
A sheaf associated to an algebra 287 
Os{t] sheaf of polynomials 287 
Homo, set of morphisms between sheaves of algebras 288 
Spec A spectrum of a quasi-coherent algebra 288 
AG affine n-space over a general base 289 
P"(K) points of the projective n-space 289 
Lowey) point of a projective n-space 290 
PS, PR projective n-space over a base scheme 291 
PY (K") points of the projective n-space with values in a field 291 
hx point functor on the category of schemes 292 
Ga additive group as a functor 292 
Gm multiplicative group as a functor 292 
a point functor on the category of affine schemes 292 
Gm,R multiplicative group over an affine base 292 
X/T quotient of a scheme by a finite group 293 
V(Z) zero set of an ideal sheaf 305 
supp Ox /T support of a module sheaf 306 
Ty vanishing ideal sheaf of a set 307 
dim X dimension of a topological space 320 
dim, X local dimension of a topological space at a point 321 
codimx Z codimension of an irreducible subset in a topological space 321 
Vig,...s6q intersection of open sets 322 
C1(L, F) group of Cech cochains 322 
Gqt1 symmetric group 322 
CEM, F) group of alternating Cech cochains 322 
d4 Cech coboundary map 322 
C*(U, F) Cech complex 323 
Cr(U, F) alternating Cech complex 323 
H4(U, F) Cech cohomology group 323 
HG (MU, F) alternating Cech cohomology group 323 
p41 (LU, BW) morphism between Cech complexes induced by refinement 326 
Cov(X) collection of open coverings of a topological space 327 
U< G refinement relation for coverings 327 
Xf open subset of a scheme where a given function is non-zero 336 
Derr(A, M) module of derivations 344 
oF /R module of relative differential forms of degree 1 346 
da/r exterior differential 346 
Or /R module of relative differential forms of higher degree 346 
Oe /s sheaf of relative differential forms on a scheme 356 
dx/g exterior differential 356 
OY, /s sheaf of relative differential forms of higher degree 356 
f*(w) pull-back of a differential form 358 
Tq left translation on a group scheme 360 


dim, f relative dimension of a scheme morphism at a point 375 


A492 Glossary of Notations 


Div(X) 


CaDiv(X) 
CaCl(X) 
Ox(D) 

X -->+Y 
V(l) 

X| 

Le 

Xoo 

P 

A XR B 
suppr M 
A= @r=0 Am 
Symp(M) 
Tr(M) 
Men 


graded ring 404 

homogeneous localization of a graded ring 406 

irrelevant ideal of a graded ring 407 

homogeneous prime spectrum of a graded ring 407 

zero set on a homogeneous prime spectrum 408 
restricted radical in a graded ring 408 

basic open subset of a homogeneous prime spectrum 408 
restricted vanishing ideal 411 

category of basic open subsets of a homogeneous spectrum 413 
Proj scheme associated to a graded ring 414 

relative Proj scheme associated to a graded ring 414 
Proj scheme of a quasi-coherent sheaf of algebras 418 
graded module obtained by shifting degrees 418 
homogeneous localization of a graded module 418 


module sheaf associated to a graded module 419 

Serre twist of the structure sheaf 421 

Picard group of ascheme 423 

Hom sheaf of morphisms between module sheaves 423 
Picard group relative to an open covering 427 

product covering 427 

set of regular elements of aring 434 

subsheaf of regular elements 435 

sheaf of meromorphic functions on a scheme 435 
presheaf inducing the sheaf of meromorphic functions 435 
constant sheaf 436 

set of prime divisors on a scheme 437 

Weil divisor on a scheme 437 

group of Weil divisors on a scheme 438 

principal divisor attached to a meromorphic function 438 
Weil divisor class group on a scheme 439 

degree of a Weil divisor on a projective space 439 

sheaf of invertible meromorphic functions 440 

sheaf of invertible functions of a structure sheaf 440 
group of Cartier divisors on a scheme 440 

Cartier divisor class group on a scheme 441 

subsheaf of meromorphic functions associated to a divisor 442 
rational map of schemes 445 

zero set of a global section of an invertible sheaf 446 

set where a global section generates an invertible sheaf 446 
tensor power of an invertible sheaf 447 

set where global sections generate powers of a sheaf 453 
basic open subscheme of a particular Proj scheme 454 
cartesian product of graded R-algebras 462 

support of a module 467 

quasi-coherent sheaf of graded algebras 468 

symmetric algebra of a module 468 

tensor algebra of a module 468 

tensor power of a module 468 


Symi} (M) 
Symo, (E) 
Ps(€) 

Gln 

deg D 
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homogeneous part of a symmetric power of a module 469 
symmetric algebra of a module sheaf 469 

Proj scheme of the symmetric algebra of a module sheaf 469 
general linear group as group scheme 482 

degree of a Weil divisor on a curve 483 


Index 


abelian variety, 402ff., 478ff. annihilator, 12, 311, 468 

— of dimension 1, 483 anticommutative diagram, 173 

acyclic arrow. 

— module, 171 See morphism 

— resolution, 171, 339 Artinian 

additive — module, 67ff. 

— functor, 158, 164, 166 — ring, 56, 67ff. 

— group, as functor, 292 associated 

adic — graded module, 430 

— completion, 231 — module sheaf, 247, 419ff. 

— topology, 71, 231 — prime ideal, 56, 62 

adjoint functor, 240, 266ff. — embedded, 63 

adjunction, 266ff. — isolated, 63, 75 

affine — sheaf of algebras, 287 

— line, 216 — sheaf to a presheaf, 230, 234ff. 
— with double origin, 277 augmentation, 323 

— morphism of schemes, 314, 462ff. augmented Cech complex, 323 

— open set, 252 automorphism 

— scheme, 141, 202, 251, 254, 336 ~ of modules, 31 

— n-space, 255ff., 286, 289, 399 ~— of rings, 10 


algebra, 32, 128 

— of finite presentation, 361ff. 

— of finite type, 55, 84, 91, 361ff. 
algebraic 

— curve, 483 

— equation, 83 

— extension, 83, 85 


base 
— change, 302 
— for differential modules, 350 
— scheme, 252 
basic open set, 16, 202, 205, 400, 408 
bifunctor, 173 
bilinear map, 107 


— variety, 445 blowing up, 401ff., 430 
algebraically independent, 91 


. boundary 
alternating Cech — element, 160 
— cochain, 322 — map, 160 
— cohomology group, 323, 327 
— complex, 323 canonical 
amalgamated sum, 140, 192 — divisor, 483 
ample invertible sheaf, 399, 402, 452, — sheaf, 445 
469, 477, 477ff. Cartan’s Theorem, 335 
— alternative characterization, 461 cartesian 
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— diagram, 295 Cohen-Seidenberg Theorems, 96ff. 


— product, 140, 294 coherent 
— of graded algebras, 462 — module, 9, 47, 50ff. 
Cartier divisor, 440ff. — sheaf, 265 
— class group, 441 — ring, 47, 53 
categorical cohomological resolution, 159, 182 
— epimorphism, 350 cohomology. 


See also Cech cohomology 
— modules, 160 
— of affine schemes, 335 


— monomorphism, 311 

category, 131, 138ff. 

— of affine schemes, 141 

— of relative objects, 139 — of schemes, 280, 332 

Cauchy sequence, 231 — via derived functors, 330ff. 

Cech coincidence scheme, 318, 373 

— cochain, 322 cokernel 

— cohomology, 263, 322ff., 425 
— of affine schemes, 335 

— cohomology group, 323, 327 


— of a module morphism, 40 
— of a presheaf morphism, 234 
— of a sheaf morphism, 238 


— complex, 323 collection, 138 

— resolution, 329 compactification, 399 

chain complex 

— complex, 159 — morphism. 

— condition See morphism of complexes 


— ascending, 48, 68 — of modules, 38 
— descending, 67 complex topology on a scheme, 477 
Chinese Remainder Theorem, 17 connected, 210 


Chow’s Lemma, 399, 469 
closed 
— immersion, 215, 279, 307ff. 
— morphism of schemes, 464 
— point, 201 
— set, 205, 472 
— subscheme, 279, 304, 306 
coboundary 
— element, 160 
—map, 160, 322 
cocartesian diagram, 151 
cochain complex, 160 
cocycle, 160 
— condition 
— for Cech cocycles, 425 
— for descent data, 107, 147 
— for gluing, 156, 277, 282 
codimension of a set, 321, 434 
coefficient 
— extension for modules, 103 
— ring, 8 
cofinal system, 223 
coheight, 74 


constant sheaf, 266, 436 
continuous map, 214 
contravariant functor, 141 
convergent power series, 231 
coset 

— of an ideal, 12 

— of a submodule, 33 
covariant functor, 105, 141 
Cramer’s rule, 83, 87 

cup product, 329 

curve, 483 

cycle, 159 


decomposable ideal, 59 
Dedekind, R., 7 

Dedekind domain, 136 

degree 

— of a complex morphism, 160 
— of a divisor, 439ff., 483 
derivation, 344 

derived functor, 332ff. 
descent, 143ff., 397 

— datum, 107, 146ff. 


— trivial, 147 
— of module properties, 131ff. 
— of modules, 103, 146ff. 
— of morphisms, 148 


— Theorem of Grothendieck, 148 


diagonal 
— embedding. 

See diagonal morphism 
— morphism, 279, 312 
differential form, 


See module, resp. sheaf of differential 


forms 
dimension 


— of a ring, 55, 69, 74, 84, 100, 321 


— of a topological space, 320 
— of polynomial rings, 78ff. 


— of the empty topological space, 321 


— of the zero ring, 321 
direct 
— image 
— functor, 330 
— sheaf, 247, 266 
— limit, 222ff. 
— product 
— of modules, 34 
— sum 
— of modules, 35 
— of sheaves, 239 
— of submodules, 34 
directed set, 222 
discrete 
— topology, 219 
— valuation ring. 

See valuation ring, discrete 
disjoint union of schemes, 254 
divisor, 403, 431, 437ff. 

— class group, 439 
dominating ring, 473 
double 

— complex, 173, 188 

— origin, on affine line, 277 
dual category, 138 


effective 

— Cartier divisor, 441 
— Weil divisor, 438 
eigenvalue, 103 
eigenvector, 103 


Index 


elliptic curve, 341, 403, 483 
— function field, 342 
embedded prime ideal. 
See associated prime ideal 
endomorphism 
— of modules, 31 
— of rings, 10 
epimorphism 
— in a category, 350 
— of modules, 31 
— of rings, 10 
— of sheaves, 238 
equivalence 
— of categories, 142 
— of functors, 142 
essentially 
— étale algebra, 397 
— surjective functor, 148 
étale 
— morphism, 343 
— morphism of schemes, 374ff. 
— quasi-sections, 390 
— scheme, 374ff. 
— topology, 389 
étalé 
— sheaf, 232 
— space, 229, 275 
Euclidean domain, 11 
exact 
— diagram, 144, 218 
— functor, 182 
— sequence 
— of complexes, 160 
— of modules, 38 
— of sheaves, 238 
Ext 
— functor, 159, 187ff. 
— module, 187 
— sequence, 189 
extension 
— by zero, 276 
— of coefficients, 124 
— of modules, 191 
exterior differential, 346, 356 


factorial 
— ring, 57, 80, 84, 89, 444 
— scheme, 431 
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faithful functor, 148 
faithfully flat 
— module, 105, 121 
— morphism 
— of rings, 121 
— of schemes, 397 
Fiber Criterion for smoothness, 343, 393 
fiber of a relative scheme, 300 
fiber product, 139ff. 
— categorical facts, 300ff. 
— of schemes, 278, 295ff. 
— points, 298 
field of fractions, 21 
filtration, 72 
— stable, 72 
finite 
— morphism 
— of rings, 83, 85 
— of schemes, 462ff. 
— presentation, 
See also module, resp. algebra, resp. 
morphism, resp. scheme 
— of a module, 43 
— of a module sheaf, 422 
~ type, 
See module, resp. algebra, resp. mor- 
phism, resp. scheme 
finitely generated 
— ideal, 11 
— module. 
See module of finite type 
— module sheaf, 421 
Five Lemma, 53 
fixed 
— field, 98 
— ring, 90, 102, 293 
flabby sheaf, 329 
flasque sheaf, 329 
flat 
— module, 105, 117 
— morphism 
— of rings, 117 
— of schemes, 393 
flatness 
— Bourbaki Criterion, 181 
— local characterization, 127 
— via Tor modules, 177ff. 
formally 


— étale, 396 
— smooth, 396 
— unramified, 396 
formal power series, 231 
free 
— element, 36 
— module, 36 
— sheaf, 261, 421 
— resolution, 165 
full subcategory, 252 
fully faithful functor, 148 
functor, 131, 138 
— of base change, 302 
— of points on a scheme, 292 
functorial 
— group law, 292, 478, 482 
— isomorphism, 142 
— morphism, 142 
— properties 
— of differential modules, 350ff. 
— of immersions, 310 
— of separated morphisms, 317 


general linear group, 482 
generators 

— of a module, 34 

— of a module sheaf, 421 

— of an ideal, 11 

generic point, 202, 211, 319 
genus of a curve, 483 
geometrically 

— reduced scheme, 392 

— regular scheme, 392 
germ, 228 

gluing 

— morphisms, 284 

— schemes, 277ff., 282 
gluing data 

— for modules, 156 

— for morphisms, 284 

— for schemes, 277, 282 
Going-down Theorem, 85, 98 
Going-up Theorem, 85, 97 
graded 

— algebra, 400 

— ideal, 404 

— module, 418ff. 

— prime ideal, 400 


— ring, 73, 400, 404ff. 
— of type N, 404 
— of type Z, 404 
grading, 404 
graph morphism, 316 
Grothendieck cohomology, 330ff.. 
See also cohomology 
group 
— ring, 180 
— scheme, 360, 397, 403, 478, 482 


Hausdorff separation axiom, 71, 201, 313 
— analogue for schemes, 279 
height, 74, 321 
henselization of a local ring, 397 
Hilbert’s 
— Basis Theorem, 9, 50 
— Nullstellensatz, 84, 94, 95 
Hilbert polynomial, 80 
Hom functor, 115, 187, 331 
— left exactness, 115, 181 
homogeneous 
— component, 404 
— degree, 404 
— element, 404 
— ideal, 404 
— localization, 400, 406ff., 417 

— of a module, 418 
— prime 

— ideal, 405 

— spectrum, 400ff., 407 
homological resolution, 158, 163 
homology 
— group, 180 
— module, 160 
homomorphism. 

See morphism 

homotopy 
— between complex morphisms, 163 
— equivalence, 166 
Hom sheaf, 423 


ideal, 7, 11 

— quotient, 12 

ideally separated module, 181 
idempotent element, 7 
identity morphism, 138 
image 

— of a module morphism, 33 
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— of a presheaf morphism, 234 
— of a ring morphism, 12 
— of a sheaf morphism, 238 
immersion, 312, 316 
Implicit Function Theorem, 341ff., 389 
inductive 
— limit, 222ff., 240 
— of tensor products, 120 
— system, 222 
injective 
— module, 159, 182 
— sheaf, 330 
— resolution, 183ff., 332 
integral 
— algebraic number, 89 
— closure, 84, 88 
— domain, 10 
— element, 85 
— equation, 83, 85 
— extension, 83, 85 
— morphism, 83, 85 
— scheme, 431 
integrally closed ring, 88 
intersection 
— of ideals, 12 
— of modules, 36 
— of quasi-coherent modules, 338 
invariant differential form, 360 
inverse 
— image 
— module sheaf, 269 
— of a subscheme, 311 
— sheaf, 266ff. 
— limit, 226 
Inverse Function Theorem, 341ff., 389 
invertible 
— element, 10 
— sheaf, 261, 401, 423ff., 442ff. 
—as Cech cocycle, 425 
irreducible 
— component, 56, 319 
— ideal, 59 
— set, 30, 210, 318ff. 
— topological space, 210 
irrelevant ideal, 400, 407 
isolated prime ideal. 
See associated prime ideal 
isomorphism 
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—in a category, 138 
— of functors, 142 

— of modules, 31 

— of presheaves, 232 
— of rings, 10 

— of sheaves, 232 


Jacobian 

— Condition, 342, 374 

— Criterion, 343, 375, 384ff. 
— matrix, 342 

Jacobson 

— radical, 9, 26ff. 

— ring, 84, 93, 102 
Jordan—Hélder sequence, 70 


Kahler differential, 342 
kernel 
— of a module morphism, 33 
— of a pair of maps, 218 
— of a presheaf morphism, 234 
— of a ring morphism, 12 
— of a sheaf morphism, 238 
Kolmogorov space, 201, 208, 253 
Krull dimension. 

See dimension 
Krull’s 
— Dimension Theorem, 56, 57, 76 
— Intersection Theorem, 57, 71, 73, 75 
— Principal Ideal Theorem, 75, 77 
Kummer, E., 7 


left 
— derived functor, 158, 164, 167 
— exact functor, 181 
Lemma 
— of Artin—Rees, 57, 71 
— of Nakayama, 9, 37, 38 
length of a chain, 74 
Leray’s Theorem, 335 
Lifting Property, 343, 375, 380 
linear 
— equivalence 

— of Cartier divisors, 441 

— of Weil divisors, 439 
—map, 107 
— U-morphism, 428 
line bundle, 423, 428, 429 
local 


— algebra, 397 
— dimension, 321 
— generators of a module sheaf, 366 
— morphism of local rings, 248 
— ring, 9, 18, 22, 248 
localization, 9 
— at a point, 203 
— of a graded ring, 405 
— of a module, 125ff. 
— of a ring, 19ff. 
localization morphism, 26 
locally 
— closed 
— immersion, 279, 309 
— point, 201, 364 
— subscheme, 304, 309 
— free 
— module, 106, 133 
— module sheaf, 261, 421 
— Noetherian scheme, 281, 319 
— of finite presentation, 
See module sheaf, resp. scheme, resp. 
morphism 
— of finite type, 
See module sheaf, resp. scheme, resp. 
morphism 
— ringed space, 248 
long exact 
— homology sequence, 161, 168 
— Tor sequence, 158, 162, 172, 174 
Lying-over Theorem, 84, 97 


manifold, 341 
maximal 
— ideal, 13 
— spectrum. 
See spectrum 
meromorphic function, 435ff. 
module, 7, 31 
— of differential forms, 342, 346ff. 
— for field extensions, 355 
— of finite presentation, 9, 43 
— of finite type, 9, 34, 43 
module sheaf, 217, 257ff. 
— locally of finite presentation, 264, 422 
— locally of finite type, 264, 421 
monomorphism 
—in a category, 311 


— of modules, 31 
— of rings, 10 
— of sheaves, 238 
morphism 
— between projective spaces, 293 
— between Proj schemes, 416 
— compatible with descent data, 147 
—in a category, 138 
— of algebras, 32, 128 
— of complexes, 160 
— of graded rings, 415 
— of locally ringed spaces, 248 
— of modules, 31 
— of presheaves, 232ff. 
— of ringed spaces, 247 
— of rings, 10 
— of finite presentation, 361ff. 
— of finite type, 361ff. 
— of schemes, 203, 251 
— locally of finite presentation, 362ff. 
— locally of finite type, 362ff., 452 
— of finite presentation, 362 
— of finite type, 362, 452ff. 
— of sheaves, 232ff. 
multiplicative 
— group, 292 
— as functor, 292 
— system, 19 


Nakayama’s Lemma. 

See Lemma of Nakayama 

natural transformation, 142 

Neile’s parabola, 216, 256, 304, 354, 378, 
396, 401, 445 

Néron model, 292 

nilpotent element, 7, 27 

nilradical, 27ff., 204 

Noether’s Normalization Lemma, 84, 91, 
96 

Noetherian 

— module, 9, 47ff. 

— ring, 9, 47, 50, 55 

— scheme, 319 

— topological space, 321 

non- Archimedean 

— absolute value, 432 

— triangle inequality, 433 

non-singular scheme, 390 
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normal 

— extension, 98 

— integral domain, 84, 89 
— scheme, 431 


object of a category, 138 
open 
— immersion, 307 
— of ringed spaces, 247 
— of spectra, 215 
— set, 205 
— subscheme, 252 
opposite category, 139 


parameters, 57, 74, 78 
Picard group, 137, 423 
point 
— of codimension 1, 434 
— with value, 255, 291, 292, 298 
polynomial ring, 8 
preorder, 222 
prescheme, 251 
presentation of a module sheaf, 261 
presheaf, 217ff. 
— of constant functions, 219 
— of modules, 217 
primary 
— decomposition 

— of ideals, 55, 59ff. 

— of modules, 66 
— ideal, 22, 55, 58ff. 
— module, 66 
— part of an ideal, 65 
prime 
— divisor, 75, 437 
— ideal, 13. 

See also associated prime ideal 
— spectrum. 
See spectrum 

principal 
— Cartier divisor, 441 
— ideal, 11 

— domain, 11, 17, 18 
— Weil divisor, 438 
product 
— covering, 427 
— of functors, 217 
— of ideals, 12 
— rule for derivations, 344 
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projection, 139 
projective 
— dimension, 171 
— embedding, 402 
— limit, 226ff. 
— line, 278 
— module, 123, 159, 164, 181 
— morphism of schemes, 466ff. 
— resolution, 164 
— scheme, 399, 414, 466ff., 477, 480 
— n-space, 278, 289ff., 399ff., 414, 439, 
460 
— homogeneous coordinates, 290 
— space bundle, 469 
— system, 226 
Proj scheme, 400, 414ff. 
proper 
— morphism of schemes, 464ff. 
— scheme, 399, 464ff. 
Proper Mapping Theorem, 470 
pseudo-coherent module, 52 
pull-back, 143 
— of a differential form, 358 
— of sections, 447 
push-out, 192 


quadric surface, 462 
quasi-affine 
— morphism of schemes, 462ff. 
— scheme, 402, 451 
quasi-coherent 
— ideal sheaf, 305 
— module sheaf, 261ff. 
— sheaf 

— of algebras, 287 

— of graded algebras, 468 
quasi-compact 
— morphism of schemes, 272 
— set, 208 
quasi-cyclic group, 187 
quasi-separated 
— morphism of schemes, 272 
quasi Galois extension, 98 
quotient 
— of a scheme by a group, 293 
— of modules, 33 
— of sheaves, 238 
— ring, 12 


rational 

— function field, 21 

— map, 445 

reduced 

— ideal, 28 

— ring, 27 

— scheme, 311, 431 

— structure on a subscheme, 307 
refinement of a covering, 235, 326 
regular 

— element, 434 

— local ring, 57, 75, 80 

— scheme, 390, 431 

relative 

— dimension, 374-376 

— object, 139 

— scheme, 252 

residue class 

— field, 18, 203 

— module, 33 

— ring, 12 

resolution, 163 

resolution of singularities, 402 
restricted ideal, 96 

restriction 

— morphism, 217 

— of a morphism, 252 

— of a ringed space, 247 

— of coefficients, 123 
retraction, 39, 137, 145 

right 

— derived functor, 159 

— exact functor, 164 

— exactness of tensor products, 105, 114 
ring, 7ff. 

— commutative with unit element, 11 
— of algebraic numbers, 55 

— of formal power series, 54 

— of fractions, 9 

— of Laurent polynomials, 26 
ringed space, 141, 201, 247 


saturation 
— of a multiplicative system, 221 
schematic closure, 452 
scheme, 201ff., 251ff.. 

See also morphism of schemes 
— locally of finite presentation, 342 


— of finite presentation, 362 

— of finite type, 362 

section, 39 

— functor, 330 

— of a sheaf, 230, 252 

Segre embedding, 459, 462 

separated 

— morphism, 313ff. 

— scheme, 279, 313ff. 

sequence of modules, 38 

Serre’s 

— Criterion, 336 

— twisted sheaves, 359, 401, 421, 427, 
430, 469 

sheaf, 217ff. 

— of algebras, 286 

— of continuous functions, 218, 228 

— of differentiable functions, 218 

— of differential forms, 356ff. 

— of holomorphic functions, 231 

— of ideals, 276, 304 

— of locally constant functions, 219 

— of modules. 
See module sheaf 

— of polynomials, 287 

sheaf Hom, 240 

sheafification, 235 

short exact sequence of modules, 39 

simple module, 70 

simplicial homomorphism, 324 

single complex associated to a double 
complex, 173, 188 

skyscraper sheaf, 240, 276 

smooth 

— algebra, 396 

— locus, 375, 392 

— morphism of schemes, 374ff. 

— scheme, 342, 374ff. 

smoothness and regularity, 390ff. 

Snake Lemma, 9, 40, 162 

snake morphism, 41 

specialization, 211, 319 

special point, 202 

spectral sequence, 176 

spectrum 

— of a quasi-coherent algebra, 278, 288 

— of a ring, 8, 9, 16, 201, 203ff. 

split exact sequence of modules, 39 
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stalk, 228ff. 
Stein Factorization, 470 
structural 
— morphism, 32 
— presheaf on a spectrum, 219ff. 
structure sheaf, 202, 246, 247, 251 
submodule, 32 
subring, 11 
subscheme, 304ff. 
subsheaf, 238 
— of regular elements, 435 
subspace topology, 214 
sum 
— of ideals, 12 
— of submodules, 34 
support 
— of a divisor, 438 
— of a module, 468 

— sheaf, 266 
— of a sheaf, 305 
symbolic power, 66, 75 
symmetric 
— algebra, 468 
— group, 322 
— power of a module, 469 


tensor 
— algebra, 468 
tensor product, 103, 104 
—as amalgamated sum, 141 
— of algebras, 128ff. 
— of graded modules, 419 
— of modules, 107ff. 
— of module sheaves, 269, 419 
— of morphisms, 113 
Theorem 
— of Auslander—Buchsbaum, 431 
— of Riemann—Roch, 483 
— of the Square, 479 
— on Homomorphisms, 8, 13, 33 
— on Isomorphisms, 33 
topological space, 205 
— connected, 210 
Tor 
— functor, 164 
— module, 172ff. 
— and coefficient extension, 180 
torsion-free module, 119 
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torsion module, 157, 187 
total 
— quotient ring, 21, 434 
— space of an invertible sheaf, 429 
transcendence degree, 101 
translation on a group scheme, 360, 479 
trivialization, 429 
trivial sheaf, 218 
{trivial invertible sheaf, 427 
twisted sheaf. 

See Serre’s twisted sheaf 


unit, 10 
— ideal, 11 
universal 
— point, 360 
— property 
— of amalgamated sums, 140 
— of blowing up, 431 
— of coefficient extension, 130 
— of direct products, 37 
— of direct sums, 35, 37 
— of fiber products, 139 
— of localizations, 23ff. 
— of polynomial rings, 8 
— of residue class modules, 33 
— of residue class rings, 13 
— of tensor products, 107 
universally closed morphism, 464 
unramified 
— locus, 366 


— morphism of schemes, 365ff. 
— scheme, 343, 365ff. 
d-uple embedding, 293, 461 


valuation, 432 
— ring, 90, 470ff. 

— discrete, 18, 84, 201, 432 
valuative criterion 
— of properness, 475 
— of separatedness, 474 
vanishing ideal, 29, 206, 307 
variable, 8 
variety, 445 
vector bundle, 429 
Veronese embedding, 461 
very ample invertible sheaf, 453, 469, 

ATT 


Weil divisor, 437ff. 
Yoneda Lemma, 267 


Zariski’s Main Theorem, 396 
Zariski topology, 16, 201, 204, 408 
zero 
— divisor, 7, 10, 62 
— ideal, 11 
— sequence, 231 
— set, 16, 29, 30, 204, 305 
— of a section, 446 
— sheaf, 218 


